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A GENERALIZATION OF MUIRHEAD’S INEQUALITY

J. B. PARIS AND A. VENCOVSKA

(Communicated by I. Olkin)

Abstract. We give a proof of a generalization of Muirhead’s Inequality and informally explain
its application in establishing an instantial relevance principle in Polyadic Inductive Logic.

Introduction

The purpose of this short paper is to give a proof of a generalization of Muir-
head’s Inequality which is needed to establish a natural instantial relevance principle in
Polyadic Inductive Logic.

We start by briefly explaining what this principle is in very informal terms. For
a fuller account of the relevant area see [1], [2], [4], [5], [8], [9]. (The reader can
of course, without technical loss, blithely skip this account and jump straight to the
statement of Theorem 1.)

Consider an ostensibly ‘rational’ agent who will receive some classifying data
concerning individuals ay,az,as,...,a,. The agent wishes to assign a probability to
the event that for some particular pairwise disjoint sets Hy,H>,...,H, (some possibly
empty) with union {ay,az,...,a,} all the individuals in H; will be identical as far as
this data is concerned, for each j = 1,2,...,r. Assuming that the agent is otherwise
without any prior knowledge, symmetry considerations' whose observance we would
take to be a manifestation of ‘rationality’, suggest that this probability w should simply
be a function of the multiset of numbers ny,ny,...,n, where |H;| = n;, so

w=w({ny,na,...,n.}) =w({ny,na,...,n.))

where we replace the multiset with the vector (n,na,...,n,) of members in decreasing
order, so we are assuming without loss of generality that ny >ny > ... > n, > 0.

We now ask the question: Under what conditions must this agent (bound by the
symmetry considerations mentioned above) set

w((ny,ng,...,n.)) Zw({my,my,....,m))?

where Y;n; = Y,;m; = q and 7i,m € N" are decreasing.
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It turns out that if the data simply consists of classifying individuals according to
which of some finite set of unary relations (i.e. predicates) they do or do not satisfy then
the answer to this question, see [10], is that the agent is forced into setting w(7) = w(n)
justif 7 > m, meaning that

Ynj=Ym; foralli=1,2,....r
J<i J<i
This can be proved by appealing to Muirhead’s Inequality, see [7], [3, page 45],
[6, page 87], which in its basic form asserts that
If 7i,m € N" are decreasing, >/, m; = Y_;n;, H »=m and 0 < py,...,p, € R then

) IIP” > X II

G a permutation  j= G a permutation j=1

of {1y} of {1y}
together with de Finetti’s Representation Theorem for Exchangeable Measures, which
tells us that it is enough (given the above mentioned symmetry considerations) to show
this equivalence in a very simple case, namely when the function w is determined by a
simple Bernoulli process.

The above question then is relatively easily answered when the data is expressed
in terms of purely unary relations. Complications however arise when the data about «;
also relates it to other a;, i.e. when the data involves relationships which are not purely
unary. Nevertheless, an appropriate version of de Finetti’s Representation Theorem has
recently become available, see [5], and in consequence all that is required (in the main
case) is to prove the following generalization of Muirhead’s Theorem:

THEOREM 1. If ii,m € N are decreasing, Yi_ m; =Y\_ n;, i =im and 0 <
D1y, Pk € R then

s ﬁ(zpf)m? H(Em)%, 0

18 =1 \ies; /(5. sy j=1 \ieS
{1k} (Lok}
where the O in ( Z pi)™"™i etc. indicates that in the expansion of this power we only
iESj
count those terms which have a non-zero power of p; for each i € S}, etc., and in

{S1,..,Sr} a partition of {1,...,k}
we allow that some of the S; may be empty.

Before proving the theorem we make several remarks.

For S and m such that m < |S| we have (3;cspi)”" = 0. Consequently, both
sides of (1) are zero when k > Y/, m;.

As usual we take sums over the empty set to be 0, so

" (Lifm=o,
(iezwp’) _{Oifm>0.
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It follows that

ﬁ (2 m) " 2)

{8157 j=1 \i€S;

must be zero when k is strictly less than the number of non-zero entries in 7, and a
partition Sj,...,S, can contribute to (2) only when m; > |S;| for all j=1,...,r, and
mj =0 forall j for which §; is empty. Similarly for 7.

Provided that 7, m have no coordinates equal to zero, if k = r then (1) reduces to
the basic Muirhead Inequality.

In the next section we prove a key lemma from which this inequality follows.

The Proof

LEMMA 2. Let mn,k €N, n>m >0, X ={1,...,k}, 0< p1,...,pr €R and
On Om
P(n,m) =Y (21%) ( D pi> :
ocx \ico i€X—0
Then
P(n+1,m) > P(n,m+1). 3)

Proof. We remark that the cases of k <2 and k > n+m+ 1 are trivial.
Otherwise consider the terms p;, p;, - which appear in the formal expan-
sion of P(n+ 1,m), where

* Pinymin

O(n+1) Om
DiyDiy " Pipyy € (2[)1‘) ) Dini2Pins3 ™" Pinimir € ( 2 Pi)

i€Q ieX-0

for some Q C X, and where by the formal expansion we understand the sum of products
of the p; resulting from multiplying out

()3 () (2)

(n+1) times m times

keeping the p; in order (so not collecting powers of the same p;) and discarding the
products that do not contain each p; at least once. We can partition these terms accord-
ing to the cases:

@l) ipg1 & {ir,i2,. . in ks

(a2 G,T) int1 € {il,iz,... ,in}, G = {im+1,im+2,...,,in} — {il,iz,...,im} and
T={jlm<j<n,ijeG},for GCX, TC{m+1,m+2,...,n}.
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Similarly by considering the terms p;, pi, - pi,.,.., in the formal expansion of
P(n,m+ 1), where

On O(m+1)
pilpi2“'pin€ (217’) ? pin+1pin+2“.pin+m+1€ ( 2 pl)

icQ iceX—-Q

for some Q C X, we see that we can partition them according to the cases:

b)) dn1 & {in2,ine3, s Ingmet }

(02 G,T) inp1 € {ins2sinszseeesinsmit}s G= {imstsimizs . essint—{i1,i2s-sim}
and T={jlm<j<n, ij€eG}, for GCX, TC{m+1,m+2,...,n}.

We now compare P(n+ 1,m) and P(n,m+ 1) according to this partition. The
terms from cases (al), (b1) clearly cancel out. Now fix G and T . Then the contribution
from case (a2 G,T) to P(n+ 1,m) is

whilst the contribution from case (b2 G,T) to P(n,m+ 1) is

&)
Taking the difference (4) — (5) gives

) ) ) ) )

which is non-negative, together with

n+1—m—|T| n—m—|T|
(2 Pi) - (2 pi) ( D Pi) : (6)
i€cQ i€cQ ieX-G-0

Summing over Q C X — G in (6) is the same as summing over the complements
Q' of Q in X — G, so (6) equals

Om o|7| Om
D ( Y I’i) (2 I’i) ( D pi> X
0'CX-G \ieX—-G-¢' i€G icQ’
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n+1—m—|T| n—m—|T|
( D Pi) - ( D pi) (2 pi) . M
i€eEX—-G-0Q' ieX—G-Q' i€Q’

Consequently, it is enough to show that the sum of (6) and (7) is non-negative.
Writing Q in place of Q' in (7) we see that the sum of (6) and (7) is

(AnJrlfmf\T\ _Anfmf\T|B_’_Bn+lfm7|T| _Bn7m7|T\A)

where A =¥, pi, B= Yicx_ - g Pi» Which is non-negative since
(An+1fm7|T| _An7m7|T\B_~_Bn+lfm7\T\ _anmf\T|A)

_ (Anfmf\T\_Bn*m*‘ﬂ)(A-B))O. O

COROLLARY 3. Let #i,m € N" be decreasing and 1 <i < j < r. Suppose that
m=my forl#i,j, 1<I<r, mj=nj—1>2mj=n;+1. Thenfor 0< py,...,pr €R,

- Onj , Omj
s H(ze) > 5 1(20)
{S1.8r} j=1 \i€S; {818} j=1 \i€S;

a partition of a partition of
{1,...k} {1

Proof. Simply consider this inequality in the case where we fix the S; for [ #£ i, j
and set S;US; =X and S; =Q asinLemma2. [

For 7,m as in the statement of Corollary 3 we say that 7 is an immediate <-
predecessor of 7i.

Proof of Theorem 1. By a version of Muirhead’s lemma (see [7], alternatively see
[10, Theorem 2], and [11]) it follows that for 7,/m € N” decreasing with the same sum,
m < 7 just if there is a finite sequence of decreasing vectors 7i!,7i,...,7#* each with
this same sum such that 7' =, #° =7 and for i=1,...,s—1 7 is an immediate
< -predecessor of 7i'"!. The result now follows by Corollary 3. [

Having derived Lemma 2 there seems to be some interest in giving an equivalent
version which avoids the use of the O and at the same time provides an inequality of
an (apparently) previously unstudied form.

COROLLARY 4. Let 0< py,...,pr €Randn>m > 0. Then

>~k <zpi>” <2pi>m (2 pi— 2p,-> >0.

V,TC{1,2,...k} icV i€T i€V ieT
VAT=0
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Proof. By induction on |Q| we can show that for 0 C X = {1,2,...,k} we have

<2pi> - 2 |Q\ 14 (2[7) ) (8)
i€0 VCo icv

In more detail this is clear for Q = 0 and if it holds for all proper subsets of Q

then
On On
(2 I’i) = (2 pi (21%-)
i€cQ icQ ZcQ \iezZ

NS (zp)

i€V

2 1)/2-1v] <2p>”

[
<N
M
S

IS4

n
2 Pi)
icV

Il I
< N 2
m m
Q Q
S S
+
<
*Q
[S)
=
N

-3 e (zp>

VCo IS

since for V C Q,

o= Y (=)A= = (—p)lel=IVI 4 3 (=)=,

VCZCo VCZCQ

Hence

"2 [3e) ) (2, (3] o)

> <2p1>n<2pj>m T (—1)lel-ViH-le-iT]
K{gx icv jer <o

VNT=0 TCX-Q
n m
= 3 VT VTS ) (S
V.TCX [1S% JjeT
VNT=0

It follows that the inequality P(n+ 1,m) > P(n,m+ 1) is equivalent to

n+1 m
S (2 (2;}[) (m)
V. TCX [1S% JjeT

VNT=0
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n m+1
> X VY p) | X
virx iev jer

and the required result follows. [J
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