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Abstract. For the functional A[ f ] = ∑m
k=1 ak f (zk) , we give necessary and sufficient conditions

over the real numbers zk , such that, the inequality A[ f ] � 0 , holds for some classes of convex
functions. Then, we deduce an inequality related to Alzer’s inequality and a weighted majoriza-
tion inequality.

1. Introduction

In [3], J.-Ch. Kuang proved the following inequality
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where f is a strictly increasing convex (or concave) function in (0,1] .
In [6], it was proved that for (an)n∈N , a positive increasing sequence of real num-

bers such that
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for every increasing convex (concave) function f : [0,1] → R .
In [2], using positive linear operators of Bernstein-Stancu type, I. Gavrea obtained

the inequality
1
n

n

∑
k=1

f
(
xk−1,n−1

)− 1
n+1

n+1

∑
k=1

f
(
xk−1,n

)
� 0, (1)

for an increasing convex function f and for the nodes xi,n, i = 0,1, . . . ,n from [0,1] ,
which satisfy the properties

0 � x0,n � x1,n < .. . < xn,n � 1
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xk−1,n � xk−1,n−1 � xk,n

x0,n−1 � x0,n and xn−1,n−1 � xn,n

(n− k)(xk,n−1− xk,n) � k(xk,n − xk−1,n−1),

for n � 1 and every k = 1,2, . . . ,n .
For related inequalities see [1], [2], [4], [5]. In [1], the authors presented, in a

chronological order, these inequalities and some recent results related to them.
In this paper, we want to prove an inequality for a discrete linear operator and ob-

tain necessary and sufficient conditions over the points xi,n in order to obtain inequality
(1). We deduce, also, a weighted majorization inequality.

2. Main result

Let m � 3 be an integer and let Im = {1,2, . . . ,m} . Consider (zk)k∈Im a strictly
decreasing sequence of real numbers from [0,1] . Let A be the linear functional defined
by

A[ f ] =
m

∑
k=1

ak f (zk), (2)

where ak are real numbers and f is a real function defined on [0,1] . We want to find
necessary and sufficient conditions over zk , such that

A[ f ] � 0, (3)

holds for some classes of convex functions. Let ei be the functions defined by ei(t)= ti .
Then we have the following result

THEOREM 1. Consider the following conditions

A[e0] = 0 (4)

A[e1] � 0 (5)

A[e1] � 0 (6)
k

∑
i=1

ai(zi − zk+1) � 0, for every k ∈ Im−2. (7)

m

∑
i=k

ai(zi − zk−1) � 0, for every k ∈ Im \ {1,2} . (8)

Then
a) (3) holds for every increasing convex function f iff (4) , (5) and (7) hold;
b) (3) holds for every decreasing convex function f iff (4) , (6) and (7) hold;
c) (3) holds for every convex function f iff (4) , (5) , (6) and (7) hold;
d) (3) holds for every increasing concave function f iff (4) , (5) and (8) hold;
e) (3) holds for every decreasing concave function f iff (4) , (6) and (8) hold;
f ) (3) holds for every concave function f iff (4) , (5) , (6) and (8) hold.
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Proof. a) Suppose that (4), (5) and (7) hold.
We set S0 = 0 and Sk = a1 +a2 + . . .+ak , for k ∈ Im . We define also T0 = 0 and for
k ∈ Im−1

Tk =
k

∑
i=1

Si(zi − zi+1).

Because Sm = A[e0] and A[e0] = 0, we obtain Sm = 0. Using Abel summation formula
and the notation [x,y; f ] = [ f (x)− f (y)]/(x− y) , for the divided difference, we have

A[ f ] =
m

∑
k=1

(Sk −Sk−1) f (zk)

=
m

∑
k=1

[Sk f (zk)−Sk−1 f (zk−1)]+
m

∑
k=1

Sk−1 [ f (zk−1)− f (zk)]

= Sm f (zm)+
m−1

∑
k=1

Sk [ f (zk)− f (zk+1)] =
m−1

∑
k=1

Sk(zk − zk+1)[zk,zk+1; f ].

In the same way, we deduce

A[ f ] =
m−1

∑
k=1

(Tk −Tk−1)[zk,zk+1; f ] =
m−1

∑
k=1

(Tk[zk,zk+1; f ]−Tk−1[zk−1,zk; f ])

+
m−1

∑
k=1

Tk−1([zk−1,zk; f ]− [zk,zk+1; f ])

= Tm−1[zm−1,zm; f ]+
m−2

∑
k=1

Tk(zk − zk+2)[zk,zk+1,zk+2; f ].

Computing Tk we obtain

Tk =
k

∑
i=1

Si(zi − zi+1) =
k

∑
i=1

(Sizi −Si+1zi+1)+
k

∑
i=1

(Si+1−Si)zi+1

= S1z1 −Sk+1zk+1 +
k

∑
i=1

ai+1zi+1 = a1z1 − zk+1

k+1

∑
i=1

ai +
k+1

∑
i=2

aizi

=
k+1

∑
i=1

aizi − zk+1

k+1

∑
i=1

ai =
k

∑
i=1

aizi − zk+1

k

∑
i=1

ai =
k

∑
i=1

ai(zi − zk+1).

So, the conditions (7) are equivalent with the inequalities Tk � 0, for all k ∈ Im−2 .
Computing Tm−1 = A[e1]− zmA[e0] = A[e1] � 0, we deduce that

A[ f ] = A[e1][zm−1,zm; f ]+
m−2

∑
k=1

Tk(zk − zk+2)[zk,zk+1,zk+2; f ]. (9)

Because the divided differences which appear in the last equality are all non-negative
for an increasing convex function f , we deduce A[ f ] � 0.
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For the necessity part, we apply the inequality A[ f ] � 0 for the increasing convex func-
tions e0 and −e0 and we deduce A[e0] = 0. The inequality A[e1] � 0 is true since
e1 is increasing and convex. For the functions fk(x) = max(0,x− zk+1) , which are
increasing and convex for every k ∈ Im−2 , we obtain

Tk =
k

∑
i=1

ai(zi − zk+1) = A[ fk] � 0.

b) Let f be a decreasing and convex function. Then

[zm−1,zm; f ] � 0 and [zk,zk+1,zk+2; f ] � 0, for k ∈ Im−2.

Because A[e1] � 0 and Tk � 0, we deduce by the equality (9) that (3) holds.
For the part of necessity take e0 and −e0 and obtain A[e0] = 0. If we take −e1 in
(3) we obtain A[−e1] � 0 which is equivalent with A[e1] � 0. The inequalities (7)
can be obtained from the relations Tk = A[gk] � 0, for the decreasing convex functions
gk(x) = max(0,zk+1− x) .

c) The sufficiency can be proved using the equality (9) with A[e1] = 0. The ne-
cessity of inequalities (7) and the equality (4) can be obtained using the same argument
as in a) or in b) . The equality A[e1] = 0 can be obtained from the inequality A[ f ] � 0,
for the convex functions e1 and −e1 .

d) , e) , f ) can be obtained from b) , a) , and c) replacing f by − f and ak by
−ak and using the following relation for every k ∈ Im \ {1,2}

m

∑
i=k

ai(zi − zk−1) =
m

∑
i=k−1

aizi − zk−1

m

∑
i=k−1

ai

= A[e1]−
k−2

∑
i=1

aizi − zk−1

(
A[e0]−

k−2

∑
i=1

ai

)

= A[e1]− zk−1A[e0]−
k−2

∑
i=1

ai(zi − zk−1). �

REMARK 2. If we look at the equality (9) in the proof of the theorem, we must
have zk − zk+2 � 0, in order to prove the sufficiency of the conditions in the theorem.
This condition is guaranteed by zk > zk+1 , which was given as a property of (zk)k∈Im .
This weaker condition (zk − zk+2 � 0) is equivalent with the property that (z2k)k and
(z2k+1)k are decreasing.

REMARK 3. In [4], it is presented the case c) from the Theorem 1. The author,
also, generalizes the result to the class of convex functions of order n .
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3. Applications

COROLLARY 4. Let n � 1 be an integer and let xi , i∈ In and y j , j ∈ In+1 be two
increasing sequences of points from [0,1] . Let A be the linear functional defined by

A[ f ] =
1
n

n

∑
k=1

f (xk)− 1
n+1

n+1

∑
k=1

f (yk). (10)

If

x1 � y1,

xn � yn+1,

(n− i)(xi+1− yi+1) � i(yi+1− xi), for i ∈ In−1,

(n+1− i)(xi− yi) � i(yi+1− xi), for i ∈ In,

then A[ f ] � 0 , for every increasing convex or concave function f : [0,1] → R .

Proof. We apply Theorem 1 and Remark 2 for m = 2n+1, z2k = xn+1−k and a2k =
1/n , with k ∈ In , z2k−1 = yn+2−k and a2k−1 =−1/(n+1) , with k ∈ In+1 . Because (xi)
and (y j) are increasing sequences, we obtain zk − zk+2 � 0. Computing Tk we have
T1 = (xn− yn+1)/(n+1) � 0, and for k �= 1, k ∈ In

T2k−1 =
k

∑
i=1

S2i−1(z2i−1 − z2i)+
k−1

∑
i=1

S2i(z2i − z2i+1)

= C
k

∑
i=1

−(n+1− i)(yn+2−i− xn+1−i)+C
k−1

∑
i=1

i(xn+1−i− yn+1−i)

= C
n−1

∑
i=n+1−k

[(n− i)(xi+1− yi+1)− i(yi+1− xi)]+Cn(xn− yn+1) � 0,

where C = [n(n+1)]−1 . For k ∈ In

T2k =
k

∑
i=1

S2i−1(z2i−1 − z2i)+
k

∑
i=1

S2i(z2i − z2i+1)

= C
k

∑
i=1

−(n+1− i)(yn+2−i− xn+1−i)+C
k

∑
i=1

i(xn+1−i− yn+1−i)

= C
n

∑
i=n+1−k

[(n+1− i)(xi− yi)− i(yi+1− xi)] � 0.

Because Tk � 0, we deduce A[ f ] � 0, for every increasing convex function f . Deno-
ting by Qk the sum ∑m

i=k Pi(zi − zi−1) , for every k ∈ Im , k � 2, where Pk is the sum
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∑m
i=k ai , we have

Qk =
m

∑
i=k

(Pizi −Pi−1zi−1)+
m

∑
i=k

(Pi−1−Pi)zi−1

= Pmzm −Pk−1zk−1 +
m

∑
i=k

ai−1zi−1 = A[e0]zm +
m

∑
i=k−1

aizi − zk ∑
i=k−1

ai

=
m

∑
i=k

ai(zi − zk−1)

In order to use Theorem 1 we have to prove that Qk � 0. For every k ∈ In

Q2k =
2n+1

∑
i=2k

Pi(zi − zi−1) =
n

∑
i=k

P2i(z2i − z2i−1)+
n

∑
i=k

P2i+1(z2i+1− z2i)

= C
n

∑
i=k

[(n+1− i)(xn+1−i− yn+2−i)− i(yn+1−i− xn+1−i)]

= C
n+1−k

∑
i=1

[(n+1− i)(xi− yi)− i(yi+1− xi)] � 0.

We have Q2n+1 = (x1 − y1)/(n+1) � 0 and for every k ∈ In−1

Q2k+1 =
2n+1

∑
i=2k+1

Pi(zi − zi−1) =
n

∑
i=k+1

P2i(z2i − z2i−1)+
n

∑
i=k

P2i+1(z2i+1 − z2i)

= C
n−1

∑
i=k

[(n− i)(xn−i− yn+1−i)− i(yn+1−i− xn+1−i)]+Cn(x1− y1)

= C
n−k

∑
i=1

[(n− i)(xi+1− yi+1)− i(yi+1− xi)]+Cn(x1− y1) � 0.

Because Qk � 0 we deduce A[ f ] � 0 for every increasing concave function f . �

COROLLARY 5. Let n � 1 be an integer and let xi , i ∈ In and y j , j ∈ In+1 be
two increasing sequences of points from [0,1] such that xk � yk for k ∈ In . Let A be
the linear functional defined by

A[ f ] =
1
n

n

∑
k=1

f (xk)− 1
n+1

n+1

∑
k=1

f (yk), (11)

a) If xn � yn+1 and

(n− i)(xi+1− yi+1) � i(yi+1− xi), for i ∈ In−1,

then A[ f ] � 0 , for every increasing convex function f : [0,1] → R .
b) If

(n+1− i)(xi− yi) � i(yi+1− xi), for i ∈ In,

then A[ f ] � 0 , for every increasing concave function f : [0,1]→ R .
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Proof. a) Using the arguments from the previous corollary we have

T2k−1 = C
n−1

∑
i=n+1−k

[(n− i)(xi+1− yi+1)− i(yi+1− xi)]+Cn(xn− yn+1) � 0.

T2k = T2k−1 +Ci(xn+1−k− yn+1−k) � 0. We deduce that A[ f ] � 0 for every increasing
convex function f .

b) We have

Q2k = C
n+1−k

∑
i=1

[(n+1− i)(xi− yi)− i(yi+1− xi)] � 0.

Q2k−1 = Q2k +C(k−1)(xn+2−k−yn+2−k) � 0. We obtain A[ f ] � 0 for every increasing
concave function f . �

COROLLARY 6. Let (an)n∈N be a positive increasing sequence of real numbers

such that
(
n
(
1− an

an+1

))
n∈N

is increasing (
(
n
(

an+1
an

−1
))

n∈N

is increasing). Then

1
n

n

∑
k=1

f

(
ak

an

)
� 1

n+1

n+1

∑
k=1

f

(
ak

an+1

)

for every f : [0,1]→ R increasing convex (concave) function.

Proof. Letting xk = ak
an

and yk = ak
an+1

we apply the result of the previous corol-
lary. �

REMARK 7. The result of the Corrolary 6 was obtained in [6].

COROLLARY 8. Let n � 1 be an integer and let xi , i ∈ In and y j , j ∈ In+1 be
two strictly increasing sequences of points from [0,1] , with the property

0 � y1 < x1 < y2 < .. . < yn < xn � yn+1 � 1. (12)

Let A be the linear functional defined by

A[ f ] = α
n

∑
k=1

f (xk)−β
n+1

∑
k=1

f (yk), (13)

where α and β are positive real numbers. Then A[ f ] � 0 for every increasing convex
or concave function f : [0,1] → R , if and only if

α =
c
n

and β =
c

n+1
, where c > 0,

(n+1)(x1 + x2 + . . .+ xk)−n(y1 + . . .+ yk) � kyk+1, for every k ∈ In,

(n+1)(xk + . . .+ xn)−n(yk+1 + . . .+ yn+1) � (n+1− k)xk, for k ∈ In.
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Proof. The condition A[e0] = 0 is equivalent with α = c/n and β = c/(n+1) , for
some c > 0. We apply Theorem 1 for m = 2n+1, z2k = xn+1−k and a2k = 1/n , with
k ∈ In , z2k−1 = yn+2−k and a2k−1 = −1/(n+1) , with k ∈ In+1 , in the case xn < yn+1 .
Using Tk = ∑k

i=1 aizi − zk+1∑k
i=1 ai , we obtain for every k ∈ In

T2k−1 =
(n+1)(xn+1−k + . . .+ xn)−n(yn+2−k + . . .+ yn+1)− kxn+1−k

n(n+1)
.

Because T2k−1 = T2k − S2k(z2k − z2k+1) � T2k , we deduce that Tk � 0, for k ∈ I2n , if
and only if T2k−1 � 0, for k ∈ In , which is equivalent with

(n+1)(xk + . . .+ xn)−n(yk+1 + . . .+ yn+1) � (n+1− k)xk, for every k ∈ In.

Using Qk+1 = ∑2n+1
i=k+1 aizi − zk∑2n+1

i=k+1 ai , we obtain for every k ∈ In

Q2k =
(n+1)(x1 + . . .+ xn+1−k)−n(y1 + . . .+ yn+1−k)−(n+1−k)yn+2−k

n(n+1)
.

Because Q2k+1 = Q2k −P2k(z2k − z2k−1) � Q2k , we deduce that Qk+1 � 0, for k ∈ I2n ,
if and only if Q2k � 0, for k ∈ In , which is equivalent with

(n+1)(x1 + . . .+ xk)−n(y1 + . . .+ yk) � kyk+1, for every k ∈ In.

If xn = yn+1 we apply Theorem 1 for the same points zk like above and with a1 = 0,
a2 = 1/n−1/(n+1) and the others ak like above. We obtain T1 = 0. �

REMARK 9. Let n � 1 be an integer and let xi , i ∈ In and y j , j ∈ In+1 be two
strictly increasing sequences of points from [0,1] , with the property

0 � y1 � x1 < y2 < .. . < yn < xn � yn+1 � 1.

The condition

(n+1)(xk + . . .+ xn)−n(yk+1 + . . .+ yn+1) � (n+1− k)xk, for k ∈ In,

is equivalent with

n−1

∑
i=k

[(n− i)(xi+1− yi+1)− i(yi+1− xi)] � 0, for every k ∈ In−1 and xn = yn+1,

and the condition

(n+1)(x1 + x2 + . . .+ xk)−n(y1 + . . .+ yk) � kyk+1, for every k ∈ In

is equivalent with

k

∑
i=1

[(n+1− i)(xi− yi)− i(yi+1− xi)] � 0, for every k ∈ In.
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Proof. Indeed, from T1 � 0 we deduce xn = yn+1 . For k ∈ In , k �= 1

T2k−1 = C
n−1

∑
i=n+1−k

[(n− i)(xi+1− yi+1)− i(yi+1− xi)],

where C = 1/[n(n+1)] and for k ∈ In we have the formula

Q2k = C
n+1−k

∑
i=1

[(n+1− i)(xi− yi)− i(yi+1− xi)]. �

REMARK 10. Using Corollary 8 and Remark 9 we deduce the result obtained in
[2], the one presented in the introduction.

REMARK 11. If y1 � y2 � . . . � yn+1 are the roots of a polynomial P of degree
n+ 1 and x1 � x2 � . . . � xn the roots of the derivative of the polynomial P , then we
have the inequalities

(n+1)(x1 + x2 + . . .+ xk)−n(y1 + . . .+ yk) � kyk+1, for every k ∈ In−1.

See [4], for details.

COROLLARY 12. Let n � 1 be an integer and let xi,yi , i ∈ In be two decreasing
sequences of points from [0,1] and pi,qi , i ∈ In be real numbers such that (pi) ma-
jorizes (qi) (i.e. p1 + . . .+ pk � q1 + . . .+ qk for every k ∈ In−1 and p1 + . . .+ pn =
q1 + . . .+qn ). If the following conditions are satisfied:

k

∑
i=1

qixi �
k

∑
i=1

qiyi, for every k ∈ In−1,

k

∑
i=1

pixi �
k

∑
i=1

piyi, for every k ∈ In,

and
n

∑
i=1

pixi =
n

∑
i=1

qiyi,

then, for every convex function f : [0,1] → R , we have

n

∑
k=1

pk f (xk) �
n

∑
k=1

qk f (yk).

Proof. We apply Theorem 1 c) and Remark 2 for the functional

A[ f ] =
n

∑
k=1

pk f (xk)−
n

∑
k=1

qk f (yk)
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and for the points z2k−1 = xk and z2k = yk , for every k ∈ In . We can notice that

A[e0] =
n

∑
k=1

pk −
n

∑
k=1

qk = 0,

A[e1] =
n

∑
k=1

pkxk −
n

∑
i=1

qkyk = 0,

S2k = p1 −q1 + . . .+ pk −qk � 0.

So

T2k =
k

∑
i=1

[S2i−1(z2i−1− z2i)+S2i(z2i − z2i+1)]

=
k

∑
i=1

[(S2i +qi)(xi − yi)+S2i(yi − xi+1)]

=
k

∑
i=1

S2i(xi− xi+1)+
k

∑
i=1

qi(xi − yi) � 0, for every k ∈ In−1.

T2k−1 = S1(z1 − z2)+
k−1

∑
i=1

[S2i(z2i − z2i+1)+S2i+1(z2i+1 − z2i+2)]

= p1(x1− y1)+
k−1

∑
i=1

[S2i(yi − xi+1)+ (S2i + pi+1)(xi+1 − yi+1)]

=
k−1

∑
i=1

S2i(yi − yi+1)+
k

∑
i=1

pi(xi − yi) � 0, for every k ∈ In. �

COROLLARY 13. If (xi) and (yi) are two decreasing sequences of points from
[0,1] and pi , i ∈ In are real numbers such that

k

∑
i=1

pixi �
k

∑
i=1

piyi, for every k ∈ In, (14)

and
n

∑
i=1

pixi =
n

∑
i=1

piyi, (15)

then, for every convex function f : [0,1] → R , we have

n

∑
k=1

pk f (xk) �
n

∑
k=1

pk f (yk). (16)

REMARK 14. If we suppose that pk are positive real numbers, then also the con-
verse of Corollary 13 is true. Indeed, applying inequality (16) to the convex functions
fk(x) = max(0,x− xk) we obtain

k

∑
i=1

pixi− xk

k

∑
i=1

pk �
n

∑
i=1

pi fk(yi).
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Because fk(x) � 0 and fk(x) � x− xk we obtain

n

∑
i=1

pi fk(yi) �
k

∑
i=1

piyi − xk

k

∑
i=1

pi.

So, we have obtained the relations (14). The equality (15) can be obtained from in-
equality (16) for the convex functions e1 and −e1 .

REMARK 15. For pi = 1 this is the inequality of Hardy-Littlewood-Pólya, which
is named also Karamata inequality or the majorization inequality.

Acknowledgement. The author would like to thank Professor Ioan Gavrea for sug-
gesting the problem and for his very useful remarks.

RE F ER EN C ES
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2008.

[3] J.-CH. KUANG, Some extensions and refinements of Minc-Sathre inequality, Math. Gaz., 83 (1999),
123–127.

[4] T. POPOVICIU, Notes sur les fonctions convexes d’ordre supérieur (III), Mathematica (Cluj), 16
(1940), 74–86.

[5] F. QI, Generalizations of Alzer’s and Kuang’s inequality, Tamkang J. Math., 31, 3 (2000), 223–227.
RGMIA Res. Rep. Coll., 2, 6 (1999), Art. 12, 891–895. Available online at URL:
http://www.staff.vu.edu.au/rgmia/v2n6.asp.

[6] F. QI, B.-N. GUO, Monotonicity of sequences involving convex function and sequence, Math. Inequal.
Appl., 9, 2 (2006), 247–254.

(Received October 25, 2008) Adrian Holhoş
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