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Abstract. We use a fixed point method, initiated in [V. Radu, Fixed Point Theory 4(2003), No.1,
91-96], to prove the generalized Ulam-Hyers stability of functional equations in single variable
for mappings with values in random normed spaces. This result is then used to obtain the stability
for Cauchy, quadratic and monomial functional equations.

1. Introduction

D. H. Hyers [17] has given an affirmative answer to a question of Ulam by proving
the stability of additive Cauchy equations in Banach spaces. Then T. Aoki [1] and Th.
M. Rassias [26] considered the stability problem with unbounded Cauchy differences
for additive and linear mappings, respectively. Their results include the following

THEOREM 1.1. (Hyers [17], Aoki [1], Gajda [12]). Suppose that E is a real
normed space, F is a real Banach space and f : E → F is a given function, such that
the following condition holds

‖ f (x+ y)− f (x)− f (y)‖F � θ (‖x‖p
E +‖y‖p

E), ∀x,y ∈ E, (1p)

for some p ∈ [0,∞)\{1} . Then there exists a unique additive function a : E → F such
that

‖ f (x)−a(x)‖F � 2θ
|2−2p| ‖x‖

p
E , ∀x ∈ E. (2p)

This phenomenon is called generalized Ulam-Hyers stability or Hyers-Ulam-Rassias
stability and has been extensively investigated for different functional equations. It
is worth mentioning that almost all proofs used the idea conceived by D. H. Hyers.
Namely, the additive function a : E → F is constructed, starting from the given func-
tion f , by the following formulae

a(x) = lim
n→∞

1
2n f (2nx), if p < 1;

(
2p<1

)
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a(x) = lim
n→∞

2n f
( x

2n

)
, if p > 1.

(
2p>1

)
This method is called the direct method or Hyers method. It is often used to construct
a solution of a given functional equation and is seen to be a powerful tool for studying
the stability of many functional equations (see [10], [19], [13], [3], [18], for details).

On the other hand, in [25], [6] and [4] a fixed point method was proposed, by
showing that many theorems concerning the stability of Cauchy and Jensen equations
are consequences of the fixed point alternative. Subsequently, the method has been
successfully used, e.g., in [5], [8] or [24].

Our aim is to highlight generalized Ulam-Hyers stability results for functional
equations in a single variable for mappings with values in random normed spaces, ob-
tained by using the fixed point alternative. The method introduces a metrical context
and better clarifies the ideas of stability, which is seen to be plainly related to some
fixed point of a suitable operator: our control conditions are responsible for the follow-
ing fundamental facts: They ensure

1) the contraction property of a Schröder type operator J and
2) the first two successive approximations, f and J f , to be at a finite distance.

Moreover,
3) they force the fixed point of J to be a solution of the initial equation.
Some illustrative applications to concrete (Cauchy, quadratic and monomial) func-

tional equations are also given.

2. A general fixed point method

For the sake of convenience, we recall the following alternative of fixed point
([20], see also [27], chapter 5):

THEOREM 2.1. Supposewe are given a complete generalized metric space (E ,d)
-i.e. one for which the metric d may assume infinite values- and a strictly contractive
mapping A : E → E , with the Lipschitz constant L. Then, for each given element
f ∈ E ,
either
(A1) d(An f ,An+1 f ) = +∞ , ∀n � 0,
or
(A2) There exists a natural number n0 such that

(A20) d(An f ,An+1 f ) < +∞, ∀n � n0 ;
(A21) The sequence (An f ) is convergent to a fixed point f ∗ of A ;
(A22) f ∗ is the unique fixed point of A in the set E � = {g ∈ E , d (An0 f ,g) < +∞} ;
(A23) d (g, f ∗) � 1

1−Ld (g,Ag) ,∀g ∈ E �.

REMARK 2.1. The fixed points of A , if any, need not be uniquely determined in
the whole space E and do depend on the initial guess f .

We recall (see, e.g. Schweizer&Sklar, [28]) that a distribution function F is a
mapping from [0,∞) into [0,1] , nondecreasing and left-continuous, with F(0) = 0.
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The class of all distribution functions F , with lim
x→∞

F(x) = 1, is denoted by D+ . An

element of D+ is ε0 =
{

0, if t = 0,
1, if t > 0.

.

Suppose that X is a real vector space, F is a mapping from X into D+ (for any
x in X , F(x) is denoted by Fx ) and T is a t-norm. The triple (X ,F,T ) is called a
random normed space (briefly RN-space) iff the following conditions are satisfied:

(RN-1): Fx = ε0 iff x = θ , the null vector;

(RN-2): Fax(t) = Fx

(
t
|a|
)

,∀t > 0,∀a ∈ R,a �= 0;

(RN-3): Fx+y(t1 + t2) � T (Fx(t1),Fy(t2)),∀x,y ∈ X and t1, t2 > 0.

Recall that a triangular norm (t-norm) is a mapping T : [0,1]× [0,1] → [0,1] ,
which is associative, commutative and increasing in each variable, with T (a,1) =
1,∀a∈ [0,1] . The most important t-norms are TM(a,b)= min{a,b} , T1(a,b)= max{a+
b−1,0} , Prod(a,b) = a ·b .

Every normed space (X , || · ||) defines a random normed space (X ,F,TM) , with

Fx(t) =
t

t + ||x|| , ∀t > 0.

If the t−norm T is such that sup
0<a<1

T (a,a) = 1, then every random normed space

(X ,F,T ) is a metrizable linear topological space with the (ε,λ )− topology, induced by
the base of neighborhoods U(ε,λ ) = {x∈ X ,Fx(ε) > 1−λ}. If T = TM , then (X ,F,T )
is locally convex.

A sequence (xn) in a random normed space (X ,F,T ) converges to x ∈ X in the
(ε,λ )− topology if lim

n→∞
Fxn−x(t) = 1,∀t > 0. A sequence (xn) is called Cauchy se-

quence if lim
m,n→∞

Fxn−xm(t) = 1,∀t > 0. The random normed space (X ,F,T ) is complete

if every Cauchy sequence in X is convergent.

In the following theorem we prove a generalized Ulam-Hyers stability result (com-
pare with [2], [11] and [9]) for the single variable functional equation

(w◦ g ◦η)(x) = g(x), ∀x ∈ X , (2.1)

where
1. the unknown is a mapping g from the Abelian group X into a complete random

normed space (Y,F,TM)
2. η is a self-mapping of the Abelian group X ;
3. w is a Lipschitzian self-mapping (with Lipschitz constant �w ) of the complete

random normed space Y .

THEOREM 2.2. Suppose that f : X → Y satisfies

F(w◦ f◦η)(x)− f (x) � ψ(x), ∀x ∈ X , (Cψ )

with some fixed mapping ψ : X → D+ . If there exists L < 1 such that

ψ(η(x))(Lt) � ψ(x)(�wt), ∀x ∈ X ,∀t > 0
(
Hψ
)
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then there exists a unique mapping c : X → Y which satisfies both
the equation

(w◦ c◦η)(x) = c(x),∀x ∈ X (Ew,η )

and the estimation

Fc(x)− f (x)(t) � ψ(x)((1−L)t),∀x ∈ X ,
(
Estψ

)
for almost all t > 0 . Namely, the solution mapping c can be acquired through the
Hyers method:

c(x) = lim
n→∞

(wn ◦ f ◦ηn) (x),∀x ∈ X .

Proof. Let us consider the mapping G(x,t) := ψ(x)(t) , and the set
E := {g| g : X → Y is a function} . We introduce a generalized metric on E (as usual,
in f /0 = ∞):

d (g,h) = dG (g,h) = inf
{
K ∈ R+,Fg(x)−h(x)(Kt) � G(x,t), ∀x ∈ X ,∀t > 0

}
.

The proof of the fact that (E ,dG) is a complete generalized metric space can be found
e.g. in (Hadžić & Pap & Radu, [16]) or (Miheţ & Radu, [21]).

Now, define the mapping

J : E → E ,Jg(x) := (w◦ g ◦η)(x). (OP)

Step I. Using our hypotheses, it follows that J is strictly contractive on E . Indeed,
for any g,h ∈ E we have:

d(g,h) < K =⇒ Fg(x)−h(x)(Kt) � G(x,t),∀x ∈ X ,∀t > 0

and

FJg(x)−Jh(x)(LKt) = Fw(g(η(x)))−w(h(η(x)))(LKt) � F�w(g(η(x))−h(η(x)))(LKt)

= F(g(η(x)))−h(η(x))

(
LKt
�w

)
� G

(
η(x),

Lt
�w

)

= ψ(η(x))
(

Lt
�w

)
� ψ(x)(t) = G(x,t).

Therefore d (Jg,Jh) � LK, which implies

d (Jg,Jh) � Ld (g,h) ,∀g,h ∈ E . (CCL)

This says that J is a strictly contractive self-mapping of E , with the Lipschitz constant
L < 1.

Step II. Obviously, d ( f ,J f ) < ∞ . In fact, using the relation (Cψ ) it results that
d ( f ,J f ) � 1.
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Step III. Now we can apply the fixed point alternative to obtain the existence of a
mapping c : G → Y such that:
• c is a fixed point of J , that is

(w◦ c◦η)(x) = c(x) ,∀x ∈ X . (Ew,η )

The mapping c is the unique fixed point of J in the set

F = {g ∈ E , dG ( f ,g) < ∞} .

This says that c is the unique mapping verifying both (Ew,η ) and (2.2), where

∃K < ∞ such that Fc(x)− f (x)(Kt) � ψ(x)(t),∀x ∈ X ,∀t > 0. (2.2)

Moreover,
• d(Jn f ,c)−−−→

n→∞
0, which implies lim

n→∞
Fc(x)−Jn f (x)(t)= 1,∀t > 0 and ∀x∈X , whence

c(x) = lim
n→∞

(wn ◦ c◦ηn)(x),∀x ∈ X .

• d( f ,c) � 1
1−Ld ( f ,J f ) , which implies the inequality

d( f ,c) � 1
1−L

,

hence

Fc(x)− f (x)

(
t

1−L

)
� G(x,t), ∀x ∈ X ,

for almost all t > 0. It results that

Fc(x)− f (x) (t) � G(x,(1−L)t) = ψ(x)((1−L)t), ∀x ∈ X ,

for almost all t > 0, that is
(
Estψ

)
is seen to be true. �

3. Applications to Cauchy functional equations and to quadratic functional
equations

We will consider the additive Cauchy functional equation

f (x+ y) = f (x)+ f (y), for all x,y ∈ X , (3.1)

where the “unknowns” are functions f : X → Y, between two vector spaces. By using
Theorem 2.2 we prove a generalized Ulam-Hyers stability result for (3.1) (compare
with [22]).

Recall that a 2-divisible group is an Abelian group (X ,+) such that for any x ∈ X
there exists a unique a∈ X with the property x = 2a ; this unique element a is denoted
by x

2 .
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THEOREM 3.1. Let X be a 2-divisible group, (Y,F,TM) a complete random nor-
med space, and a fixed i ∈ {0,1} . Suppose that the mapping f : X → Y satisfies an
inequality of the form

Ff (x+y)− f (x)− f (y) � ϕ(x,y), ∀x,y ∈ X , (Addϕ)

for some function ϕ : X ×X → D+ .
If there exists L = L(i) < 1 such that

ϕ(21−ix,21−iy)
(

Lt
2i−1

)
� ϕ(2ix,2iy)(2it),∀x ∈ X ,∀t > 0, (ϕi)

then there exists a unique additive mapping a : X → Y which satisfies the inequality

Fa(x)− f (x)(t) � ϕ
( x

2i ,
x
2i

)(1−L
2i−1 t

)
,∀x ∈ X , (Esti)

for almost all t > 0 .

Proof. In case i = 0 we set x = y in
(
Addϕ

)
and we see that

Ff (2x)−2 f (x)(t) � ϕ(x,x)(t),∀x ∈ X ,∀t > 0

hence
Ff (2x)

2 − f (x)
(t) � ϕ(x,x)(2t),∀x ∈ X ,∀t > 0. (Aϕ,0)

In case i = 1 we replace both x and y by x
2 in

(
Addϕ

)
and we obtain

F2 f( x
2 )− f (x)(t) � ϕ

( x
2
,
x
2

)
(t),∀x ∈ X ,∀t > 0. (Aϕ,1)

Now we can apply Theorem 2.2 with w : X → Y , η : X → X and ψ : X → D+
defined by

w(x) :=
x

21−2i , η(x) := 21−2ix, ψ(x)(t) := ϕ
( x

2i ,
x
2i

)
(21−it), i ∈ {0,1}.

Clearly, �w = 1
21−2i and, by using (Aϕ,i) and the hypothesis (ϕi) , we obtain that

(Cψ) and (Hψ) hold true.
Then there exists a unique mapping a : X → Y ,

a(x) := lim
n→∞

(wn ◦ a ◦ηn) (x) = lim
n→∞

a
(
2n(1−2i)x

)
2n(1−2i) ,∀x ∈ X , (3.2)

which satisfies the following equation

(w◦ a ◦η)(x) = a(x) ⇔ a(2x) = 2a(x) , ∀x ∈ X
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and the inequality

Ff (x)−a(x)(t) � ψ(x)((1−L)t) = ϕ
( x

2i ,
x
2i

)
(21−i(1−L)t),∀x ∈ X ,

for almost t > 0.
The additivity of a can be proven by using the fact that the continuity of TM

implies continuity of the mapping z → Fz . Actually, by relation (ϕi) , we will obtain

Fa(x+y)−a(x)−a(y)(t) = lim
n→∞

Fa(2n(1−2i)(x+y))
2n(1−2i) − a(2n(1−2i)x)

2n(1−2i) − a(2n(1−2i)y)
2n(1−2i)

(t)

= lim
n→∞

Fa(2n(1−2i)(x+y))−a(2n(1−2i)x)−a(2n(1−2i)y)
(
2n(1−2i)t

)
� lim

n→∞
ϕ
(
2n(1−2i)x,2n(1−2i)y

)
(2n(1−2i)t)

� lim
n→∞

ϕ (x,y)
( t

Ln

)
= 1,∀x,y ∈ X ,

for almost all t > 0. Therefore

Fa(x+y)−a(x)−a(y)(t) = 1,∀x,y ∈ X ,

for almost all t > 0, whence a(x+ y)−a(x)−a(y)= 0, for all x,y ∈ X . �
Now we will consider the following quadratic functional equation

f (x+ y)+ f (x− y) = 2 f (x)+2 f (y), for all x,y ∈ X , (3.3)

where f : X → Y, is a mapping between two vector spaces. As an application of The-
orem 2.2 we prove a generalized Ulam-Hyers stability result for the equations of type
(3.3) and mappings with values in random normed spaces (compare with Mirmostafaee
& Moslehian, [23], Theorem 3.3).

THEOREM 3.2. Let us consider a 2-divisible group X , a complete randomnormed
space (Y,F,TM) , and a fixed i ∈ {0,1} . Suppose that the mapping f : X → Y , with
f (0) = 0 , satisfies an inequality of the form

Ff (x+y)+ f (x−y)−2 f (x)−2 f (y) � ϕ(x,y),∀x,y ∈ X , (Quadϕ)

where ϕ : X ×X → D+ is a given function.
If there exists L = L(i) < 1 such that

ϕ(21−ix,21−iy)
(

Lt

22(i−1)

)
� ϕ(2ix,2iy)(22it),∀x ∈ X ,∀t > 0, (ϕi)

then there exists a unique quadratic mapping q : X → Y which satisfies the inequality

Fq(x)− f (x)(t) � ϕ
( x

2i ,
x
2i

)( 1−L

22(i−1) t

)
,∀x ∈ X , (Esti)

for almost all t > 0 .
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Proof. It is similar to that of Theorem 3.1. We apply Theorem 2.2 for w : X → Y ,
η : X → X and ψ : X → D+ given by

w(x) :=
x

22(1−2i) , η(x) := 21−2ix, ψ(x)(t) := ϕ
( x

2i ,
x
2i

)
(22(1−i)t). �

4. The general case of the monomial functional equation

For an Abelian group X and a vector space Y consider the difference operators
defined, for y ∈ X and mappings f : X → Y , in the following manner:

Δ1
y f (x) := f (x+ y)− f (x), for all x ∈ X ,

and, inductively,
Δn+1

y = Δ1
y ◦Δn

y, for all n � 1.

A mapping f : X → Y is called a monomial function of degree N if it is a solution
of the monomial functional equation.

ΔN
y f (x)−N! f (y) = 0, ∀ x,y ∈ X . (4.1)

Notice that the monomial equation of degree 1 is exactly the additive Cauchy equation,
while for N = 2 the monomial equation has the form f (x+ 2y)− 2 f (x+ y)+ f (x)−
2 f (y) = 0, which is equivalent to the well-known quadratic functional equation.

In the sequel, the positive integer N will be fixed.

THEOREM 4.1. Let X be a linear space and (Y,F,TM) be a complete random
normed space. Suppose that the mapping f : X → Y , with f (0) = 0 , satisfies an in-
equality of the form

FΔN
y f (x)−N! f (y) � ϕ(x,y),∀x,y ∈ X , (Monϕ)

where ϕ : X ×X → D+ is a given function.
If there exists L = L(i) < 1 such that

ϕ(2x,2y)
(
2NLt

)
� ϕ(x,y)(t),∀x ∈ X ,∀t > 0, (ϕi)

then there exists a unique monomial mapping M : X → Y which satisfies the inequality

FM(x)− f (x)(t) � Min

{
ϕ(0,2x)

(
N! ·2N

N +1
t

)
;

{
ϕ(ix,x)

(
N! ·2N

(N +1) · ( N
N−i

) t
)}

i=0,N

}
,

(Esti)
∀x ∈ X , for almost all t > 0 .

For the proof of our theorem, we need the following fundamental lemma:
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LEMMA 4.2. Let us consider an Abelian group X , a randomnormed space (Y,F,TM)
and a mapping ϕ : X ×X → [0,∞) . If the function f : X → Y satisfies (Monϕ ) then,
for all x ∈ X and t > 0 , we have

F f (2x)
2N − f (x)

(t) � Min

{
ϕ(0,2x)

(
N! ·2N

N +1
t

)
;

{
ϕ(ix,x)

(
N! ·2N

(N +1) · ( N
N−i

) t
)}

i=0,N

}
(4.2)

Proof. As in [15], we define the functions Ti : G → Y, i = 0,1, ...,N, by

Ti(x) := ΔN
x f (ix)− (N!) f (x) , ∀x ∈ X .

By using the relation (Monϕ ) we see that

FTi(x) � ϕ(ix,x) , ∀x ∈ X (4.3)

and
FT0(2x) � ϕ(0,2x) , ∀x ∈ X . (4.4)

Following the ideas from (Gilanyi, [14], Lemma 2.2.) or (Cădariu & Radu, [7],
Lemma 2.2.) it results the identity

K0T0(x)+K1T1(x)+ ...+KNTN(x)+2N(N!) f (x) = T0(2x)+ (N!) f (2x)

for all x ∈ X , where Ki =
( N
N−i

)
, i = 0,1, ...,N . Using (4.3) and (4.4) we get, for all

x ∈ X and t > 0,

Ff (2x)
2N − f (x)

(t) = F 1
N!·2N (K0T0(x)+K1T1(x)+...+KNTN (x)−T0(2x))(t)

= FK0T0(x)+K1T1(x)+...+KNTN (x)−T0(2x)(N! ·2Nt)

� TM

(
FT0(2x)

(
N! ·2N

N +1
t

)
,FK0T0(x)+K1T1(x)+...+KNTN (x)

(
N! ·2N

N +1
Nt

))

� TM

(
FT0(2x)

(
N! ·2Nt
N +1

)
,TM

(
F∑N−1

j=0 KjTj(x)

(
N! ·2N(N−1)t

N +1

)
,FKNTN (x)

(
N! ·2Nt
N +1

)))

� Min

{
ϕ(0,2x)

(
N! ·2N

N +1
t

)
;

{
ϕ(ix,x)

(
N! ·2N

(N +1) · ( N
N−i

) t
)}

i=0,N

}
�

Proof of Theorem 4.1. We apply Theorem 2.2 for w : X → Y , η : X → X and
ψ : X → D+ defined by w(x) := x

2N , with �w = 1
2N , η(x) := 2x, and

ψ(x)(t) := Min

{
ϕ(0,2x)

(
N! ·2N

N +1
t

)
;

{
ϕ(ix,x)

(
N! ·2N

(N +1) · ( N
N−i

) t
)}

i=0,N

}
.
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We only notice that

M(x) := lim
n→∞

f (2nx)
2nN

is the fixed point of the mapping given by Jg(x) := g(2x)
2N and the fact that M is a

monomial function can be proven in a similar way as the additivity of a (in Theorem
3.1). �
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[16] O. HADŽIĆ, E. PAP, V. RADU, Generalized contraction mapping principles in probabilistic metric

spaces, Acta Math. Hungar., 101 (2003), 131–148.
[17] D. H. HYERS, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A., 27

(1941), 222–224.
[18] D. H. HYERS, Transformations with bounded m-th differences, Pacific J. Math., 11 (1961), 591–602.
[19] D. H. HYERS, G. ISAC, TH. M. RASSIAS, Stability of Functional Equations in Several Variables,

Basel, 1998.
[20] B. MARGOLIS, J. B. DIAZ, A fixed point theorem of the alternative for contractions on a generalized

complete metric space, Bull. Amer. Math. Soc., 74 (1968), 305–309.
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