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INEQUALITIES IN SUMMABILITY THEORY OF FOURIER SERIES
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Abstract. Some recent results on a general summability method, the so-called 0 -summability,
are summarized for one-dimensional Fourier series. Natural choices of 6 are investigated, i.e.,
if O is in Wiener amalgam spaces, Feichtinger’s algebra or modulation spaces. Sufficient and
necessary conditions are given for the uniform and L; norm and a.e. convergence of the 6 -
means 62 f to the function f. The maximal operator of the 6 -means is investigated and it is
proved that it is bounded on L, spaces and on Hardy spaces.

1. Introduction

It was proved by Fejér [7] that the (C, 1) or Fejér means of the one-dimensional
Fourier series of a continuous function converge uniformly to the function. The same
problem for integrable functions was investigated by Lebesgue [10]. He proved that for
every integrable function f,

n—1
LS sf@) = f) as n—ee
)

at each Lebesgue point of f, where s;f denotes the kth partial sum of the Fourier
series of f. Almost every point is a Lebesgue point of f.

In this paper we consider a more general method of summation, the so called 6 -
summation, which is generated by a single function 6. This method is intensively
studied in the literature (see e.g. Butzer and Nessel [2], Trigub and Belinsky [14] and
Feichtinger and Weisz [4, 5, 16] and the references therein). A natural choice of 0 is
a function from the Wiener algebra W(C,¢1)(R). All concrete summability methods
investigated in the literature satisfy this condition.

We shall investigate some not so standard function spaces in this topic, but known
from other parts of analysis, for example Wiener amalgam spaces, Feichtinger’s algebra
M;(R), modulation spaces, Hardy and Herz spaces. Feichtinger’s algebra and modu-
lation spaces are very intensively investigated in Gabor analysis (see e.g. Feichtinger
and Zimmermann [6] and Grochenig [8]). M;(R) is the minimal (non-trivial) Banach
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space which is isometrically invariant under translation, modulation and Fourier trans-
form. Hardy spaces extend in a natural way the L, spaces. Our investigations were
made in two directions. On the one hand we give some conditions on the summability
function 6, such that the 6-means G,? f converge to f a.e. and in L, norm, and such
that the maximal operator 6 of the -means is bounded on the L, spaces. On the
other hand, for a fixed 60 we extend these convergence and boundedness results to the
Hardy spaces.

In Sections 2 and 3 we introduce the function spaces and the basic definitions
about summability. In Section 4 we deal with norm convergence of the 0-means 6 f
of the Fourier series of f. We show that 6 f — f uniformly (resp. at each point)
for all f € C(T) if and only if 6% f — f in L; norm for all f € L;(T) if and only if
0 € Li(R). If B is a homogeneous Banach space on T and § € L;(R) then 6/ f — f
in B norm for all f € B. If 6 is in the Feichtinger’s algebra M, (R) or in the Sobolev-
type space Vf (R), then these convergence results hold.

In Section 5 the a.e. convergence of the 6 -means is considered. If 6 is in the Herz
space K{(R) then the maximal operator 67 f of the 6-means of f can be estimated
by the Hardy-Littlewood maximal function Mf. Since M is of weak type (1,1) we
obtain 67 f — f ae. as n — oo for all f € L;(T). The set of convergence is also
characterized and the condition 6 € K;(R) is sufficient and necessary. In other words,
the convergence holds at every Lebesgue point of f € L;(T) if and only if § € K| (R).

In Section 6 we give some sufficient conditions for 6 such that @ is in the Herz
space. More exactly, if 0 is in a weighted modulation space or in the Sobolev-type
space then 6 € K| (R).

In Section 7 our results are extended to Hardy spaces. Under some conditions
on 0 the boundedness of ¢ is proved from the Hardy space H,(T) to L,(T), when
(1>)po < p < 1. Moreover, 6 f converge to f in Hp, norm. In the last section some
well known summability methods are listed as special cases of the 0 -summability.

Most of the proofs of the results of this paper can be found in Feichtinger and
Weisz [4, 5, 17]. This paper was the base of my talk given at the conference “Mathe-
matical Inequalities and Applications”, Trogir - Split, Croatia, 2008.

2. Wiener amalgams and Feichtinger’s algebra

We briefly write L, instead of L,(T,A) space equipped with the norm (or quasi-
norm) || f||, := (fp | f|PdA)Y/P (0 < p < o), where T is the torus and 4 is the Lebesgue
measure. We use the notation |I| for the Lebesgue measure of the set I.

The weak L, space, L «(T) (0 < p < o) consists of all measurable functions f
for which

1L, = suppA(|f] > p) /P < oo.
p>0

Note that LI,PO('JI‘) is a quasi-normed space (see Bergh and Lofstrom [1]). It is easy to
see that for each 0 < p <o, L,(T) C Ly(T) and || - [|z,.. < || [|-

A measurable function f belongs to the Wiener amalgam space W(Lp,*)(R)
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with the obvious modification for g = e, where the weight function v, is defined by
vs(w) = (1+|w|)* (w € R).If s =0 then we write simply W(L,,¢;)(R). The closed
subspace of W (L.,;)(R) containing continuous functions is denoted by W (C,¢;)(R)
(1 < g < ). The space W(C,¢;)(R) is called Wiener algebra. 1t is used quite often in
Gabor analysis, because it provides a convenient and general class of windows. It plays
an important rule in summability theory, too (see Feichtinger and Weisz [4, 5]).

A Banach space B consisting of Lebesgue measurable functions on T is called a
homogeneous Banach space, if

(a) forall feBandxeT, Tof € B and ||Tof][5 = || f]|5.
(b) the function x — T, f from T to B is continuous for all f € B,

© [lflh<Clfls (f €B).

For an introduction to homogeneous Banach spaces see Katznelson [9].
The Fourier transform and the short-time Fourier transform (STFT) with respect
to a window function g are defined by

Vi (U) — /Rf(t)e—Qﬂtwt dl7 gf X, (1) /f —met dl7

(v, € R). Let go(x) := e hl?, vs(x,@) := (1 + |o|)*. The modulation spaces
M’ (R) consists of all f € L*(R) functions for which

Hf”M}’S = ”Sgof'v.\'HLl(]Rz) <ee.

If s =0 then M;(R) is called Feichtinger’s algebra. Any other non-zero Schwartz
function defines the same space and an equivalent norm. It is known that M (R) is iso-
metrically invariant under translation, modulation and Fourier transform. Furthermore,
the embedding M;(R) — W(C,¢;)(R) is dense and continuous (see Feichtinger and
Zimmermann [6] and Grochenig [8]).

3. O-summability of Fourier series

The 6-summation was considered in a great number of papers and books, such
as Butzer and Nessel [2], Trigub and Belinsky [14], Natanson and Zuk [12] and Fe-
ichtinger and Weisz [4, 5, 15, 16]. In these investigations usually it was supposed that
0 € Li(R) is an even continuous function satisfying

kiw‘9<ni1>’<”7 (nEN). (1)
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Now we omit the condition that 6 is even and, on the other hand, we require a
little bit more on 6, to be more precise we assume that the function 6 is from the
Wiener algebra W(C,¢;)(R). We have seen in Feichtinger and Weisz [4, 5] that this is
a natural choice of 6 and all summability methods considered in Butzer and Nessel [2]
and Weisz [16] satisfy this condition. It is easy to see that

3 [0(=) < S+ 1) sup 106D =+ Dol <o @)

k=—oco n+1 =4 xe[0,1)

which shows (1).
The nth partial sum of a distribution f over T is denoted by

Snf Z f 27tlkx

k=—n

where f(k) := [y f(t)e ?™* dt (k € Z) are the Fourier coefficients. One of the deepest
results in harmonic analysis (see Carleson [3]) says that for all f € L,(T) (1 < p <o)

snf — f a.e. and in L,-norm as n — o

and
[s<fllp <Cpllfllp  where s*f:=su§\snf\-
ne

These results are not true for p = 1. However, considering a suitable summability
method, we can extend the results. The Fejér means are given with

1 < |k‘ 7 2mikx
+1k0kf() Zn(l—m>f(k)e .

k=—

Onf(x) :=

We generalize the Fejér means and introduce the 0 -means of a distribution f by

ol f(x) == ime(n:rk =) Py = /T fle—0K2 (1) dr,

k=—

where 6 € W(C,¢1)(R) is a fixed function and the 6 -kernels K¢ are given by

K1) = iwe(%)émkﬂ

k=

This function is well defined and integrable because of (2). If 6(x) := (1 —|x|) VO then
we get back the Fejér means. Another well known summability method is the Riesz
method with 6(x) := (1 —[x|")*V0 (0<a<1<y).
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4. Norm convergence of 0 -means

In this section we present some results about the norm convergence of 67 f.

THEOREM 1. If 6 € W(C,41)(R) and 6(0) = 1 then 6?f — f in Ly(T) norm
SJorall f € Ly(T) as n— oo.

If the Fourier transform of 0 is integrable then the 0-means can be written as a
singular integral of f and the Fourier transform of 6 in the following way.

THEOREM 2. If 6 € W(C,/;)(R) and 6 € L\ (R) then

o,?f(x):(n+1)/Rf(x—z)é((n+1)t)dt
forall xe T, neNand f € Li(T).

For the uniform and L; norm convergence of the 0 -means a sufficient and neces-
sary condition can be given.

THEOREM 3. If 6 € W(C,£;)(R) and 6(0) =1 then the following conditions are
equivalent:
(i) 6 €Li(R),
(ii) 69 f — f uniformly for all f € C(T) as n — oo,
(iii) 69 f(x) — f(x) forall x € T and f € C(T) as n— oo,
(iv) 62 f — f in L\(T) norm forall f € Li(T) as n — oo.

One part of the preceding result is generalized for homogeneous Banach spaces.

THEOREM 4. Assume that B is a homogeneous Banach space on T. If 0 €
W(C,£1)(R), 6 € Li(R) and 6(0) =1 then 6l f — f in B norm for all f € B as

n — oo,

Note that L,(T) (1 < p <o), C(T), Lorentz spaces L, 4(T) (1 <p < oo, 1<
q < =) and Hardy space H;(T) are all homogeneous Banach spaces.

Since 8 € M{(R) implies 6 € W(C,/;)(R) and 6 € M;(R) C L;(R), the next
corollary follows from Theorems 3 and 4.

COROLLARY 1. If 6 € M| (R) and 0(0) =1 then
(i) 60 f — f uniformly for all f € C(T) as n — oo,

(ii) 60 f — f in Li(T) normforall f € Li(T) as n— oo,

(iii) G,?f — fin B normforall f € B as n — oo if B is a homogeneous Banach
space.
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COROLLARY 2. If 0 € C(R) has compact support and 0(0) =1 then the follow-
ing conditions are equivalent:

(i) 6 € M(R),

(ii) 60 f — f uniformly for all f € C(T) as n — oo,
(iti) 69 f(x) — f(x) forall x € T and f € C(T) as n — oo,
(iv) 62 f — f in L\(T) norm forall f € Li(T) as n — oo.

Next we give a sufficient result for 0 to be in M;(R). A function 6 is in the
Sobolev-type space Vlk (R), if there are numbers —co =ap < a) < ... < dp < dyt] =0°°
such that n = n(0) is depending on 0 and

6 € C“2(R), 6 € CXaj,aiy1), 0Y) € Li(R)

forall i=0,...,n and j=0,...,k. Here C* denotes the set of k-times continuously
differentiable functions. The norm of this space is introduced by

k n
10]e == 3 10911+ X |0% 1 (@ +0) — 0% (@i~ 0),
j=0 i=1

where 8%~ (a; +0) denote the right and left limits of 8%~ It is easy to see that
these limits do exist and are finite.

THEOREM 5. If 0 € VZ(R) then 6 € M;(R),
1011, <16l (f € Vi (R))

and Corollary 1 holds.

5. A.e. convergence of 6 -means

First we define the Hardy-Littlewood maximal function by

M) =swp o [1f1ah,

xel

where the supremum is taken over all intervals. It is known (see Stein [13] or Weisz
[16]) that the maximal function M is of weak type (1,1) and bounded on L,(T) (1 <
p <), ie.,

IMfllL,.. =Sur(>)P/1(Mf>P) <Clflh,  (feLi(T)) 3)
o>

and, forall 1 < p oo

1M fllp < Cpll fllps (feLp(T),1 <p<eo). 4)
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Next we introduce the special Herz spaces K,(R) with the norm

- 1/p
Il = (3 2Hr1alz) < O<p<o),
k=—o0

where P, := (—2F,2%)\ (=2%1 2k1) (k € Z). Of course K;(R) C L;(R), since

oo

Ifh="3 lIfteli < Y 241 F 15 )l = Il

k=—oo k=—oo

In the next theorem we give an equivalent norm on the Herz spaces.

THEOREM 6. For 0 € L|(R) let 1(x) := sup>y |0(¢)|. Then 6 € K,(R) if and
only if n € L,(R) and

¢ il <101k, <Gplinll,  (0<p<eo).

To prove pointwise convergence of the 0 -means we will investigate the maximal
operator 9 given by
0. 0
o/ f :=supl|o, fl.

neN
It is easy to see that if 6 € L;(R) then
162 flle < NON1If Il (f € Lea(T))-

THEOREM 7. If € W(C,¢1)(R) and 0 € K,(R) then

o f(x) <CllOlMf(x)  ae.
The inequalities in (3) and (4) imply
THEOREM 8. If @ € W(C,/,)(R) and 6 € K| (R) then

162 fll,. <ClIOlIk, If e (f € Li(T)).

Moreover; for every 1 < p < oo,

1o fllp <Collllx, A1, (f € Lp(T)).

The next result follows from the usual density argument due to Marcinkiewicz and
Zygmund [11].

COROLLARY 3. If 8 € W(C,£1)(R), 6(0) =1, 6 € K;(R) and f € Li(T) then

limo’f=f ae
n—o0
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We will characterize the points of convergence. To this end we generalize the
concept of Lebesgue points. Lebesgue differentiation theorem says that

h—0

lim%/ohf(x—k u)du = f(x)

fora.e. x €T, where f € L1(T). A point x € T is called a Lebesgue point of f € Li(T)
if

lim%/oh |f(x4+u)— f(x)|du=0.

h—0

It is known that almost every point is a Lebesgue point of f € L (T). We can prove
the next sufficient and necessary condition for the convergence of the 0 -means at every
Lebesgue point.

THEOREM 9. Suppose that 8 € W(C,£,)(R), 8(0) =1 and 6 € L (R). Then
lim 6 f(x) = f(x)
for all Lebesgue points of f € L(T) if and only if 6 € K, (R).
If f is continuous at a point x then x is a Lebesgue point of f.

COROLLARY 4. Let 6 € W(C,0;)(R), 6(0) =1 and 6 € K{(R). If f € Li(T)
is continuous at a point x then

lim o, f(x) = f(x).

n—oo

6. Modulation and Sobolev-type spaces
In this section we present some sufficient conditions for 6 such that 6 € K, (R).
THEOREM 10. If 6 € M)'(R) then 6 € K; (R) and
10 <CllOllyn (€ M'(R)).
The next result is an easy consequence of Theorems 8 and 9.
THEOREM 1. If 6 € M|' (R) then

lim o f(x) = f(x)

n—o0

Sfor all Lebesgue points of f € L1(T). Moreover,

suppA (0l > p) <CllOlyullflle - (f € La(T)),
P>

and, for every 1 < p < oo,
o2 711, SGll8llyilifllpy (f € Lp(T)).
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THEOREM 12. If 6 € VF(R) for some k > 2 then 6 € M;'(R),
0l <ClOllye  (F € VER))
and Theorem 11 holds.
This result is not true for k = 2, however, we have

THEOREM 13. If 6 € VZ(R) then 6 € K;(R) and

lim o, f(x) = f(x)

n—oo

Sfor all Lebesgue points of f € L1(T). Moreover,

Si%pl(cff>p) <Clblx IfIh - (F € Li(T)),
o

and, for every 1 < p < oo,

1o fllp <Collllx, 11, (f € Lp(T)).

7. Summability and Hardy spaces

If we suppose a little bit more on O then we can obtain the extensions of the
previous results to Hardy spaces. A distribution f is in the Hardy space H,(T) if

1A |, == [[sup|f + Bl| p < oo,
>0

where * denotes the convolution and
1—72

—2rcos(27mx)

Pt(x) = 2 e—t\m|e2mmx _ .
mez 14+r

is the usual Poisson kernel. It is known that H,,(T) is equivalentto L,(T) if 1 <p <o

and H,(T) C L (T) (see e.g. Stein [13] or Weisz [16]).

To prove the boundedness of 6? on Hardy spaces we will estimate § by an even

non-increasing function 1, i.e.
7 is even and non-increasing on R .

Of course the smallest such function is defined by 71(x) := supj;|> |y 16(1)].

THEOREM 14. Suppose that 0 € W(C,{}")(R) and n € Li(Ry \ (0,1/4)) satis-
fies (5). If the function s +— sn(s) is non-increasing on R, then

Iolflli <Cllflla,  (f € Hi(T)).
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Note that 7 € L,(R \ (0,1/4)) implies § € K,(R). Theorem 11 says that if 6 €
M{'(R) C W(C,£;)(R) then the maximal 6 -operator is of weak type (1,1) and of type
(p,p) (1 <p< o). As we will see in the next theorem, if 6 € W(C,¢}")(R) N M;*(R)
for some s > 1, then it is bounded from H,(T) to L;(R).

THEOREM 15. If 6 € W(C,(}")(R)NM|*(R) for some s > 1, then
lo? flh < Cliflle (f € Hi(T)).

THEOREM 16. If 0 € VI(R) then 6 € M}*(R) forall 0 < s <k—1 and
1011y <Cl6llyx  (f €VIER)).

The next result extends Theorem 13.

THEOREM 17. If 6 € W(C,(]")(R) NVZ(R), then

I6lflli <Cllflle,  (f € Hi(T)).

If we know some information about the derivatives of 6 then we can state a
stronger result. Similarly to (5) assume that (") can be estimated by a non-increasing
even function 1y, i.e.

Hm)| «
|6 | < Ny } (6)

N 1s even and non-increasing on R .

THEOREM 18. Let 0 < p <1, 8 € W(C,41)(R) and 6 € L;(R) be (N+1)-
times differentiable (N € N). Suppose that n,, € L,(Ry\ (0,1)) satisfies (6) for m =
N,N+1. If s — N Inn(s) is non-increasing and s — sN+t2ny. 1 (s) is non-decreasing
on Ry then

102 flly <Cpllfllm, — (f € Hy(T)).
Moreover, for all p <r < oo,
o2 fll- < Crollflla,  (f € HA(T)).

If p<1 then
162 flL,... < Collflls (f € Ly(T)).

I T € Lye(R)\ Ly(R\ (0, 1)) (m=N,N+1,p# 1) then

162 Ly < Cpllfllm, — (f € Hp(T)).
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COROLLARY 5. Let 6 € W(C,/1)(R) and 0 € Ly (R) be (N + 1)-times differen-
tiable (N € N). Assume that there exists N+ 1 < B < N+2 such that

0@ <Clx[F (x#£0)
whenever m=N or m= N+ 1. Then
lo?fll- < Crollflu,  (f € HA(T)),

162 flL,.. < Collflls (f € Ly(T))
hold for all 1/ < r < e and

162 flley g SClfllenys  (f € Hipp(T)).
COROLLARY 6. Under the conditions of Theorem 18 or Corollary 5
. 0, .
limo, f=f inHy(T) norm
Nn—oo

forall f e Hy(T).

8. Some summability methods

In this section we consider some well-known summability methods as special
cases of the O-summation. All theorems above hold for the next summability meth-
ods. For more examples see [5] or [17].

EXAMPLE 1. (Fejér summation) Let 6(x) = (1 —|x|) V0. Then 0(x) = (Sizfz/z)z.

EXAMPLE 2. (Riesz summation) For 0 < o < oo, 1 <y <eolet O(x) = (1—|x|")%
V0. It is known that

6 <ClT (x#£0)
for all m € N. Then Corollary 5 holds with 1/(1+ o) < r < eo.

EXAMPLE 3. (Weierstrass summation) 0 (x) = e M’ (1 <y <o0).

EXAMPLE 4. (Picard and Bessel summations) 6(x) = (1+x|")™% (0 < & < oo,
1<y<eo, ay>1).

EXAMPLE 5. (de La Vallée-Poussin summation) Let

1, if |x < 1/2
O(x) =< —2x|+2, if 1/2<|x|/<1
0, if |x| > L.
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