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Abstract. We shall show several complementary inequalities to Jensen’s type inequality involv-
ing the Khatri-Rao product of maps on positive definite matrices. They are applied to extend
some known inequalities involving powers of the Khatri-Rao product. Finally, we have general-
ized some known results for the Hadamard product of operators.

1. Introduction

Let M, be the space of n x n matrices with complex entries. Let H,, be the
real space of n x n Hermitian matrices and T, be its open subset of positive definite
matrices.

k k c
We denote by O A;, (é) A;, >]< A; and (f) A; the Hadamard, Kronecker, Khatri-
i=1 i=1 i=1 i=1
Rao and Tracy-Singh product, respectively, of matrices A; € M,,;), i =1,...,k. The
Hadamard product is an operation on matrices of the same size, the Tracy-Singh prod-
uct is an operation on partitioned matrices and the Khatri-Rao product is an operation
on compatibly partitioned matrices [6]. The Khatri-Rao product can be viewed as a gen-
eralization of the Hadamard product and the Tracy-Singh product as a generalization of
the Kronecker product, since A*B=A® B and A ® B = A o B hold for nonpartitioned
matrices A and B. _ _

Let A; € Hy;), i=1,...,k, be partitioned as A; = (A;?) p where ij) € ]I-]In(,-)j for
i=1,...,k, j=1,...,t and E’j:ln(i)j =n(i) for i= 1,...,k. Then we say that the
k-tuple (Ay,...,Ar) of matrices A; € H, ;) is compatibly partitioned.

The following relationship between the Khatri-Rao and the Tracy-Singh product
holds (for special cases involving the Hadamard and Kronecker products) [2, Corollary
2.2],[12, Lemma 2.2]:

k k
kA=2" (A ]z, (1)
i=1 i=1
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where an k-tuple (Ay,...,Ay) is compatibly partitioned and Z is a matrix of zeros and
ones such that Z'Z = I. Also, the following relationship between the Tracy-Singh and
the Kronecker product holds [5]:

éA,-:PT (é A,-) P, 2)

where P is a permutation square matrix.

For a matrix A € H;", we denote by A;(A) and A,(A) the largest and smallest
eigenvalue of A, respectively. If (Ay,...,A;) is an k-tuple of compatibly partitioned
matrices A; € H:( - then [2, Lemma 2.5.]:

i

OAeH:, A ((f)A,-):ﬁ)Ll(A,-), I ((f)A,-):ﬁ/ln(A,-).
i=1 - i=1 = i=1

i= i=

S. Liu [7] showed Jensen’s type inequality on the Khatri-Rao product and its con-
verses for functions f(z) =¢~! and f(z) = t>. X. Cao, Z.-P. Zhang and C.-G. Yang in
[2] generalized these results which are given in the next theorem:

THEOREM A. [2, Theorem 3.1] Let (Ay,...,A;) be an k-tuple of compatibly
partitioned matrices A; € H:(l.). Then

. 1/s . 1/r
) (k) = (skr)

where r and s are two real numbers such that s > r, and either s ¢ (—1,1) and
ré (=L 1) or1/2<r<1<sorr<—1<s<—-1/2;

. 1/s . 1/r
ii) (*A) <A(r,s)<>|<A{> :

where r and s are two real numbers such that s > r, and either s & (—1,1) or r ¢

< (&s—5) \M5 [ s(57-8%) \"*
10, A = () {Fen ) 8= w=TT ),
W= Hi'{:l A’m(i) (Ai);

. 1/s . 1/r
ii) <>l< Af-) - <>I< A{) <Ars)I,

where A(r,s) = maxgepo 1] {[OW* + (1 — 0)w|1/s — [OW" + (1 — G)WV}I/’}, and
r, s, w, Wand o are as in (ii).

The aim of this paper is to obtain Jensen’s type inequality on the Khatri-Rao prod-
uct of maps and its converses. Next, we can obtain bounds of a power mean version
on the Khatri-Rao product for any two real numbers r,s # 0, which extend the results
given in Theorem A. Finally, we shall generalize results given in [1, 3, 10, 4] for the
Hadamard product of operators.
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2. Jensen’s type inequality and its converses

We recall that a real function f is supermultiplicative (resp. submultiplicative) on
an interval I if f(xy) > f(x)f(y) (resp. f(xy) < f(x)f(y)) forevery x,y € 1.

Let (Ay,...,Ag) be an k-tuple of compatibly partitioned matrices A; € H,;) and
(®q,...,D;) be an k-tuple of normalized positive linear maps @; : M,y — Hpy - If
(D1(Ay),...,Dr(Ag)) is an k-tuple of compatibly partitioned matrices, then we say that
(Dy,...,Dy) is an k-tuple of compatible maps.

In the next two theorems we give Jensen’s type inequality on the Khatri-Rao prod-
uct and its converses.

THEOREM 2.1. Let (Ay,...,Ay) be an k-tuple of compatibly partitioned matrices

A; € H:,r(i) and (®y,..., D) be an k-tuple of compatible maps D; : H:,r(i) — H;[(l.). If f

is a submultiplicative matrix convex function on (0,00), then
k k
fl 3K @i(Ai) ) < 3k @i(f(A)). 3)
i=1 i=1
In the dual case (when f is a supermultiplicative matrix concave function on (0,0))

the opposite inequality holds in (3).

Proof. We show the submultiplicative matrix convex case only. Using [4, Lemma
6.2] we obtain

f (@ Al-) < ® £(A). @)

Using Jensen’s inequality for a matrix map [4, Theorem 1.20] we have f(®;(4;)) <
@;(f(A;)). Next, using (4) and monotonity of Kronecker product we obtain

f ((é)l qu(Ai)) < ® S(®i(A))) < é) D;(f(A)).

i=1 i=1

It follows from (2) that

o))

<P’ (@ <I>f(f(Ai))> P= @ O;(£(A).

X~

Finally, using (1) we obtain the desired inequality (3). [
We introduce some notations. For an k-tuple (Ay,...,A;) positive definite matri-

ces A; € H;r(l.) with Sp(A;) C [wi, W], 0 < w; < W;, we denote:

k
w=[]ws w=]]w, Xo = (Jwi, W] U [w,W].
i=1 i i
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For a real valued function f we define:

R (P 7 R () s

THEOREM 2.2. Let (Ay,...,A;) be an k-tuple of compatibly partitioned matri-

ces A; € H:(l.) and Sp(A;) C [wi, Wi for some scalars 0 < w; < W;. Let (®y,..., D)

be an k-tuple of compatible maps ®; : H:{(l.) — H ) Let f € € (Xw), g€ E(w,W])

(i
and F(u,v) be a real valued continuous function defined on U X V, matrix monotone
in u, where U D {TT5_, f(t;) : t; € [wi, W]}, V D {g(s) : s € [w,W]}. If f is a super-
multiplicative convex function on X, then

F < max Flugt+ vy, g(t)]1. (6)

te[w,W]

>|< q>i<f<Ai>>,g<>i< @(A»)

In the dual case (When f is submultiplicative concave) the opposite inequality holds in
(6) with min instead of max.

Proof. We obtain this theorem by using Mond-Pecari¢ method and two connec-
tions (1) and (2). We give a proof for the sake of completeness. We consider the case
when f is a supermultiplicative convex function. Using f(A) ® f(B) < f(A® B) (see
[4, Lemma 6.2]), we obtain:

k k
® Di(f(Ai) < f <® q)i(Ai)> .
i=1 i=1
Since f is convex, then f(t) < pst + vy holds for any ¢ € [w, W]. It follows that

f (é}a dJi(Ai)> < Uy <®1 dJ,-(A,-)> + v,

because wil < ®;(A;) < W1 imply wl < ®) P;(A;) < WI. It follows from (2) that

i=1

Next, using (1), we obtain

_>i< D;(f(Ai) < uy <>i< dDi(Ai)) + vyl
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Finally, using the monotonicity of F(-,v) we obtain the desired inequality (6). O

Applying Theorem 2.2 for the function F'(u,v) = o — v, we obtain the following
corollary.

COROLLARY 2.3. Let (Ay,...,A;) and (®1,...,D;) be as in Theorem 2.2. Let
f € €(Xw) be a supermultiplicative convex function and o # 0 be a real number. If
og : [m,M] — R is a strictly convex differentiable function, then the inequality

k k
%k @i(f(Ai) < ag(* CI)i(A,-)> +BI (7
i=1 i=1
holds for B = usty+ vy — ag(to), where
the unique solution of g'(t) = % if ag'(w)<ur<og (W),
h=qW lf uy > ch/(W),
w if ag'(w)> us.

If ag is a concave function, then (7) holds for

o = W if up > o,
woif Uy <ol

In the case when f is a submultiplicative concave function the opposite inequality
holds in (7) with the same [3 but the opposite condition while determining .

3. Inequalities involving powers of the Khatri-Rao product

In this section, we shall give a power mean version on the Khatri-Rao product and
we find the best bounds among those we obtain by using the Mond-Pecari¢ method.

The constant u, and v,, are the constants iy and uy associated with the function
f()=1t? in ().

For the sake of convenience, we denote areas from (i) to (iv) as in Figure 1.

3.1. Difference type inequalities

THEOREM 3.1. Let (Ay,...,Ax) be an k-tuple of compatibly partitioned matrices
A; € Hr-:_(i) and Sp(A;) C [wi, W] for some scalars 0 < w; < W;. Let (®y,..., D) be an
k-tuple of compatible maps ®; : H:,r(i) — H'J{(i). Let ys e R, r<s and rs # 0.

If (i), then

. 1/s . 1/r
0< (* (I)l-(Af.)> - (* q)i(A{)> < A(W,W,O)I,
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s
. 4
ol W,/
N r<s,sé€(-1,1), r&(-1,1)
i (i) | or 1/2€r£1<s
, (“')i” 5% or r<-1< s<-1/2,
i : E H s21,-1<r< LT #
(ii) (i) 1,1 12,1 #0
(iv) ' or r<-1,-1/2<s<1,s#0,
--------------- O il - M
- -1/ i 12 1 (jiii) | -sSr<s/2,r#0,0<s £ 1,
— S ir (iii)s] r<s<2r0<s <A,
(iv)| r/2<s<-rs#0, -1 r<0,
M 41 (iv),) 2s<r<s, -1<r<0.
Figure 1. Areas
if (ii) and
WS —w' rWs—w %
— -min{w" , W’ —|—< ) —_— >0
Wr—wr { } r (sW’—w’) ’
Wr—w" s P [ sWH—w\ 7
TT— -min{w’, W}—i—( )(rW‘ S) >0,
then

. /s . 1/r
Aw,W,d)I < <>|< ) — <>|< q),-(A{)> < A(w,W,0)1,
if (iii), then
. 1/s . 1/r
—C(w W', 1/r)I< <>|< q’i(A?)> —<>l< q’:‘(Af)) < (A(w, W,0)+C (w*, W, 1/s)) 1,
if iv) or (iii); or (iv) 1, then

. 1/s . 1/r
—C(w", W’ 1/5) 1< <>l< q),-(Af)) —<>|< q)i(Af)> < (A(w, W,0)+C (', W*, 1/s)) 1,

where

A M _ M 1— s11/s M’ 1— rl/r

(. 14,0) = s {[OM" -+ (1= 0"~ [OM + (1~ 0)m']'"}.

A(m,M,d)= i OM°+(1—0)m’) /S —[OM"+(1—0)m" —d]"/"
(m, M, d) ee[o,l]u[d/(MrI—nnfrI;,1+d/(Mr—mr)}{[ + o] [OM"+( ' —d] }’

M — M'm® M — r/(r—s)
a=din i) = I (1) (2
S = r —mS
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and a constant C(w,W,p) [4, §2.7, Lemma 2.59] is defined as

p/(p=1)
() C(w,W,p)=(p 1)<1Wu[;,xp> +w forall p e R.
In order to prove Theorem 3.1, we need some preliminary results.

LEMMA 3.2. Let (Ay,...,A) and (®@y,...,®;) be as in Theorem 3.1.
If 0<p<1, then

k k k p
Up 3K Di(A;) + vl < 3k @;(AY) < (* q)i(Ai)> , ®)

i=1 i=1

if —1<p<0 or 1<p<2, then

i=1 i=1

k P k k
<>|< q)i(Ai)> < 3k Oi(AF) < pp K Di(Ai) + vyl 9
i=1
whileif p<—1 or p>2, then

by K @A)+ (1) /7T < ok @ AT) <y K DA) vl (10)

i=1

Proof. The the right hand inequality in (8) and the left hand inequality in (9) fol-
lows from Theorem 2.1. The left hand inequality in (8) and the right hand inequality
in (9) and (10) follows from Corollary 2.3. Finally, the left hand inequality in (10)
follows by using inequality AP —p,Ai > Blif p<—1orp>2,(i=1,...,k), where
B=max min {g(r)—ppt}, gs(t) = f(s)+ f'(s)(t —s). O

gs<fwstsW

LEMMA 3.3. Let (Ay,...,A) and (®@y,...,®y) be as in Theorem 3.1.
@If r<s<—1 or 1<s<—r or 0<r<s<2r,s>1, then

k 1r x 1/s . 1/s
<>|< d),-(A{)) < (* q’i(Af)) S( >l< +vl> :

®If 0<—r<s,s21 or 0<2r<s,s>1, and

s

Ws—w* s\ [(rWS—wb\ 7
Wr_wr-mln{w,W}+(1—;> (sW’—w’) >0,

then
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©If r<s, —=1<s<0 or s<—-r,0<s<1 or 0<r<s<2r, s<l,

then
. 1/r . 1/s
<>]< CI%(A{)) — C(W,\ W3 1/s)I <>|< )

g

@If 0<—r<s<1l or 0<2r<s<1, and

¥~

N

1/s
@;(A7) + w) +CwW WS, 1)L

1

s

WS —w* rwWs—w\sr
T— -min{w” W}—|—(1——> (sW’ ,) >0,

then

1/s

i=1

1/s
(ﬁ k CD,-(A{)—}-J*I) — C(wW* , W* 1/8)I <>|< )

1/s
k
< (ﬂ %k @i(47) +01> + C(wW', W*, 1/s)I,
i=1

where we denote

W= . Ww* —Wiw" P (1 s) (r ~)5/(S—’)
= ——> = n = _—— - .
H Wr—wr’ Wr—w" a r s‘u

Proof. This lemma follows from Lemma 3.2 and the following inequalities which
preserve or reverse the operator order [9, 11]:

— If A > B> 0 and the spectrum Sp(B) C [w,W] for some scalars 0 <w < W,
then
AP +C(w,W,p)1 > B? forall p>1, (11)

where the constant C(w, W, p) defined by ().
— If A > B > 0 and the spectrum Sp(A) C [w,W], 0 <w < W, then

B’ +C(w,W,p)1> A"  forall p<—I. (12)

— The function f(z) =#? is operator monotone for p € [0,1] (the Lowner-Heinz
theorem).

We use the same technique as in the proof of [8, Theorem 3.1] and we give the short
proof for the sake of completeness.

Putting p = s/r in (8)—(10) and replacing A; by Al (i =1,...,n), we obtain the
following statements:
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MIf r<s<0, then

IHIf 0<s<—r or 0<r<s<2r, then

. s/r . .
<>I< ¢i(A{>> < 3k @A) < ik Di(A]) + VEL

@DHIf 0<—r<s or 0<2r<s, then

k k
>l< N+ viI< >|< >|< AEYE

Now, applying the Lowner-Heinz theorem for the function f(r) =1/, s > 1 and
s < —1, we obtain (a) and (b), respectively. Using (11) for p = 1/s > 1 we obtain (c),
since

k k
>]< <W*I and w1<n>|< N+ VI < WL
Similarly, using (12) for p = 1/s < —1 we obtain (d). O

REMARK 3.4. Putting p =r/s in (8)—(10) and replacing A; by Af (i=1,...,n),
we can obtain similar inequalities as in Lemma 3.3. For example,
(a)If 1<r<s or —s<r<—1 or 2s<r<s<0,r<—1, then

. 1/r . 1/r 1/s
(u * <I>i<Af>+W> < <>|< cbz-(A;)) <>l< ®i(A; ) ,

i=1

where

etc.

Proof of Theorem 3.1. Using Lemma 3.3 in the case (a) we obtain the following
statement:
If r<s<—1 or 1<s<—r or O0<r<s<2r,s>1, then

1/s 1/r
0< <>l< <I>i(A?)> - <>l< cDi(Air)> < nelafx{(az+ D)l/“'—tl/’}l
i i=1 tely
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holds, where T denotes the closed interval joining w” to W". Setting t = OW’ + (1 —
6)w" for some 6 € [0,1], we obtain max {(ﬂ ) — tl/’} = A(w,W,0).

1 ETI
Similarly, we can obtain inequalities in areas (b), (c), (d) of Lemma 3.3 and in all
areas in Remark 3.4.
Now, comparing all obtained inequalities and using the fact that a function (Fig-
ure 2)

Ciry=Cm" ,M"1/r) =

l—r/ M—m 1/(1">+Mfm—me
r B —
M" —m" M"—m"

is strictly decreasing for all r € R and M > m > 0 [8, Lemma 3.2],

Cirh
M-m

\ L(m,M) InS(M/m)

1

-V

m-M

Figure 2. Function C(r)=C(m",M",1/r)

we obtain desired inequalities. []

REMARK 3.5. (Added in proofs.) We can obtain bounds in Theorem 3.1 in the

case (ii) without the conditions % -min{w", W’} + (l — %) <§ %::$;> >0 and
W e s s W\ T
s -min{w*, W'} + (1 —£) (%W) >0.

Tyl

s WA
By using inequality f(z) = f(y) +{(y)(r —y) for every t,y € [w,W] for convex
function, we give the following generalization of (10):

Py’ K @A) + (1= p) (1= p)y’I < 3k ®i(AT) < pp 5k Di(A)) +vpl,  (13)

i=1
p<-—lorp>2.

Putting y = (up/p)l/(p_l) € [w,W] we obtain (10), but putting y=w or y =W we

obtain that the operator in LHS of (13) is positive. By using the same technique as in

proofs of Lemma 3.3 and Theorem 3.1, we obtain the following inequalities:
Ifs>1,—-1l<r<1/2,r#0,then

. 1/s . 1/r
CiI < <>]< CDi(A?)) - <>]< c1>i(A;)> < A(w,W,0)1,

i=1
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, /s
where C; =m (SM +1—§> —M,andif r< -1, —1/2<s<1,s#0, then

. 1/s . 1/r
Gl < <>|< CIDi(Af)> - <>]< CIDi(Al-’)> < A(w,W,0)1,

1/r
where Cy :=m — M(r;}g—l—l——) .
So if (r,s) belongs to (ii), then

. 1/s . 1/r
min{C},C }I < <>]< q),-(Af)> — <>|< q),-(A;)> < A(w,W,0)1.

Under the assumptions of Theorem 3.1 it can be proven that the bounds C; and
C, are worse than the lower bound A(w, W, d) in this theorem (see [8, Corollary 3.4]).
3.2. Ratio type inequalities

THEOREM 3.6. Let (Ay,...,Ay) be an k-tuple of compatibly partitioned matrices
A; € HJFU and Sp(A;) C [wi, W;] for some scalars 0 < w; < W;. Let (®y,..., D) be

an k-tuple of compatible maps ®; : H:{(i) — H;{(l.). Let s € R, r<s and rs 0 and

areas (1) — (iv) be as in Figure 1.
If (i), then

1/s v
A(h,r,s)” <>|<(I) AS> <<

if (i), then

. 1/s
A(h,r,s)” <>|<<I)AS> <>|<c1>, ) A(h,1,5) <>l<<I>AS>7

if (iii), then

. . 1/r . 1/s
A(h7s,l)_1A(h,r,s)_1<>]< ) <>|< ) <A(h,r1) <>|< @;(A ) ,

if iv) or (iii)1 or (iv) 1, then
1/r . 1/s
o (s ]

where a generalized Specht ratio A(h,r,s) [4, § 2.7] is defined as

A(h,ns)z{s_r }I/S{r_s i)l)}l/r, h=%

X~
kS
=
~
=
/AN
VN
-
kS
>
~
=

H *"

A(h,s,1) " AR, rys) ! (

H %”
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In order to prove Theorem 3.6, we need the following lemma.

LEMMA 3.7. Let (Ay,...,A) and (®@y,...,®;) be as in Theorem 3.6.
@If 0<p<1, then

C\P

* )

P
K(w,W,p) <>I<<I> ) < 3k @;(AF) < (
k P k k P
<>l< q)i(Ai)> < >lf @;(A7) <K(w,W,p) <>|< q)i(Ai)> :

®If —1<p<0 or 1<p<2, then
©If p<—1 or p>2, then

K(w,W,p)~ <>I<q> ><>i<d>i(A,- WWP(*q’ )

i=1

IIMm

where a generalized Kantorovich constant K(w,W,p) [4, §2.7] is defined as

K(w,W,p):=

wW? — WwP (p—l WP —wP

p
(p—1H)(W—w) p WW”—WwI’) forall peR.  (xx)

Proof. The the right hand inequality in (a) and the left hand inequality in (b) fol-
lows from Theorem 2.1. The left hand inequality in (a) and the right hand inequality in
(b) and (c) follows from Corollary 2.3. Finally, the left hand inequality in (c) follows
by using inequality AY > sPI+ psP~Y(A;—sl) if p< —lor p>2,(i=1,....k). O

Proof of Theorem 3.6. This theorem follows from Lemma 3.7, the Léwner-Heinz
theorem and the following inequalities which preserve or reverse the operator order
[9,11]: If A,Be B+ (H), A> B> 0 such that Sp(A) C [n,N] and Sp(B) C [m,M] for
some scalars 0 <n < N and 0 <m < M, then

K(n,N,p)AP >B° >0  forall p> 1, (14)
K(m,M,p)A? >B? >0  forall p>1, (15)
K(n,N,p)B? > AP >0 forall p<—1, (16)
K(m,M,p)B” > A? >0 forall p<-—1. a7

Finally, we choose better bounds by using the fact that a function (Figure 3)

_ __ r(h=h") W—h N\ M
s =a0= T 0m s (Fa) - w09

is strictly decreasing for all ¥ € R and M > m > 0 [8, Lemma 3.2].
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NGRS
h

1-¥

1/h

>

r

Figure 3. Function A(r) = A(h,r,1)

We use the same technique as in the proof of [8, Theorem 3.2] and we give the
short proof for the sake of completeness.

Applying Lemma 3.7 for p = s/r and using (14)-(17) and K(m’7M’7s/r)1/S
=K (Mr,m’,s/r)l/s = A(h,r,s), we obtain the following statement:

If r<s<—-1 or 1<s<—r or O0<r<s<2r,s>1, then

. 1/r . 1/s 1/r
<>|< (I),-(Af)) < <>l< cDi(Af)> A(h,rs) <>|< ®i(A ) :

But, applying Lemma 3.7 for p = r/s and using (14)—(17) and K (m*,M*, r/s)l/r
= (M*,m*,r/s)"/" = A(h,r,s)"!, we obtain the following:
If 1<r<s or —s<r<—1 or 2s5<r<s<0,r<-—1, then

1/s . 1/r . 1/s
Alh,5) <>I< (A ) < <>|< <I>i(A?)> < <>l< d>,-(A~;>> |

Similarly, we can obtain inequalities in other areas.
Finally, we choose better bounds by using monotonicity of the function (18). [

4. Remarks for the Hadamard product of operators

We recall that all results given for the Khatri-Rao product of matrices lead to re-
sults involving the Hadamard product of matrices, as a special case, for nonpartitioned
matrices.

We assume that H and K are Hilbert spaces and #(H) and #(K) are C*-
algebras of all bounded linear operators on the appropriate Hilbert space.

All results given in Theorem 2.1, Theorem 2.2, Corollary 2.3, Theorem 3.1 and
Theorem 3.6 hold for the Hadamard product of operators. Instead of the Khatri-Rao
product, k-tuple (Ay,...,A;) of compatibly partitioned matrices and k-tuple (®y, ..., Dy)
of compatible maps, we place the Hadamard product, k-tuple (Ay,...,A;) of positive
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operators A; € #(H) and k-tuple (®y,...,D;) of normalized positive linear maps
D; : B(H) — B(K), respectively. The proofs are omitted. We use the same technique
as in the sections above.

These results are a generalization of results [1, 3, 10] and [4, Theorem 6.28].

REFERENCES

[1] J. S. AUILA AND H. L. VASUDEVA, Inequalities involving Hadamard product and operator means,
Math. Japon. 42 (1995), 265-272.
[2] C. CA0, X.ZHANG AND Z. YANG, Some inequalities for the Khatri-Rao product of matrices, Elect.
J. Linear Alg., 9 (2002), 276-281.
[3] J. 1. Fuill, The Marcus-Khan theorem for Hilbert space operators, Math. Japon., 41 (1995), 531-535.
[4] T.FURUTA, J. MICIC HOT, J. PECARIC AND Y. SEO, Mond-Pecari¢ method in operator inequalities,
Element, Zagreb, 2005.
[5] R. H. KONING, H. NEUDECKER AND T. WANSBEEK, Block Kronecker products and the vecb oper-
ator, Linear Algebra Appl., 149 (1991), 165-184.
[6] S. Liu, Matrix results on the Khatri-Rao and Tracy-Singh products, Linear Alg. Appl., 289 (1999),
267-277.
[71 S.L1u, Some inequalities involving Khatri-Rao product of positive semi-definite matrices, Linear Alg.
Appl., 354 (2002), 175-186.
[8] J. MiCIC AND J. PECARIC, Order among power means of positive operators, II, submitted to Sci.
Math. Japon.
[9] J.MiCI¢,J. PECARIC AND Y. SEO, Function order of positive operators based on the Mond-Pecari¢
method, Linear Alg. Appl., 360 (2003), 15-34.
[10] J. MICIC, J. E. PECARIC, Y. SEO AND M. TOMINAGA, Inequalities for positive linear maps on
Hermitian matrices, Math. Inequal. Appl., 3 (2000), 559-591.
[11] J.PECARIC AND J. MICIC, Some function reversing the order of positive operators, Linear Alg. Appl.,
396 (2005), 175-187.
[12] Z.A.ALZHOUR AND A. KILICMAN, Extension and generalization inequalities involving the Khatri-
Rao product of several positive matrices, J. Inequal. Appl., 2006 (2006), 1-21.

(Received November 2, 2008) Jadranka Mici¢
Electrical Engineering Department

Polytechnic of Zagreb

Konavoska 2

10000 Zagreb

Croatia

e-mail: jmicic@tvz.hr

Journal of Mathematical Inequalities
www.ele-math.com

jmi@ele-math.com



