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A GENERALIZATION OF MULTIPLE
HARDY-HILBERT’S INTEGRAL INEQUALITY

NAMITA DAS AND SRINIBAS SAHOO

(communicated by N. Elezovic)

Abstract. In this paper, we give a new generalization of multiple Hardy-Hilbert’s inequality
with the best constant factor. As applications, the equivalent form and some particular results are
derived.

1. Introduction
Let I/p+1/g=1 (p>1), f,g =0,
0</ SP(x)dx < oo and 0</ gl(x)dx < oo.
0 0

The well known Hardy-Hilbert’s integral inequality (see [1]) is given by

./OM/OM %giy)dxdy < m (/ fP(x dx) v (/0 g‘l(x)dx> 1/q; (1.1)

and an equivalent form is given by

/0 ( 0 ){Er)ydx> dy < {Wz/mr/omf”(@dx; (1.2)

where the constant factors 7/ sin(7z/p) and [/ sin(7/p)]P are the best possible. These
inequalities play an important role in analysis and operator theory (see [2]). Recently,
many generalizations and refinements of these inequalities were also obtained.

At present, because of the requirement of higher-dimensional analysis and opera-
tor theory, multiple Hardy-Hilbert’s inequalities have been studied. In 2003, Yang [6]
obtain the following multiple extension of (1.1) as:

If o eR, neN\{1l}, pi>1,2" 1p —1,)L>n—lgll_i£n{p,~} and f; >0 satisfy

0</ (=) A P (dx < oo (i=1,2,...,1),
o
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then

oo 3 n
/ / —AHf, X;)dxy...dxy
« (Z” lx]—na) =1

- ﬁﬁFCH—FIfi —n> {/{;"’(x_a)nlxﬁm(x)dx}"

1

(1.3)

-

where the constant factor ﬁ T (%’17”) is the best possible. In particular, for

a =0, the following multiple extension of inequality (1.1) holds.

/ / /IHf, x;)dxy...dxy

/1]

1 - pi—"_l_n = 1A i %
<m>,~Hf< ” ){/o X f"p(’“)d"} ’

where the constant factor ﬁ . r (p ”*Iff") is the best possible.

In 2005, Yang [7] obtain another multiple extension of (1.1) as follows:
If ne N\{1}, p; > 1, 3" =1,A>0 and f; >0 satisfy

(1.4)

1= lp
0<./0 PR P (Y dx < oo (i=1,2,...,1),

then

i=1

1 . A “ i—1—A ¢pi i
—a,f(pl){/ S C

where the constant factor ﬁ r 1l“(i_) is the best possible.

In 2005, Yang et al. [8] obtam another multiple extension of (1.1) as follows:
If ne N\{1}, p;>1, 3" —1 A>0,2" Ai=A—n and f; >0 satisfy

oo oo 1 n
/0/ ( AHf,x, dxy...dx,

(1.5)

S-

0</0 x*“l’ifffﬁ”f(x)dx<oo (i=1,2,..n),

then

/om'"/omﬁ ﬁﬁ(xi)dX1...dxn

Zjm) (16)

1
1 L 1. i —kpigi Di Pi
<—F(A)i:1F(A,+1) {/0 x Fwdx s
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where the constant factor ﬁ T (Av, + 1) is the best possible.

The main objective of this paper is to build a new generalization of multiple
Hardy-Hilbert’s inequality, using Gamma function, n—functions u;, i=1,2,...,n and
(n+1)—parameters A, ¢;, i = 1,2,...,n, with a best constant factor, which is more
generalized inequality and from which all of the above inequalities are obtained by spe-
cialising the parameters. As application, we give the equivalent inequality and certain
particular results.

The layout of this paper is as follows: In section 2, we prove three lemmas describ-
ing the interplays between multiple beta integral and the Gamma function. In section 3,
we establish the inequality that is a generalization of multiple Hardy-Hilberts integral
inequalities described in [6], [7], [8] and obtain the equivalent form of this inequality.
In the last section, we discussed about some of the particular cases of these inequali-
ties involving power function, logarithm function, exponential function, trigonometric
function and inverse trigonometric function, as it enhances further the applicability of
these integral inequalities.

2. Some lemmas

In this section we shall prove lemmas, which play crucial roles in proving our main
results.

We set the following notations: Let n € N\{1}, p; > 1(i=1,2,...,n), X}, 111 =

1,A>0,¢>0(i=1,2,...,n) with ¥ , ¢; = A. Suppose for every i =1,2,...,n;
u; : (aj,b;) — (0,00), is a strictly increasing differentiable function such that u,( ,) =0

and u,'(b,') = oo,
We need the following formula on the y— function (cf. Wang et al. [3]),
° 1 I'(p)I'
/ -1 L) (q)7 2.1
o (l+1)rta I'(p+q)

where I'(p) is the gamma function.

LEMMA 2.1. If k€N, ;>0 (i=1,2,....k+1) and Y¥"!' r; = X, then

/ / Hrl 1 "ﬁ
7 dn . dty = — [ | T(r))- 2.2)
1+2k1t, I(4)

i=1

Proof. Setting v = N 2}‘ - and using (2.1), we have
i=21i

nco nco 1 k 1
/ / ﬁ (7 dn . diy
o0 (143 )" =1

i7 oo vr171
—/ / M = dtz...dtk/ —dv
(1+35 )" 0 (1+v)

gl

7’.1 / / 12[ )L dt2 .dty.
(1+ 3ot
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Repeating the above process, we obtain (2.2). This completes the lemma

LEMMA 2.2. For j=1,2,...,n; define the weight function w;j(x;) as:

by j—1 j+1 bn
o) =[ [ [L
aj— ajt1 Ek luk )Ck ))' (23)

H (ul( l))d)l (xl) dxy. dxj ldx/+1 dxy.

I<i#j<n
Then
;j(xj) = HF 90) (uj(x;)™%, (j=1,2,...,n) 2.4)
Proof. Setting
u;(X;) - P
= PEEAL fori=1,2,3,....,7—1,
M) o — joj+1l,..n—1,
uj(x;)

¢, fori=1,23,..,j—1,
=
) ¢y, fori=jj+1,..n—1;

and using (2.2), we have

@) / / 1+21< 1t))L

X Hl' u] x] A 9j—n+l (uj(xj))”A dty...dt,_;

= (uj(x)) / / AHt" Yar..dt,
1+Zk lt i=1

__lr (e )) 0

This completes the lemma.

I:= Z '
an (g ui(xi))” j=1 (2.5)
11 S AN |

> E{mjlr(%)JrO(l)}_jl (¢/_17_]> 0;(1)
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Proof. Setting v; =u;(x;) and ti::—’;,izl,Z,...,n—l, we have

9j—£ -1
I: —/ / jj i dvy...dvy,
1":

/:

n-l ¢, € _
/ [/ / Ht.] " dt . dt,_y | dvg
1+2”1
n—1 ¢j,P§,1
J
/ £+1 / / e Ht» dty...dt,_,

/ ZA Vi )dvy
vn 3

- Il - 12 (Sa}’)7

where, for j=1,2,...,n—1,Aj(v,) isdefined by

1 n—1 ¢j,’)€_'j,1
Aj(Vn) —//ﬁ Ht/ dtl...dtn717
D; (L+Z56)" =1

where Dj = {(t1,...,1,-1)| 0<1; < -, 0 < < oo (k# j)}.
By (2.2),as € — 07, we have

n—1 ¢,)L,
/ / Ht.] " dty. . dt,
(1+3! '

i= ltz Jj=1

J=1

n—1 n
¢j—1 _ 1 .
/0 /0 7(1+Zl 1t,)/l Htj dry..dt,_ = T2 ['(¢;).

Hence

zl_g{ﬁﬁwﬂm}

Now we estimate the integrals A;(v,), j=1,2,...,n—1.
(a) For n =2, thereis only one A;(v,) ,thatis A;(v,) . We have

dl‘l

143

(2.6)
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(b) For n € N\{1,2}, without loss of generality, we estimate A;(v,) . By (2.2),

we have
-1
W
2 g
1(v) / / =2 Adtg...dtn,l/ "1 " odn
1+2n 1 0

e _
n 1 9= E !
] 21
1+27 21tl A— ¢1+E(1 ﬁ)
njzzr(q»f,,—j)

F(Af¢1+£(lfﬁ)) ¢

By virtue of the results of (a) and (b), for j =1,2,....n— 1, we have

dty...dt,_1

0

Hence

Now from (2.6), we get (2.5). The lemma is proved.

3. Main results

In this section, we shall establish the integral inequality that generalizes the re-
sults proved in [6], [7], [8] and the constant factor obtained is the best possible. The
equivalent form of the integral inequality is also obtained.

THEOREM 3.1. If f; >0 (j=1,2,...,n), satisfy

0< /abj(u/(x))”f“*d’f)*l(“}(x))lfp"ffj (x)dx < oo,

J

/bl /bn 1 Inlf( )dx..d
- i(xj)dxy...dxy
ay an (2?:1 ”‘i(xi)))L J=1 B 1 (3.1
L :

I {/abj(uj(xj))”f(l‘l’f)1(“}(Xj))lpjf;j (xj)dxj} ’

J

where the constant factors ﬁ H;?:l ['(¢;) is the best possible.
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Proof. By Holder’s inequality and (2.3), we have

by b
I—/ / ; AHf/xjdxl .dx,
Lui(x:))

Jj=
_/bl / f] x]) (uj(xj'))<¢j71>(,z%j71>
= _L
" 1 iy ui(xi)) 77 (u}(xj'))l 7j

3.2)
(¢;—1)

@i —1) 1
X H (ui(x;)) 77 (ui(x:)) % Ydxy...dxy,
I<i#j<n
1

H{/ O () <,~>dxj}pj

If there is an equality in (3.2), then there exists constants Ci,(>,...,C, not all zero,
such that for any i#k € {1,2,...,n} (see [4]),

ﬂ"i(x,') (ui(x l))(¢1 1)(1-p;)
'}:mj'(xj')y (W) 1<t
V) (g (o)) DU
(27:1uj(x/'))/1 (@)

ae. in (ay,by) X ... X (an,by).
It follows that

G (uj ()%~ 0l (x7)

:Ck

(uj(x;)) %0l (x;)

Cuf () (i) )P0 (u (x)) 7
= G (o) (o (o))< 00 (ad (e )) P
=Cae.in (ar,by) X ... X (an,by),

where C is a constant. Without loss of generality, suppose that C; # 0. Then we have
bi _
| )9 ) g (o
a;

C [Piul(x) C ~1
= — L d = — —d[ — oo
C; /al u,-(x) * Ci / t

which contradicts to
b
0< [ )19 uga)) PP ) <
Jaj

Hence by (2.4) and (3.2), we get (3.1).
For sufficiently small € > 0, setting

3 {0 if x € (aj,a;) (@ =u;'(1)),

filx) = (uj(x))%*p%*lu}(x) if x € [d@;,b;).
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we have

j=1

L
Pj

If the constant factor (ll) " (¢ j) in (3.1) is not the best possible, then there exists

a positive constant K < ( 1T'(¢;), such that (3.1) is still valid if we replace
ﬁ 1 I'(¢;) by K. In partlcular, by (3.3) and (2.5), we have

1 n n—1 € -2
Wﬂ”"’j”“”g%("’fﬁ) 0,(1)

by bn 1 lﬂIN( )
<£/ / —T17i(x)dxi...dx,
a e (S )t
1

< sKH{/ ))Piti=0)=1¢ ;(xj))lpj‘ffj(xj)dxj}”f

=K

)

and then ﬁ "_1T(¢;) <K (e — 0T). This contradiction leads to the conclusion
that the constant factor in (3.1) is the best possible.The theorem is proved.
We shall now obtain an equivalent form of the integral inequality (3.1).

THEOREM 3.2. If ;11: Pl and f;20(j=1,2,..,n—1), satisfy

0< /:j(u/(x))”f“*d’f)*l(”}(x))lfp"fjl"j (x)dx <o,

then we obtain an equivalent inequality of (3.1) as:

[ [ st q
n fi(xj)dxy...dx,—1 | dx,
an 1 q¢n Aan—1 2” 1 u; x, )A i 7 " "

= (3.4)

n n—1 L

< [ﬁ F(¢j)] H{/%j(uj(x/))”"(lq”')1 (0e)) P77 (xj)dxj}pj,

)j:I j=1\4;

where the constant factors {6—/1 T, ((p])} is the best possible.

Proof. Set

= [ "
(1n (x2)) 7900 | Jay " Ja, (2?:1”1’(351)) j=1
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By (3.1), we have
b pa(l=a)—=1( 1 1—py ¢p
0< (s (260 ) ) PO (0, (260 ) )P 7 (26 )
dan
= /’bn —u:l('xn)
an -

[ far—— P q

X — | 1 fi(xj)dx1...dx,—1 | dx,

ap ap—1 (2‘,?:114,'()6,'))/1 j=1 7 " ' (3.5)
R e §

= | ——— T fix)dxi..dx
Jay Jap ( ;’:lui(xi )/l j=1 7 "

bi ) ”
/a(uj(xj))”f“"’f)l(u}(Xj))l”ff}’(Xj)dxj'}

J

by
/ <un<xn))""“"’">1<u;<xn>>1"nf,fn(»cn)dxn}"

. n—1 q é
— i(xi)dxy...dx,—1| dx,
{/ Mn Xn 1 qon l/“ /a l 1’4: x, rllfj(xj) X1 X, 1] x} (3.6)

J

n

% L H{//(u]( NP () P >"’“f}%

j:l j=1
< oo,

It follows that (3.5) takes the form of strict inequality by using (3.1); so, does (3.6).
Hence we can get (3.4).
On the other hand, if (3.4) holds, then by Holder’s inequality, we have

'bl 'bn 1 n
Jaiy . i=1 i i

Jj=1

_/bn{ ol ¢n/ /a i (i) )7L Hf] xj)dxi.. dxnl}

X{@gm__mﬁ*mn
(up,(xn)) @

q 1
by q

< X;)dxy...dx,_y| dx
{/ u” n 1 q%l/ /a 1“1 Xz )A Hf/ J 1-- n 1] n}

€1

by n
X {/ (u”(xn))hn(l‘l)n)1(u;1(xn))lPnf’{m(xn)dxn}p

v Un
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Hence by (3.4), (3.1) yields. Thus it follows that (3.1) and (3.4) are equivalent. Since
the constant in (3.1) is the best possible, hence the constant in (3.4) is the best possible.
The theorem is proved.

4. Some particular results

In this section, we shall derive the inequalities, for which u;(x)’s are power func-
tion, logarithm function, exponential function, trigonometric function and inverse trigono-
metric function. Also we consider the different parameters ¢, .

Power function
Taking u(x) = (x—a;)% in Theorem 3.1 and Theorem 3.2, we obtain the follow-

ing result.
THEOREM 4.1. Let aj €R, a; >0 (j=1,2,...,n). If fi >0, satisfy

0</ (x— )P = 0= P () < oo,

J

then we have the following two equivalent inequalities:

o0 o0 1 n
/ / S —a) ) [1/i(x))dx...dx,
aj an i=1 i —a; 1

=1
1 n 1 71 /’1 oo pl 4.1)
T 1:[ ( >]Hl {/a] (xj — aj)Pi =01 ][')](Xj)dxj} /
and
/'°° (.X' —a )qanq’n*l

| n—1 q

/ / A Hfj(xj)d)(1...dx”71 dx,, (4 2)
a1 (X (x *a) i) =1 )

1 71 9,1 - LE
)] H{/ (xj*aj)pj(liaj(pj)i fjpj (xj)dx; }1’]7
j=1a;

’%71 n ,,L.*l 1
(r(¢j)ajf ) and l%n <r(¢j)ajf )]

EXAMPLE 4.1.1. Setting ¢; = % in Theorem 4.1, we have the following in-
J
equality: Let ¢; € R, A >0, a; >0(j=1,2,...,n). If f; >0, satisfy

(e

where the constant factors () ]

~.
=%

are the best possible.

0</a (x—aj)Pi~ M‘flf/p]( )dx < o,

vdj
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then we have the following two equivalent inequalities:

/ / " xl—a) )/1 f[lfj(xj)dxl...dxn

1 4.3)
1 £ A —]—1 n oo . -
ot <F<p_j) o EL{ [
and
/oo (xn 7a”)(q71)ko¢,,71
’ oo poo 1 n—1 q
X [Al ...i/ani1 o (x,-fai)o‘i)l jl—[lfj(xj)dm...dxnl] dx, 4.4)
TH < ) H{/ (xj —aj)Pi= % f,f(xj)dxj} :
=1 j=1174j

Lo\]?
where the constant factors ﬁ ;?:11“(]%) and lﬁ i1 (F(pij) aj”/ >] are

the best possible.

REMARK 1. Taking a; =0, ;=1 (j=1,2,...,n),in (4.3), we get (1.5) and in
(4.4), we get an equivalent inequality of (1.5).

EXAMPLE 4.1.2. Setting ¢; =1+ ’lp’,” in Theorem 4.1, we have the following
J
inequality: Let a;j e R, A >n— 121121 {pi}, a;j>0(j=1,2,...,n). If f; >0, satisfy
<i<n

0</oo(x a;)Pi~ aj(pj+A—n)— lf})j(x)dx<oo,
aj

then we have the following two equivalent inequalities:

/ / V) Hfj(xj)dxl...dxn
fn z 1 )al) Jj=1

(4.5)

<k (a,p) H {/ (Xj ,aj)Pj*Otj(ﬁj+kfn)*1f/{’j (xj)dx]} pj
j=1/aj
and

/“’(x — g la D pthn) =1

n—1 q
[/ /an1 z 1 z) lﬂfj(xj)dxl"'dx"1] dxy 4.6)

9
J

< [k (e, p)] H{/ D oj(pj+A—n 1f;7f(xj)dx/'}p.,




150 NAMITA DAS AND SRINIBAS SAHOO

L
where k) (o, p) = ﬁ | T (p"tii”) ajp’ > and the constant factors k; (o, p)

and [k) (o, p)]? are the best possible.

REMARK 2. Taking aj=o, oj=1(j=1,2,...,n),1in (4.5), we get (1.3) and in
(4.6), we get an equivalent inequality of (1.3).

EXAMPLE 4.1.3. Setting ¢; =A;+ 1 in Theorem 4.1, we have the following
inequality: Let a; ER, A; > 1,3} _jAj=A—n,a;>0(j=1,2,.,n).1f f; >0,
satisfy

0< /aj (x—a; )m(l (A j+1))71f})j(x)dx<oo7

then we have the following two equivalent inequalities:

/ / ) )A]f[lfj(xj)dxl...dxn

0 4.7)

<% (oA H{/ aj P A D)1 f)j(xj)dxj}pj
1
and

/oo (xn B an)qan(An+l)fl
an

A Al 1 n—1 q
() dxydxy | dx
U L. <z?:1<x,-fal->%>*gf’(x’) et 1] s

q

n—1 -
< [k (e, A)]'T] {/ P a’<Aj+l)>lf})j(xj)dxj}p],

J=1

1

where k; (a,A) = ﬁ " (F(Aj+ Do’

and [k (a,A)] 7 are the best possible.

> and the constant factors kj (ct,A)

REMARK 3. Taking a; =0, oj =1 (j=1,2,...,n), in (4.7), we get (1.6) and in
(4.8), we get an equivalent inequality of (1.6).

REMARK 4. Further new 1nequahtles are derived from Theorem-4.1, by taking
parameters (a) ¢; = M —1:(b) ¢;= 1) ¢ =2

rj’
(d) ¢j:zfp_j+1 ,(e) ‘PJ—EJF,Tj*l andothers.

Logarithm function
Taking #j(x) = Inx in Theorem 3.1 and Theorem 3.2, we obtain the following
result.
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THEOREM 4.2. If fi 20 (j=1,2,...,n), satisfy
0< / (Inx)Pi(1=0)=1ypi=1 ][.)j(x)dx < oo,
J1

then we have the following two equivalent inequalities:

oo oo 1 n
/; ) mﬂf](xj)dXIdxn

. N 4.9)
0 . pj
i e
j=1 /:1
and
> (Inx, qon—1 oo roo 1 n—1 4
/1 %l : | mnf] Xj dxl dx,— 1] dx,
- n - n[TL  x;)" =
=1 (4.10)

4

1 n 9p—1 oo i
<lm. F(d»)] | { /1 (1nx)”f“¢f>lx”flf}’%x)dx}f,

q
where the constant factors 5 H I'(¢;) and [ H (¢ j)] are the best possible.

fix)

X

EXAMPLE 4.2.1. Setting A =n—1, ¢; =1— pi and replacing fj(x) b
J
in Theorem 4.2, we have the following inequality: If f; >0 (j = 1,2,...,n), satisfy

pj
oo £Pi(y

0</ f]—()dx<°°,
1 X

then we have the following two equivalent inequalities:

(65)doxydx
/ /1 (IT x:) lnH 1xl)n71j1:[1fj(xj) e

fpj( ) % (4.11)
n oo ] X J
i i
and
oo oo oo 1 n—1 q
/1 [/1 /1 (IT %) (InTT- 1xl)n1]1_[1fj(xj)dmmdxn1] o
(4.12)

L) e
- — J g
oo I
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q
where the constant factors -~ HF( ) and l T HF( )1 are the best

possible.

REMARK 5. For n =2, (4.11) reduces to the following well known Mulholland’s
integral inequality (see [1]).

If p>1, +—_1f,g>0 satisfy 0<[l ) gy < 0 and 0< & £ gy <
oo, then

/ / xylnxy Xy < Sin(ff/p) {/100 fp)EX) dx}}) {/Im gqxﬁdX};, (4.13)

where the constant factor ( 77p) is the best possible.
Thus (4.11)is a multlple extension of Mulholland’s integral inequality (4.13).

Exponential function
Taking u(x) =a*,a>1 in Theorem 3.1 and Theorem 3.2, we obtain the follow-
ing result.

THEOREM 4.3. If a> 1, f; >0(j =1,2,...,n), satisfy
0<1Kmaﬂm0*%%ﬂff%@dx<cg

then we have the following two equivalent inequalities:

/ / 5 — Hf] Xj)dxy...dxy,
La) sl
0 (4.14)

(Pj(2*¢j)*2)f](’j (x)dx} ki

oo

lna HF(PJ H{/

and

q
[ U - S i) Ulf - 11 o
(1 ! 7
l na)" HF %1

(4.15)

n— 2 Pi26))- )ij(x)dx}Pj7
j=1

q
where the constant factors A;l ]_n[ I'(¢;) and [(h}()" H (([)])] are the best
j=1

Jj=
possible.

Trigonometric function
Taking u;(x) = tanx in Theorem 3.1 and Theorem 3.2, we obtain the following
result.
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THEOREM 4.4. If i 20 (j=1,2,...,n), satisfy
"TT/2 pi
0< /0 (tanx)?i =90 (secx) P11 (x)dx < oo,

then we have the following two equivalent inequalities:

"TT/2 "TT/2 1 n
| ——————T1 fi(xj)dxi...dx,
] Syt L)

> tanxi))“ j=1

1 (4.16)
L } - "2 j(1-¢;)—1 2(1—pj) £Pi Pj
< F(¢/)H / (tanx)pl J (SCC)C) pPj fj](x)dx
r'(A4) i it Wo
and
/2 sec’x,
JAREY ar———  pit q
X _ fi(xj)dxy...dx,—1| dxy
0 0 (2?:1'1311)6,'))' j=1 I ! ! (417)

I r Ty 2 (1=9))—1 21-p;) ¢Pi 7i
<Vegr ITren| TH [ a0 seex0 P gax )
=1 1

j=
n n a
where the constant factors ﬁ I1T(¢;) and [% I1 ((l)])] are the best possible.
j=1 =1

Inverse trigonometric function

Taking u;(x) = arctanx in Theorem 3.1 and Theorem 3.2, we obtain the following
result.

THEOREM 4.5. If f; >0(j=1,2,...,n), satisfy

[ (x)dx < oo,

/°° (arctanx)?i(1=9j)=1
0 (14x2)1=pi

then we have the following two equivalent inequalities:

/ / H £i(xj)dxy...dx,

' arctanx,) =1

1 . P oo (arctanx)l’j(17¢].),1 ) i~
< m}ilr(qjj)l—[ {/0 (1 +x2)1*p,— fj (x)d_x

j=1
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and

/°<’(arctanx,,)‘”’"’l
0 1+x2
q

/ / HfJ xj)dxy..dx,—1| dx, (4.19)

' arctanx,) =

qa,_

1 & nl [ re (arctanx)Pi(1-9)-1 bi
<| gy HT@) ]Hl/o (e O

q
n n
where the constant factors ﬁ [1T(¢;) and ﬁ [1T(¢;)| are the best possible.
j=1 j=1

REMARK 6. Taking different parameter values of ¢;, as following the Theorem
4.1, in Theorem 4.2 to Theorem 4.5, we get many new inequalities.
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