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ON CERTAIN COEFFICIENT INEQUALITIES
FOR MULTIVALENT FUNCTIONS

T. N. SHANMUGAM, SHIGEYOSHI OWA, C. RAMACHANDRAN,
S. SIVASUBRAMANIAN AND YAYOI NAKAMURA

(communicated by J. Pecaric)

Abstract. In the present investigation, the authors obtain sharp upper bounds for certain coeffi-
cient inequalities for linear combination of Mocanu o -convex p— valent functions. The results
are extended to functions defined by convolution.

1. Introduction

Let o7, denote the class of all analytic functions f(z) of the form
fR) =2+ Y, a (1.1)
n=p+1
defined on the open unit disk
A={z:zeC: |z < 1}
and let <7} := 7. For f(z) given by (1.1) and g(z) given by
gR) =+ Y, bat",
n=p+1
their convolution (or Hadamard product), denoted by (f*g) is defined as
(f*g)(@)=2"+ Y, awbu".
n=p+1

With a view to recalling the principle of subordination between analytic functions,
let the functions f and g be analytic in A. Then we say that the function f is subordi-
nate to g if there exists a Schwarz function ®(z), analytic in A with

w(0)=0 and |w(z)|<l (z€A),
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such that
f(z) =g(w(z)) (z€A).

We denote this subordination by

f=<g or f(z)<g(z) (z€A).

In particular, if the function g is univalent in A, the above subordination is equivalent
to

f(0)=g(0) and f(A)Cg(A).

Let ¢(z) be an analytic function with positive real part on A with ¢(0) =1,
¢’(0) > 0 which maps the open unit disk A onto a region starlike with respect to 1 and
is symmetric with respect to the real axis. Ali ef al.[1] defined and studied the classes
Sy.»(®) consisting of functions in f € 7, for which

1 (1 zf'(2)
b\p f(z)

and the class Cp, ,(¢) of all functions in f € o7, for which

1+

1> <6(z) (zed, beC\{o0}),

11 zf"(z)
I——+—|(1 A, beC\{0}).
s (1428 <00 e peciio)
Note that S7;(¢) = S*(¢) and C1,1(¢) = C(¢), the classes introduced and studied by
Ma and Minda [3]. The familiar class S*(ct) of starlike functions of order o and the
class C(a) of convex functions of order o, 0 < o < 1 are the special case of ST ;(¢)
and C 1(¢) respectively when ¢(z) = (14 (1 —2a)z)/(1 —z).

We now define a class of functions which unifies the classes S; ,(¢) and G, ,(¢)
in the following:

DEFINITION 1.1. Let ¢(z) be a univalent starlike function with respect to 1 which
maps the open unit disk A onto a region in the right half plane and is symmetric with
respect to the real axis, ¢(0) =1 and ¢’(0) > 0. A function f € 7, is in the class

Mp,b,oc)u (¢) if

1+% B ((1a)Z§/(S) +o <1+Z§:/((ZZ)))> 1] <6k (0<a<l), (12)

where

F(z):=(1-A)f(z) + Azf ().

Also, My, ;, 5, (9) is the class of all functions f € <, for which fxg €M, ;5 (9).
The classes M, j, , 4 (¢) reduce to the following classes.

1. Mi110(¢) =C(9) [3].
2. Myio0(9) =S"(¢) [3].
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3. Mp1,00(0)= S;}(q>) introduced and studied by Ali ez al.[1].

4. My, 1.1,0(¢) =Cp(0) introduced and studied by Ali et al.[1].

5. Mpp0,0(9) =S} ,(¢) introduced and studied by Al et al.[1].

6. Myp 1.0(9)=Cpp(¢) introduced and studied by Ali et al.[1].

7. Mi1,0,0(90) =Mq(¢) introduced and studied by Shanmugam and Sivasubrama-

nian [6].

Very recently Ali et al. [1] obtained the sharp coefficient inequality for functions
in the class S, ,(¢) and some other subclasses of @7,

In the present paper, we prove the sharp coefficient inequality in Theorem 2.1 for a
more general class of analytic functions which we have defined above in Definition 1.1.
Also we give applications of our results to certain functions defined through Hadamard
product. The results obtained in this paper generalizes the results obtained by Ali et
al.[1], Shanmugam and Sivasubramanian [6], Ravichandran et al.[5] and Srivastava
and Mishra [7].

Let Q be the class of analytic functions of the form

w(z) = wiz4+waz? 4 - (1.3)

in the open unit disk A satisfying |w(z)| < 1.
To prove our main result, we need the following:

LEMMA 1.2. [1]If w € Q, then

—t if t<—1
wy—twi| <1 if —1<r<1
t if t>1

When t < —1 or t > 1, the equality holds if and only if w(z) = z or one of its rotations.
If —1 <t < 1, then equality holds if and only if w(z) = z> or one of its rotations.
Equality holds for t = —1 if and only if

2(z+A)
_ 0<A<1
W) 1+Az ( )
or one of its rotations while for t = 1, the equality holds if and only if
2(z+A)
=— 0<AKI
wi@) 1+Az ( )

or one of its rotations.
Although the above upper bound is sharp, it can be improved as follows when
—-1<t<1:
Wy —twd |+ 1+ Dwi> <1 (=1 <1<0)

and
lwy —twi| +(1—0)wi> <1 (0<t<1).
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LEMMA 1.3. [2] If w € Q, then for any complex number t

lwy — tw}| < max{1;]¢|}.

The result is sharp for the functions w(z) = z or w(z) = z°.

LEMMA 1.4. [4] If w € Q, then for any real numbers q| and q; the following
sharp estimate holds:

(w3 +qiwiwa+gawi | < H(q1,92) (1.4)
where
1 for (q1,q2) € D1UD;
2] for (q1,42) € U]_3Dk
ponay - ) 300000 (Gaitigy) riaarenwn

1
2 2 3
q2 q;—4 > < qi—4 ) for
= q1,q92) € D1oUDy \ {£2,1
3 (q%—4cn 3(q2—1) (a1.42) V21

1
2 g1 —1 )2
= )| —0—7"—"""— or (q1, € Dys.
3l )<3(|4116]2) for (a1,42) & Do

The extremal functions, up to rotations, are of the form

(Z[(1=A)ex+ Aey] — €1622)

= 3 = frd frng
W)=z, w =z W@ =wl) = T et Aek
_ 2zt —2) 7 _+2)
w(z) =wi(z) = 11—z w(z) =wa(z) = e
=iy —ify
lei] =lea| =1, e =to—e7 (aFbh), e=—e7 (iatbh),
0 o b+
a:tocosfo, b= 1—tgsin2707 A:—Zba’

1
:[2qz(q?+2)3q?r t1=( 1| +1 )2
3(92 —1)(qi —442) 3arl+1442) )

1
t2=( g1 — 1 )2 COS@:g{qz(q%S)—Z(qHD]
3(gil=1=gq2) )~ 2q2(q7 +2) — 347
The sets Dy, k=1,2,---,12, are defined as follows:

2 2

1
Dl = {(qlan) : ‘ql‘ < Ea |q2| < l}a
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S
I
)

1 4
(g1, 92) s 5 <|q1| €2, ﬁ(lq1|+l)3—(\q1|+l) <@ < 1},

7C]2<_1}7

2
@< -3(al+n},
(CIlaC]Z) ‘ql| <27 q2 = 1}7

1
(@102 :2 < anl <02 > 15t +9)].

S
|

(g1, q2) : |q1] <

DO =

(g1, q2) : |q1] =

S 5 S
Il
M| —

S
I
—— —— AN AN AN A T A AN

2
(@na2)sonl > 02> 3 - 1) .

1 2 4
(q1,92) : 5 < a1 <2>—§(\CI1\+1)<CI2 < ﬁ(CI1+1)3—(|611+1)}7

< 2q1|(q1+1)}
qi +2lq1| +4

S
I
)

2
(1,02):1a1] > 2, =5 (11| + 1) <

S
|

2|q1|(lq1] +1) 1 }
Apiigur ) o +8
Fr2q+4 P 12(611 )

2|2611\(|6n|+1) <p< 22611|(q1—1)}
g7 +2|q1| +4 q1 —2|q1| +4

@
| |

(Qh 02) 2 < |QI| < 47

S
I

(Qh 02) : ‘CII‘ = 47

@
| |

2|q1l(lq1| 1) 2 }
, >4, S0 < < Sl -1) .
(q1, 92) : 41| 7 —2q|+4 q2 3(\6]1| )

2. Coefficient Bounds

By making use of the Lemmas 1.2-1.4, we prove the following:

THEOREM 2.1. Let ¢(z) = 1+ Biz+Byz2 +B3z> +---, where B, ’s are real with
Bi>0and B, >20. Let 0< <1, 0<A<1,0<u<l, and

(p+a)? ( 1+/lp )( 2( 2+2ap+a))
= B B B | —m8m ———
o B (ot 2a) \(T+4p) 2 BB e ) )

(p+a)? ( 1+/lp ( 2( 2+2ap+a))
= B,+B Bl | ——————
O B (pt2a) \(L+app -2z )\ THTP a2 ))

)
. ZBZ(Pz-(;Oi)za)( lj;p/lp 2)( +pB? (P —;iag)—ka)),
(

22 (-(s))

2+2ocp+oc

Alp,a, A, p) = “orar
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If f(z) given by (1.1) belongsto M,, | o 1(9), then

2
4 1+A(p—1) .
<
2(p+20) <1+/1(p+1) {B2+pBiA(p, 0, A )} if m<on
’ A (p—1)
_ 2 < )4 Bl 1+ pP— . _ _
ap+2 .Map+1\ = 2(p+2a) \ 1+A(p+1) ifor<u<o
2
14 1+A(p—1) .
>
2(p+2a) <1+/1(p+1) {B2+pBiA(p, 0. A )} if 1> 0

2.1
Further, if 01 < u < 03, then

|apa—pay | +

(p+a) ( (1+4p)? )X
2B 2p2(p+2a) \ (1 +Ap)>— A2

X [Bl 7327[)3%/\([)’ a, Aﬂ nu)] |ap+1|2

p*By 1+A(p—1)
<2(p+20¢) <1+?L(p+1))' (2:2)

If o3 < U< 0y, then

(p+o) (( (1+/1p)2/12)x

2
ap42— pa +
442 = ety 2B1%p%(p+2a) \(1+Ap)? —

X [Bl +B2+pB%A(p7 a, A’? nu)] |a]7+1|2

p*By 1+A(p—1)
S 2(p+2a) <1+?L(p+1))' 2-3)

For any complex number U,

2
p B 1+A(p—1
|ap+2—/¢“?z+1‘< ( ( ) max < 1,

B,

2(p+2a) \1+A(p+1)
2.4)
Further, ,
p°B; 1+A(p—1)

where H(q1,q2) is as defined in Lemma 1.4,

1 pPH+3ap+a )>
4B, +3p 32 —_
231( 2 ((p+a)(p+2a)

1 p2+2ap+a>( pP+3apta )))
2B3+3pB; | By + pB?
23( TP 1(2 P < (p+a)? (p+a)(p+2a)
3 2
(p+a)

qi -

q2 ‘=
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These results are sharp.

Proof. 1f f(z) € M), 1 4 (®), then there is a Schwarz function

w(z) =wiz+ w4 €Q
1 7F'(2) F"(2)\\
5 ((1 —a) o) +a (1 + o) )) = ¢ (w(z)). (2.6)
Since,
1 _\2F(2) Z2F"(2)
005 (4 55))

P+ p+20 1 (p*+2ap+a
e (e ()

F
A%
p
3 /p+t3a 3 +3op+20
- <p )A]H»S - <p— 2P >A11+1Ap+2> Z3
p p
4
p

such that

_ +<
p p
3 2
p’+3ap+3ap+a
+( p3 )A/1+1>Z3+"'>
where
1+A(p+n—1)
Apin= (m Aptn- 2.7
We have from (2.6),
2
pBl(Ul l-l-)t(p—l)
= 2.8
Ap+l p+a< L+Ap (2.8)
2 2
p’B; 1+/l(p—1)> < 2(Bz (p +2ap+a>)>
e 2<p+2a>(1+1<p+1> A R
(2.9)

and

ap+3 =

P’Bi 1+A(p—1)

where g; and g, is given as in Theorem 2.1. Therefore, we have

PBi (1+A(p—1) ,
2(p+2a)(1+/1(p+1)> {W2_VW1}7 (2.11)

2 _
apt2 —Ha, 1 =

where

) 2 2
N » ! g, (PF2opto) B
v.—2uB1(p+2a)(p+a> (1 (—1+7Lp)> PBl( (p+a)? ) B’
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The results(2.1)—(2.3) are established by an application of Lemma 1.2, inequality (2.4)
by Lemma (1.3) and (2.5) follows from Lemma 1.4. To show that the bounds in (2.1)-
(2.3) are sharp, we define the functions Ky, (n=2,3,...) by

! (o) (2) (Ko O\Y
;(“‘“) Kon () *“(” <K¢n>'<z>)>‘¢(z D

K¢,1(0) =0= [Kq,”]’(O) -1
and the function F and G; (0< A < 1) by

(-0 Eg e ) - ()

F(0)=0=F}(0)—1

((IQ)MM <1+z<GA>”<z>)> iy (Zifﬁ))’

and

G,.(0)=0=G,(0)—1.

Clearly the functions Ky, Fy,G; € M, | o5 (¢). Also we write Ky := Kyp. If u < oy
or U > 0y, then the equality holds if and only if f is Ky or one of its rotations. When
01 < U < 02, then the equality holds if and only if f is Ky3 or one of its rotations. If
u = o) then the equality holds if and only if f is F) or one of its rotations. If u = o,
then the equality holds if and only if f is G, or one of its rotations.

REMARK 2.2. For oo = 0, A = 0, results (2.1)—(2.5) coincides with the results
obtained for the class S7,(¢) by Ali e al.[1].

REMARK 2.3. For ¢ =0,A =0, p =1 results (2.1)—(2.5) coincides with the re-
sults obtained for the class S*(¢) by Ma and Minda [3].

3. Applications to functions defined by convolution

We define M), |, o 5 o(¢) to be the class of all functions f € 7, for which f x
g8EM,} 4 ;(¢), where g is a fixed function with positive coefficients and the class
M, j ,4(@) is as Definition 1.1. In Theorem 2.1 we obtained the coefficient esti-
mate for the class M, |  2(¢). Now, we obtain the coefficient estimate for the class

My 1,0.2.4(9)

THEOREM 3.1. Let ¢(z) = 1+ Biz+ Boz2 + B37° + -+ - where By, ’s are real with
B >0and B, <0. Let 0<a<1,0<A<1,0<u<land

2 2 2 2
&1 (p+o) ( (I+Ap) )( 2(p +2ap+a>)
= B, —B B | ————M———
O e B (pt20) \(T+Ap2—22 )\ P2 P PR e ) )
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2 5 ) 5

&t+1 (p+o) ( (I+Ap) )( 2(1) +2ap+a>)

= By+Bi+pB | —— =) ),
gp2 2B p2(p+20) \(1+Ap)2—A2 )\ "2 TPV PRI a2

& (p+a) ( (1+Ap)? )(B+Bz<p2+2ap+a)>
gri2 2839 (p+20) \(T+ App2 =22 )\ PO e ) )

pr+20p+a gp+2 ( p+2a > ( A )2
;0 A, == 2put= —= ) 1 —— .
A hg) = (p+a) p”g?,H (p+a)? 1+Ap

If f(z) given by (1.1) belongs to M), |  5(¢), then

2
p 1+A(p— )
By + pBiA(p, o, A
2(P+20£)gp+2<1+)t (p+1) { 2+ PBIA(p » M, g)}
if u<o
2 2B 1_’_%
ks &5 ( ) oy<u<o
’ 2(p+2a)gps2 \1+A(p+1) f oisuso
2
p 1+A(p - ) 5
B By + pBiA(p, o, A, 1,
2(P+20‘)gp+2(1+/1(p+1) {B2+pBiA(p wg)}
if uzo
3.1)
Further, if 61 < u < 03, then
2 L G (pta) (144p)
gp+22B1°pE(p+2a) \(1+Ap)?—A
x [B1— B> — pBIA(p, @, A, 11, 8)] lap 1
P’Bi <1+7t(p1)) .
S2(p+20) \1+A(p+1))° .
If 03 < U < 0y, then
|Cl 27Ma2 ‘+gf)+l (p+06)2 < (1+A’p)2 )
p+ p+1 gpi2 2312P2(p+2a) (1"’_}'[))2—},2
X [Bl +B; —‘rpB%A(p, o, A, ,u,g)] ‘Clp+1‘2
p*B) <1+7L(p—1)) 53)
So(pt2a) \I+A(p+1)) :

For any complex number U,

’B 1+A(p—1)
ud. < B p :
ap2=Hapl < o \ T )

By
B_1 +[)B%A(p, a, Aﬂ u, g)‘
3.4
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Further,

2
p°Bi 1+A(p71)

where H(q1,q>) is as defined in Lemma 1.4,

1 243
—<4Bz+3p3%<—p toapt o ))

qi -

2B, (p+a)(p+2a)
1 p2+2ocp+oc>< PP +3ap+a )))
— (2B3+3pB; | B, + pB?
231< e 1( 2P 1( (p+a)y (p+a)(p+2a)
qQ = 3 By
2 (p +3ap +3ap+a>
P (pt o)

These results are sharp.

Proof. The proof is similar to the proof of Theorem 2.1 and hence omitted.

REMARK 3.2. For p=1, a =0,

rG)re-i) 2

277160 2-4

and
r4)r2-2) 6

BTTTe-4) C 2-MH)B-2)
in inequality (3.1), we get the result obtained by Srivastava and Mishra [7].

THEOREM 3.3. Let ¢(z) be as in Theorem 2.1. If f(z) given by (1.1) belongs to
b,a,7,g(®), then for any complex number ,

p*|b|B <1+7t(p 1)) y

M,

‘ap+2 - Maf;+l‘ <

2(p+2a)gpi2 \1+A(p+1)
B
xmax{l, pr%AZ(p7b7 OC,)L,,LL,g)JrB—Z }a (36)
1
where
2 2
pe+2ap+ o gp+2 [ P20 A
A2pab7a7z‘7.u7g _72’[)“’—(7 1= — .
( ) (p+a)? g \(p+a) 1+Ap

Proof. The proof is similar to the proof of Theorem 2.1 and hence omitted.

REMARK 3.4. For p=1,a =0 and A =0, the result in (3.6) coincides with the
results obtained by Ravichandran et al. [5].
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