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ABOUT BERGSTROM’S INEQUALITY

Ovibiu T. Popr

(Communicated by P. Bullen)

Abstract. In this paper, we generalize identity (3), from where we obtain a rafinement of in-
equalities (1) and (2).

1. Introduction

The inequality from Theorem 1 is called in the literature Bergstrém’s inequality

(see [2], [3], [4], [6D).

THEOREM 1. Ifx; € R and a;, >0, k€ {1,2,...,n}, then

2 2 2 2
X X X X1 +x2+...+x
T S B G ) , (1)
a a a, ar+a+...+ay
. S XL X2 Xn
with equality if and only if —= —=...= —.
a  az An

The generalization of Bergstrom’s inequality is contained in the following theorem
(see [5]).

THEOREM 2. If x; € R and a; >0, k€ {1,2,...,n}, then

2 2 2 2 2

X X X X1 +X2+...+X aixj —aix;

1+ 2 + ...+ n 2 ( 1 2 n) m ; ( vy L /) ) (2)
a a ay ar+a+...+ay 1<i<j<n aiaj(aiJraj)

By particularizations in Theorem 2, in paper [5] the refinements are obtained of
Cauchy-Schwarz’s inequality.
For the complex numbers, it is well-known the identity:

21 n |22]? a +2f _ 122 — axz |?
ai a» ai+ay  arax(ar +az)

3)
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true for any zj,zp € C and any a;,a; € R\{0} such that a; +ay # 0 (see [6], page
315).

In the following, we note N = {1,2,...}

2. Main results

In this section we start with the generalization of identity (3).

THEOREM 3. IfneN, n>2, z1,22,...,20 € C and ay,ay, ... ,a, € R\{0}, such
that ay+ax+...+a, #0, then

2 2 2 2
z z z +z+...+3
|1|+\2| Jrm+|n|7|1 2 nl @
ay a a ar+ar+...+ay
_ 1 D |aizj —ajzi
“1+a2+~~~+an1<i<jgn aa;j

Proof. We consider z; = x; + iyk, x¢,yx € R, k € {1,2,...,n}. Then the member
from the left from the (4) is equivalent with

dat Bl g (ot ) bt )
ai a an aj+ar+ ... +a,
_ 1
aay-...-aglay+ar+ ...+ ay)

2 2 2 2 2
~((a2a3a4-...-a,1+a2a3a4~...-a”+...+a2a3-...-an,la”)(xl+y1)
+(a%a3a4-...~an+a1a§a4-...~an+...+a1a3-...-an,laﬁ)(x%+y%)+...
—&—(a%azay R —&—ala%ay Q1+ ... tajas-. .. -an,gaﬁ,l)(xﬁ—i—y%)
72a1a2~...~an((x1x2+x1x3+...+x1xn+...+xn,1xn)

+ 2 Yzt Yat e Va1n))
1 2 2
= asay . ..ap((a1xp—axxy)"+(a1y2—a
alaz-...~an(a1+a2+...+a”)( 33 an((ar—ax) +(@y2—am)’)
+aasas - ... an((ar1x3 — asx))* + (a1ys —asy1)?) + ...
+aiay-... 'an72((an71xn - anxnfl)z +(an—1yn — an)’rzfl)z))
= ! (azas-...-a la1z2 — azz1|?
aay-...cap(ay +ax+...+ay) "
+a2a4a5~...-an\alm—a3Z1\2+..~+G1G2'~~~'Clnfz\ﬂlnlen—Cannfl\z),

from where, the relation (4) results.



ABOUT BERGSTROM’S INEQUALITY 239

COROLLARY 1. IfneN, n>2, x;,x,...,x,€R and ay,ay,...,a, ER\{0}, such
that ay+ax+...+a, #0, then

2 2 2 2
X X X X1 +x2+...+x
IR S R C ke ) (5)
a  a a ar+a+...+ay
_ 1 (aix; — ajx;)*
ar+a+...+ay I<i< j<n a;a; '

Proof. In the identity (4) we consider zz =x; € R, k€ {1,2,...,n}.
COROLLARY 2. Ifne€N, x>2, xt,y €R, ke {1,2,...,n}, then

B+B+.. +2) P+ +...+)2) (6)
—(X1y1+X2y2+m+xnyn)2= 2 (Xiyj—xjyi)2~

1<i<j<n

Proof. Changing a; by y7 and x; by xuvk, k € {1,2,...,n} in identity (5), we
obtain identity (6).

REMARK 1. The identity from Corollary 2 is called Lagrange’s identity.
COROLLARY 3. If z1,22,...,20 € C and ay,ay,... ,a, € (0,), then

2 2 2 2
Z Z zZ 21+22+...+2
\1\+|2| +.“Jr\n\>|1 2 n\7
ap ap an, ar+a+...+ay

(N
with equality if and only if a;zj = ajz; for any i,j € {1,2,...,n}.
Proof. The inequality (7) results immediately from Theorem 3.

THEOREM 4. IfneN, n>2, z1,22,...,20n € C and aj,ay, . ..,a, € R\{0} such
that ay +ay+ ...+ a, > 0, then

Y 5 S 1 1 |aizj—a;zil* 7 ®
a a ay a1+a2+ T <iZicn aidj
with equality if and only if z1 + 20+ ...+ 2, = 0.
Proof. It results from Theorem 3.
COROLLARY 4. Ifne€N, n>2 and 71,22, ..,2u € C, then
P+l 4ol Y -l ©)

1<i<j<n
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Proof. The inequality (9) results from Theorem 4 if we take a; =ar = ... =a, =
1.
THEOREM 5. Ifn€N, n>2, x1,x2,...,%;, € R and ay,ay,...,a, € (0,0), then
2 2 2 2
X X X X1 +x2+...+x
I S R R ) (10)
a  a a ar+ar+...+ay
1 aixj —a;x;)?
>Ay A —m————— M
' ar+a+...+ay I<izi<n aaj
i,j# ik}
where

i — qaxi)2 _ 2
Ay = max (aixj —a;x;) _ (akx; — aixy) 1<k<i<n
Toa<i<j<n giaj(aitaj)  ara(ag+ap)

Proof. We have that

T i ((amxl - alxm)2 + (amxk - akxm)2)

m=1 amdaj Amdy

me{kd}
2
aax aax
m (akxl ~ am xm) (a—m Xm — alxk)
= 2 2

m=1 A G4y

m¢{kl} am am

and applying the inequality (1) for n = 2, we obtain that

TS 2": (arxi —axe)® N am(arx — apx)?
T A aa(gta) “ qay(ag+ap)
me{k,l} @m me{k,l}

Taking the inequality above into account, we have that

2
1 (a,-xj—ajxi)
a1+ax+...+ay I<i<j<n aa;j
U (lam—ax)® | [ (aw—amm)® | (@nti—aiim)?
o aiX;—a Xy + 2 AmX] — a1 Xm + AmX— A Xm
ar+ar+...+a, ara; =l amndg AmXi
m¢{k,l}
2
1 (a,-xj—ajxi)
ar+ar+...+a, \<ici<n aa;j
ij# ik}
2
< 1 (apx;—aixy) n & am(ax; — apxg
> AR TR
ai+ay+...+ay ara; =~ arai(ap+ap)
mg{kl}
2
1 (ain—ajxi)
)
ay+a+...+ay I<iy<n a;a;
i,jg{k1}

from where and taking identity (5) into account, the inequality (10) results.
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REMARK 2. From Theorem 5 the inequalities from (1) and (2) results.

THEOREM 6. Ifn €N, n>2, x;,y, €R, i € {1,2,...,3}, then

5)(87) (5+)

- (kv — x131)
> (2%2) S Y (i —x)

i=1 it I<i<j<n
i, jg{kl}

if yi#0 forany i€ {1,2,...,n},

5)(89) (5o

5o\ (pYg —xgyp)?
> Y| Y i aw)’
i=1 xp +'xq 1<i<j<n

i,j¢{p.at

if x; #0 forany i € {1,2,...,}, where k,l,p,q € {1,2,...,n}, k#£1, p# q such that

2
Viexyi)2 (Xiyj — x;yi)
X Xy, . . . . 3 l . .
max % is obtained for i =k and j =1, max % is obtained
1<i<j<n yi +yj 1<i<j<n X; +xj

fori=pand j=gq
Proof. In Theorem 5 we change @; by y? and x; with x;y;, i € {1,2,...,n} and

we obtain the inequality (11), respectively x; by y;, i € {1,2,...,n} in inequality (11)
and then we obtain inequality (12).

COROLLARY 5. If n €N, n > 2, x;,y; € R\{0}, i € {1,2,...,n}, then the in-

equalities
o 2 . T8 Gy —a)?
x; Vi xyi| =\ Xy | (13)
,-:21 ’ 2 ’ g 1:21 Yoy

2 2
n n n 2
2 2 2\ ) (xiyj —xjvi)
X; yi Yoxivi| =D« (14)
(z’ 1 l) (z’l ) (zl ) (z’l > X +y3

hold for any i,j € {1,2,...,n}.

and

M=

Proof. 1t results from Theorem 6.

REMARK 3. Using the inequalities from Corollary 5, we obtain some inequalities
from paper [5].
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