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GENERALIZATIONS OF SOME PROPERTIES OF CONVEX FUNCTIONS

VLAD CIOBOTARIU-BOER

(communicated by E. Neumann)

Abstract. In this paper, generalizations of some properties of convex functions proved in [4, 5]
are given.

1. Introduction

In 1965, T. Popoviciu [10] gave the following theorem that characterizes convex
functions:

THEOREM A. If n is a nonnegative integer number > 3 and k a nonnegative
integer number which verify the inequalities 2 < k <n—1, the real continuous function
[, defined on the nonempty interval 1, is convex on I iff the inequality

T f(x” Hiﬁ"'”"") (1)

1<i1<ip<...<ix<n

<("2). n_k'if( )+n-f =
S\k—2) k=1 &IWTn n

holds for all x1,x3,...,x, € 1.
For n=73, k=2, we find the well known Popoviciu’s inequality

2. {f ()%) +f (yzﬂ> +f (%‘)} SO+ )+ () +3-f (%)

2
forall x,y,z €.

In 1974, J. C. Burkill [3], showing the importance of the inequality (2), stated the
following result:

Mathematics subject classification (2000): 26A51.

Keywords and phrases: Convex functions, Hlawka’s inequality, Popoviciu’s inequality.

© gepay, Zagreb 107

Paper IMI-03-10



108 VLAD CIOBOTARIU-BOER

THEOREM B. If the function f:[a,b] — R (a,b € R,a < b) is convex on [a,b]
and twice differentiable on (a,b), then the inequality

px+qy qQy+rz r7+px
(p+qyf(p+q:)+w+ryf(q+r>4(r+m.f<r+p) ®

px+qy+ rz>
ptq+r

<p~f(x)+q~f(y)+r-f(Z)+(p+q+r)-f<

is valid for all x,y,z € a,b] and for all p,q,r € (0,+4<0).

Later, P. M. Vasi¢ and Lj. R. Stankovié¢ [12] and V. J. Baston [2] in 1976, then A.
Lupas [7] in 1982, proved the inequality (3) removing the differentiability condition on
f-

P. M. Vasi¢ and Lj. R. Stankovi¢ [12] also showed that the following generalization
of the inequality (1):

k
k ) DijXi;
j=1
(2 pij> - 4)
1<) <iy<...<iz<n \j=1 3 i,
j=1
n
k& n glplxl
r—1 Zplf(xl)+ Epl f lin )
i=1 i=1 Y pi
i=1
where k,n € N, n > <k<n—1, pi>0,x €[a,b], i=1,2,...,n,is equivalent

to the inequality (3).
In [4], we proved the following result:

THEOREM C. A real continuous function f, defined on a nonempty interval 1, is
convex on 1 iff the inequality

3 7 (B52) +r (B52) #r (B55) s () 4 (B52) 41 (”;xzj)

x+y+z)

<4~[f(x)+f<y>+f(z>]+6'f( 3

holds for all x,y,z € 1.

In [5], we gave the following result:

THEOREM D. Let f:1— R be a real continuous convex function, where I is a
nonempty interval. Then, we have:

5 {f(er;)Jrz) +f(erz+t> +f<z+t+x> +f<t+)3c+y)] ©)
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IO+ 10) 1@+ 1) 4 ()

forall x,y,z,t €1.

In the following, we shall give some generalizations of the inequalities (5) and
(6). Their proofs are based on a result due to T. Popoviciu [8, 9] and to K.Toda [11],
contained in:

THEOREM E. (a) Every function from the sequence

n
) =at+B+Y pr-lt—nl, n=12,... (7)
k=0

where t € [a,b], a,bER, a<b; a,f ER; p; 20, 1 € [a,b] (k=1,2,...), is convex
on la,b].
(b) Every convex function f on |a,b)] is the uniform limit of a sequence f, of the

form (7).

2. Main results

A first generalization of the inequality (5) is given by:

THEOREM 2.1. Let f : [a,b] — R be a continuous convex function, where a,b €
R, a < b. Then, the inequality

2x;i+x;j Xi+2x; = ig'lxi
s 3 [(BE) e ()| <en-s) Srew s [ Eo | @
1<i<j<n i=1 n

holds for all x1,x3,...,%, € [a,b] andforall n €N, n > 3.

Proof. We first state the following inequality:

n n
Y (2ai+aj|+|ai+2aj]) < Bn—5)- Y |ai| +2- | a; ©)
1<i<j<n i=1 i=1
forall n € N, n > 3 and for all aj,as,...,a, € R.
D. Adamovi¢ [1] proved the relation:
n n
2 |a,~+aj\<(n—2)~2\a,~\+ Zai (10)
1<i<j<n i=1 i=1

forall n € N, n >3 and for all aj,a,...,a, € R.
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Note that
2ai+a;| +|ai+2a;| < ai| +|aj|+2- |ai+aj], (11)
where i,jeN, 1 <i<j<n,neN,n>3.
From (11), we deduce the inequality
n
Y (2aitajltlait2a)<(n-1)-Ylal+2- Y atal. (12
1<i< j<n i=1 1<i< j<n

Multiplying (10) by 2 and adding the obtained relation to (12), we find (9).

In the following, we apply Theorem E.

In order to verify that the inequality (8) is valid for all continuous and convex
functions on the interval [a,b], it suffices to show that it holds for the functions

fi)=at+P,a<t<b and fr(t)=|t—A|, a<t<b,

where A € [a,b] is arbitrary but fixed. Obviously, f; satisfies (8). Thus, we only
need to show that f, also satisfies (8). For real numbers x1,x2,...,%,,A € [a,b], the
inequality (8) becomes:

Y (|2xi4x—3A|+ [xi+2x; = 3A[) < (3n—=5) - Y i — A|+2-

1<i<j<n i=1

n

in—nk .

i=1
13)
Considering aj =x; — A, ay=xp— A, ..., ay = x, — A in (13), we obtain (9). Thus,
the inequality (8) is verified by every function of the form (7). Passing at limit with
n — oo in the inequality obtained from (8) by interchanging f with f;,, we deduce the
inequality that we wanted to prove.

REMARK 2.1. Considering n = 3 in the inequality (8), we find (5).

Further, we shall give a common generalization of the inequalities (2) and (5).

THEOREM 2.2. Let f : [a,b] — R be a continuous and convex function, where
a,b e R, a<b. Then, the inequality

R T (14)

1<i<j<n q+r

S
<[(n—1)g+(n-3 fo, +2m-f ’:’11

holds (V)n e N, n >3, (V)q,r € (0,420), g = r, and (¥)x1,x2,...,%, € [a,b].

Proof. We first state the following inequality

201

Y, (lqai+rajl+|rai+qaj]) <[(n—1)g+(n—3 Z\az|+2r , (15)

1<i<j<n




GENERALIZATIONS OF SOME PROPERTIES OF CONVEX FUNCTIONS 111

where n €N, n > 3; aj,az,...,a, ER; g,r € (0,400), g > 7.
Noting that

\qai + raj| + |ra; +qa;| < (q—r)(|ai| + |aj|) +2r-|a;i +aj|,

where i,jeN, 1<i<j<n,neN,n>3and q,r € (0,40), g > r, we find

n

Z (|gai+raj|+|rai+qaj|) < (n—1)-(q r)-2|a,'|+2r~ 2 lai+aj|. (16)

1<i<j<n i=1 1<i<j<n

From (10) and (16), we deduce (15).
The rest of the proofis similar to the corresponding part from the proof of Theorem
2.1.

REMARK 2.2. Considering n =3, g =2, r =1 in (14), we find (5) and consid-
ering n =3, g=r=1 in (14), we obtain (2).

Another generalization of the inequality (5) is given by:

THEOREM 2.3. Let f : [a,b] — R be a continuous and convex function, where
a,b e R, a < b. Then, the inequality

qpixi+rp;jx; rpiXi +qpjx;
D {(qpﬁrpj) - f (M) + (rpi+qpj)- f (M)] (17)
1<i<j<n qpi+rpj rpi+qp;j

n 2 pixi
<[(m—1)g+(n-3 zp, Sxi +2r<2pi>,f t:’i

= > pi
i=1
holds V)neN, n=3, (Y)p1,p2,---,Pn,q,7 € (0,+), g =r, and (¥)x1,x2,...,%, €
[a,b].

Proof. The proof is similar to that of Theorem 2.1 and Theorem 2.2.
In the following, we shall give two generalizations of the inequality (6). The first
result is contained in:

THEOREM 2.4. If f:]a,b] = R (a,b € R,a < b) is a continuous convex function,
then the inequality

Xip +Xi, +X; = ixi
6 3 (M) <o) -3 B e | L

1<i|<ip<iz<n i=1

(18)
is valid for all x,x,...,x, € [a,b] and forall neN, n> 4
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Proof. We shall show that

n

Sa

n
2. 2 |a,~l—|—a,~2+a,~3| (I’l—l [ Z|a,~\+

1<i|<ip<iz<n

forall n € N, n >4 and for all aj,ay,...,a, € R.
In 1963, D.Z. Dokovi¢ [6] proved the following inequality

] 19)
_2 k n n

2 ai1+ai2+...+aik<<z_2>- :—1 Z\a,\+ Z (20)
1<i|<ip<...<ig<n =1 i=1

forallne N, n >3, forall k€ {2,3,...,n—1} and for all aj,ay,...,a, €R.
Considering k = 3 in (20), we ﬁnd

n—2)(n—3) & L
S latatal < T2 S g 0-2) Sal. @D
1<ii <l <iz<n i=1 i=1
Note that
n—1)(n—-2 7
%- Y ai| < D |ai, + ai, + aj, | (22)
i=1 1<i|<ip<iz<n

forall n € N, n >3 and for all ay,ay,...,a, € R.
Multiplying the relation (21) w1th n— 1 and adding the obtained result to the
inequality (22), we deduce the following inequality, equivalent to (19):

(n=2)- Y lay +a,+a;
1<i|<ip<iz<n

n

S a.

i=1

(n—1)n-2)(n—-3) & (n—1)(n—2)
< 3 '%\%Hf'

The rest of the proof is based on Theorem E and is similar to the corresponding
part from the proof of Theorem 2.1.

REMARK 2.3. Considering n =4 in (18), we find (6).

The second generalization of the inequality (6) is given by:

THEOREM 2.5. If f: [a,b] = R (a,b € R,a < b) is a continuous and convex
function, then the following inequality holds:

2. X (Pi1+1’i2+pi3)~f( (23)

1< <ip<iz<n

n 2 PiXi
<(n—1)- sz <2pi>-f = ,
-1

Pi

DirXiy + PiyXiy + PisXis )
Pi; +Pi2 +Pi3

—

=

i=1

MneN, n=4, (V)p1,p2,...,pn € (0,40), and (V)x1,x2,...,%, € [a,b].
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Proof. The proof, being similar to that of Theorem 2.4, is omitted.

REMARK 2.4. Considering n =4 and p; = p» = p3 = pa = 1, we find (6).
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