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GENERAL FOUR-POINT QUADRATURE FORMULAE WITH
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Abstract. In this paper we establish a variant of general four-point weighted quadrature formula.
This new formula is used to present several Ostrowski type inequalities for o -L-Holder func-
tions.

1. Introduction

The most elementary quadrature rules in four nodes are Simpson’s 3/8 rule based
on the following four point formula

/abf(t)dt = b;a [f(a)+3f<2a3+b> +3f<“+32b> +f(b)] - (b6186:))5f(4)(§)’
(L.1)

where & € [a,b], and Lobatt’s rule based on the formula

[ roa=1 [f(—1)+5f (—?) w(?) 1)
—1

where 1 € [—1,1]. Formula (1.1) is valid for any function f with continuous fourth
derivative f* on [a,b] and formula (1.2) for any function f with continuous sixth
derivative £(®) on [—1,1].

Let f: [a,b] — R be differentiable on [a,b] and f”: [a,b] — R integrable on [a,b].
Then the Montgomery identity holds [4]

2
__Z ¢l
53625/ (). (12)

1 b b
f0 =5 [ f0a+ [P s 0, (13)

where P (x,t) is the Peano kernel defined by
t—a

b , a<t<x

P(x,1) = t:g .

—, x<t<b
b—a
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Now, let us suppose that w : [a,b] — [0,e0) is some probability density function sat-
istying [Pw(z)dr =1, and W (t) = ['w(x)dx for ¢ € [a,b], W (1) =0 for ¢ < a and
W (t) =1 for t > b. In [5] J. E. Pe€arié proved a weighted generalization of the well
known Montgomery identity

b b
F@ = [ wrwd [P s 0,
a a
where the weighted Peano kernel is defined by

» B W(t), a<t<x
v (51) {W(t)—l, x< '

~
S

In [2] G. A. Anastassiou used the following equality (which is an immediate con-
sequence of the well known Taylor’s formula):

n
V'8

@

' = o [ (s 0= ) -0

where g : I C R — R is such that for some n € N the derivative g(”) exists for all
t € [a,b] C I (a<b) and x,y belong to [a,b].

These two identities were used in the recent paper [1], where A. Agli¢ Aljinovié
and J. Pecari¢ introduced two new extensions of the weighted Montgomery identity.

In this paper we continue our work which has been started in [3]. Namely, we use
one of those new weighted Montgomery identities to establish for each x € (a, (a + b) /2]
a general four-point quadrature formula of the type

b 1
[ @a=(5-40) @+ £OI+AD 0+ Flatb-0]+R(wia).
a
(1.4)
where R (f,w;x) is the reminder and A : (a,(a+b) /2] — R a real function. The ob-
tained formula is used to prove several Ostrowski-type inequalities for o -L-Holder
functions.

2. General four-point quadrature formula

Let I be an open interval in R, [a,b] C I and let f:1 — R be such that f("~1)
is absolutely continuous function for some n > 2. In the recent paper [1] the following
extension of the Montgomery identity was proved for each x € [a,b] :

n—1 1+1
/ahW(t)f(t)dt=f() [ @) @ o

n—1 f l+l

Jy ) /xb(l—W(t))(t—b)idt

-0 U
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toa L WO [ (M@= ) 6]

[ amwo [ (10619 0) e e al,

2.1

where w : [a,b] — [0,°) is some probability density function.

In this section we use (2.1) to study for each number x € (a,52] the general
four-point quadrature formula of the type (1.4).

Let f : [a,b] — R be such that ) exists on [a,b] for some n > 2. We introduce

the following notation for each x € (a, 2]

D)= (53-AW ) (@) + FO]+AW )+ (a5 ).

Further, we define

n—=1 r(i+1) .
+A(@{2L‘(b>{/xh(1 W (1)) (t—b) dt+/+b_x1 W())(z—b)‘dt}

_ [/ W(t)(t—a) dt+/u+b ' a)"dt}}

and
10 = (5-400) [120) 72 @)
FAW) T80+ T7 () + T (a+b—x)+ T (a+ b)),
where

0= oy [ WO | [ (@1 6) -9 a

B0 =gy [ WO | [ (7001 6) (-]

In the next theorem we establish our variant of generalized four-point quadrature
formula based on the extended Montgomery identity which will play the key role in this

paper.
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THEOREM 1. Let I be an open intervalin R, [a,b] C I, andlet w: [a,b] — [0,o0)
be some probability density function. Let f:1— R be such that £~V is absolutely
continuous function for some n > 2. Then for each x € (a7 ﬂ] the following identity

holds . ’
/a w(t) £ () dt = D (x) +tn (x) + T (). 2.2)

Proof. We put x=a,x=x,x=a+b—xandx = b in (2.1) to obtain four new
formulae. After multiplying these four formulae by 1/2 — A (x),A (x),A (x) and 1/2 —
A (x) respectively and adding we get (2.2). O

Before we give an estimation of the term

[ w @ 0@ D@ ).

let us recall that a function ¢ : [a,b] — R is said to be of a - L-Holder type if |¢ (x) — ¢ (y)]
< Lix—y|* forevery x,y € [a,b], where L >0 and « € (0,1]. We will also make use
of the Beta function of Euler type which is for x,y > 0 defined by

1
B(x7y):/0 1 =) e,

In what follows for x € (a, “2] we denote

_ W(t), a<t<x

W(x’t)_{l—W(t), x<t<b’
(t—a)(”"*l, a<t<x
Un(x7t):{(b_t)a+n—l x<t<b’

THEOREM 2. Suppose that all the assumptions of Theorem 1 hold and addition-
ally assume that for some L >0 and o € (0,1] ") : [a,b] — R is an a-L-Holder
type function. Then for each x € ( atb ] the following inequalities hold

[ W@ r @D

<B(oc(:_l,zn)'—l) {’ [/W )@y

+/ (1—w e ldt}

+1A (x [/ W (x,2) Uy (x,t dt—|—/ W(a+b—x,t) n(a—i—b—x,t)dt]}

2B(a+1,n—1)  (]1
S lotn) (n—2)! {'E‘A(")

(b—a) " 1A (x) | [(x—a)™* + (b)) } |
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Proof. From (2.2) we have
‘ / £)dr — D (x) — 1 (x)
=K§%<0[<w+ﬂ<ﬂ

+A(x) [7;7“()6)—|—T,f’(x)—|—T,f‘(a—|—b—x)+T,f’(a—|—b—x)}

<|3-aw| [z @1+ [ @]

+1A(x)

(1709|4177 )|+ 175 (at b —0)| + [0 (a4 52| @3)

Since £ is an or-L-Holder type function, from (2.3) we obtain

[ v r0a-pe) 00

< |2(n_Az()!)}L{/abW(t) [/at(s—a)a(t—s)"zds] dr
ub(l —W () [[b (b—s) (s—z)“ds} dr

+ (Lf_(xz))'!L / o) [/t (s—a)a(t—s)"2ds] dr

+/aa+b_xW(t) [/at (s—a)* (t—s)"_zds] dr

+/Xb(1—W(t)) [/tb(b—s)a(s—t)"_zds} dr

+/aib_x(1 —W (1)) [/tb (b—s)* (s—t)"_zds} dt} (2.4)

The first integral over ds in (2.4) can be written as

/at(s—a)a(t—s)"_zdsz(l—a)a+"_2/at C:Z)a C_;jl)nzds
_ [u: j:Z] - (t—a)O‘*"*l/Olua(l—u)"*zdu

=(—a)*" 'Bla+1,n-1).

Similarly can be done with other integrals in (2.4), so we obtain

[ w0 0@ D@ -

(e

A) [/ﬂbwa)(z—a)“*"ldz
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b 1
+ [ (1=W(@)(b—1)*"" dt] (2.5)

+|A(x){abW(x 1)Uy (x,1) dt+/ W(a+b—x,t) n(a-l—b—xJ)dt]}.

Since we have
o<W <1, t€]a,bl],

from (2.5) we obtain

[/W —a)%tn- 1dt+/ (1—-W ())(b—t)‘”"_ldt}

+]A(x [/ W (x,t) Uy (x,t dt+/ W (a+b—x,t) n(a—|—b—x,t)dt}

<o {fzmaw

which completes the proof. [J

34w

(b—a)™" + A ()| [(x— @)™ + (b —1)**] } 7

3. Nonweighted four-point quadrature formula and applications

Here we define
n—1 o ; —a)™!
u(x) = (% —A(x>> 2 (D0 0) = 104 (a) %
(x—a) "+ (b—x)""?
Ni+2)(b—a)

FAW 'S (10 () - 7040 )
i=0
and
7w = (5-400) [F0)+ 72 @)
+A(x) [? () + TP () + T (a+b—x)+T? (a—i—b—x)} 7

where

0= g ] 0 [ (M@= 6) e 9aa

0= g | 00| (@) e e]a. 6

COROLLARY | Let I be an open interval in R, [a,b] C I, andlet f:I— R be such
that f("_l) is absolutely continuous for some n > 2. Then for each x € (a, “%b] the
following identity holds

bia/abf(t)dt:D(x)—|—tAn(x)—|—Tn(x). (3.2)
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Proof. This is a special case of Theorem 1 for w(t) = 52—, t € [a,b]. O
COROLLARY 2 Let I be an open interval in R, [a,b] C I, andlet f:I— R be such
that that for some n >2, L>0 and a € (0,1] the derivative F=1) s absolutely
continuous and ) :[a,b] = R is an a-L-Hélder type function. Then for each x €

( ath ] the following inequality holds

'—/ f(t)dt —D(x) =7, (x)
2B(ot+1,n—1)
S (b-a)(a+n+1)(n—2)!
1
XL{ 5_A(x) (b_a)OHrnJrl —|—‘A(X)‘ (x_a)a+n+l+(b_x)a+n+l}}.
Proof. This is a special case of Theorem 2 for w(t) = 57—, t € [a,b]. O

The next step is setting

h—a)

Ax) = #.
12(x—a)(b—1x)

This special choice of the function A enables us to establish our generalizations of the
well known Simpson’s 3/8 formula (1.1) and Lobatt’s formula (1.2). We will also show
how to apply the results of Section 2 to obtain some error estimates for these quadrature
rules if they involve o -L-Holder type functions.

_ 2a+b
3.1 x=5~

Suppose that all the assumptions of Corollary 1 hold. Then our generalization of
Simpson’s 3/8 formula states

2a+b ~ (2a+b ~ (2a+b
- n Tn )
e rou=n(352) 4 (252) 42 (257)

D(Za;—b) _ % [f(a)+3f<2a3+b> 3f<a+2b> +f(b)} |

_ [(2a+b B ln71 i i) (i+1) (3i+l+2i+2+1) (b_a)i+l
W (252) = 5 2[00 - @] S

~ (2a+Db 1 ~q [ 2a+Db 2a+b
B() =almerem (557 o (%57)

. 2\~ 2\ A
+3T,,“<a+3 )+3Tn"<a+3 )—l—Tnh(a)]

Here T%(x) and T (x) are as in (3.1).

where

and
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COROLLARY 3 Suppose that all the assumptions of Corollary 2 hold. Then we have

1 b 2a+b\ ~ [2a+b
‘b—a/a f(t)dt—D( 3 )—t,,( 3 )‘

_ B(OC+17I’Z—1)(3a+n+2a+n+1+1) (b_a)oc+n
= 4-30n (g +n+1)(n—2)!

L.

Proof. This is a special case of Corollary 2 for x = 2“3—+b. U

EXAMPLE 1 Let us consider the special case n =2 in Corollary 3 (that is if f' is
absolutely continuous and " is of a.-L-Hélder type). We have

'bia/hf(t)dl—D<2a;_b> 4 <2a3+b)‘

(322420134 1) (b—a)*?
S 43042 (g4 1) (a+3)

where

D<2a+b) :é[f(a)+3f<2a3+b> 3f<a+2b>+f(b)},

32. [ab)=[-1,1],x=-%

Suppose that all the assumptions of Corollary 1 hold. Then our generalization of
Lobatt’s formula states

L swaeo B) e () n(5).

where

;;1< \/§> :%i{ t+1 1)—f(i+l)(—l)}

[2i+2 L5l <5 _ \/§> 2 n <5 n \/§> i+2]

8 25701 (i1 2)
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and

12
+57,! (?) +5T) (?) +7} (—1)] .

Here T (x) and TP (x) are again as in (3.1 ).

COROLLARY 4 Suppose that all the assumptions of Corollary 2 hold. Then we have

%/_llf(t)dt_D (-?) 7, <_§>‘
B(a+1,n—1) <2oc+n+1.5a+n+ (5_\/5>a+n+1+ <5+\/§>tx+n+l>
) 12.5% (o +n+1) (n —2)!

L.

- . B 5
Proof. Thisis a special case of Corollary 2 for [a,b] = [~1,1] and x = —%>. [

EXAMPLE 2 Let us consider again the special case n = 2 in Corollary 4 (that is if f’
is absolutely continuous and " is of o.-L-Hélder type). We have

fva-o{£)5(2

o+3 a+3
2043 5042 4 (5—\/5) + <5+\/§)
< L.
125942 (g + 1) (o + 3)

where

b

YA V5 V5
D <—?> =5 lf(_l)‘f'Sf <—?> +5f <?> + /(1)
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