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Abstract. By using the integral representation of Gaussian hypergeometric function, we obtain
Hilbert type inequalities with some fractional kernels and non-conjugate parameters. Such in-
equalities include the constant factors expressed in terms of hypergeometric functions. Further,
we obtain the best possible constants for some general cases, in conjugate case.

1. Introduction

Let p and ¢ be the real parameters such that

p>l,g>1, —+-2>1, (1

_Q | =

1
p

and let p’ and ¢’ respectively be their conjugate exponents, that is, % + 1% =1 and

54— 1 = 1.1t is obvious that p’,¢’ > 1.
Further, define
1 1

A= 17 + ? (2)
and note that 0 < A < 1, for all p and ¢ as in (1). Especially, A = 1 holds if and
only if g = p’, that is, only when p and g are mutually conjugate. Otherwise, we have
0 <A < 1, and in such case p and g will be referred to as non-conjugate exponents.

Considering p, ¢ and A as in (1) and (2), Hardy, Littlewood and Pdlya (see
[4]), proved that there exist a constant C dependent only on the parameters p and
q, such that the following Hilbert-type inequality holds for all non-negative functions
fel’(Ry) and g€ LY(Ry):

[ P sy <l el G)
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However, the original proof did not bring any information about the value of the best
possible constant C. That problem was improved by Levin, [8], who obtained an ex-
plicit upper bound for C,

A
C< (ncosecl> . 4
Ap!

This was an interesting result since the right hand side of (4) reduces to the previ-
ously known sharp constant 7zcosecZ; in the conjugate case.

A simpler proof of (3), based on a single application of Holder’s inequality, was
given later by Bonsall, [2]. He reduced the case of two non-conjugate parameters to
the case of three conjugate parameters. Bonsall has also generalized such conditions to
the case of n non-conjugate parameters. Bonsall’s idea, used in the proof of (3), has
guided us in the research we present here.

During decades, the Hilbert-type inequalities were generalized in many different
directions and also the numerous mathematicians reproved them using various technics.
Some possibilities of generalizing such inequalities are, for example, various choices
of non-negative measures, kernels, sets of integration, extension to multi-dimensional
case etc.

Some recent generalizations and extensions of Hilbert’s inequality ([5, 6, 7], see
also [10]) include the constants which are expressed in terms of beta and gamma func-
tions.

The main objective in this paper are some new Hilbert type inequalities with frac-
tional kernels, which involve the constants expressed in terms of hypergeometric func-
tions. Namely, by using integral representation of Gaussian hypergeometric function
we obtain such inequalities. We also consider equivalent form of Hilbert-type inequal-
ity, usually called Hardy-Hilbert type inequality, which includes only one measurable
function (see [4]).

We also consider the problem of the best possible constant factor in Hilbert-type
inequalities, but only in the conjugate case. As we know, the problem of the best
possible constant in (3) seems to be very difficult and still remains open. We obtain
the best possible constant, in conjugate case, for some general cases.

Before presenting our idea and results, we introduce the notion of Gaussian hyper-
geometric functions.

2. Hypergeometric functions

We consider hypergeometric series in a power series in z with three parameters,
defined as follows in terms of rising factorial powers:
kpk k
a,b a‘'bt z
F(“7)z) =3 S 5 abezeR < 1. 5)
C ck k!
k=0

To avoid division by zero, c¢ is neither zero nor negative integer. The series (5) is
often called Gaussian hypergeometric, because many of its subtle properties were first
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proved by Gauss. In fact, it was the only hypergeometric series until the second half of
nineteenth century, when everything was generalized to arbitrary number of upper and
lower parameters. Although, hypergeometric series are defined for complex numbers,
and many properties hold even for complex numbers, we shall only be interested in the
case of real numbers. For more results and properties about general hypergeometric
functions reader can consult [3].

Gaussian hypergeometric function can be expressed as an integral, in the following
way (see [1]):

F(mb‘ ) —;/ltb_l(l—l)c_b_l(l— l)_adl (6)
e lf ~ B(b,c—b) Jo ¢ ’
where ¢ > b >0, |z] < 1 and B is standard beta function.

We shall use previous integral to obtain some inequalities of Hilbert type with
fractional kernels. In the next lemma we give a form of (6), more suitable for our
computation.

LEMMA 1. Suppose a,b,c,o,y € R are suchthat a+c>b >0 and 0 < a0 < 2y.
Then

> ¥l I ab | y—«
/0 (1—|—O¢x)“(1+)/x)“dx_y B(b’a—'_c_b)F(a—Fc’T)' )

Proof. We start with the integral I = [y *~'(1 —1)*"?~!(1 —zr)“dr. By using the

substitutions 1 —¢ = ﬁ, u=1vx, y>0,and alabel oc = (1 —z)y we obtain

oo xb—l
1= || G

Now, by using the relation (6) we have

e ¥l b ab|y—«
—ytBbe—p)F [ D7 L2,
|, et =1 e nr (4 15F)

Finally, if we replace ¢ —a with c¢ in the previous formula, we obtain (7). O

REMARK 1. By changing the roles of the parameters a and ¢, and also « and v,
where 0 < ¥ < 2o, we obtain relation

© xb-1 b a—y
dx=a""B(b -b)F( 77 | —). 8
/0 (14 ax)*(1+yx)© x=a"Bbate=b) (a—l—c o ) ®)

By equalizing the identities (7) and (8) we obtain the relation

P = (L) R (202, ®
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Previous relation gives so called Pfaft’s reflection law, discovered in 1797. Let’s state
that transformation in more appropriate form:

F("’b) __Z) — (1-2)F (“’C_b‘z>,where#1~ (10)
cll—z ¢

This is formal identity in power series. On the other hand, whenever we replace z by
a particular numerical value, we have to be sure that the infinite sum is well defined.
Since |“X| < 1 and ’% < 1, the relation (9) is well defined.

Further, by applying reflection law again to (10), we obtain so called Euler’s iden-

tity
F(a’b‘z>:(1—z)““bF (C_a’c_b)z) (11)
C C

We shall use transformations (10) and (11) in obtaining the best possible constants.
|

REMARK 2. Every hypergeometric series always has the value 1 when z = 0.
Gaussian hypergeometric series (5) converges also for z =1 if b is non-positive integer
or ¢ > a+ b. Furthermore, the following identity holds (see [3]):

" (a;b‘ 1) - Fe—amb (12)

where I' is gamma function. So, by using (12), the relation (7) also holds for o« =0
and reduces to the well known formula for beta function:
oo -1
——  _dx=y""B(b,c—b), where ¢>b>0. 13
/ Ty =7 Blbc—b) (13)
So, we shall omit such special cases in this paper, because they reduce to many previ-
ously known results from the literature. [

3. Main results

Our main goal in this section is to find further generalizations of the inequality (3).
Hence, we shall replace the kernel (x+y)~! contained in the left-hand side of (3), with
the kernel

K(x,y) = (x+ary) " (x+ opy) 2, (14)

where oy, 00 >0, 1 < % <2 and 51+ s > 0.

Before we state and prove the main result, we need to define some weighted func-
tions.

We define F : (0,) — R by

=

F(x) =

- vy d 15
I Grany ey (>
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where a;,00 >0, 1 3 < a' <2,s1+s>0and A; € (%,%)
We also define G.(O, o) +— R by

1
oo xPAL 7
Gly) = l /O T e G e dx] : (16)

where a1,00 >0, 3 < g <2, s1+s5>0and A; € <1‘1j—‘2,1§>

Clearly, by using Lemma 1 we can compute the integrals in definitions of weighted
functions F' and G. So, we easily obtain the following result:

LEMMA 2. Suppose oq,00 > 0, % < al <2 and sy + sy > 0. Further, let A

and Ay be real parameters such that A € (1 51 2, 7) and A; € (l_sql,_s2 ) %) If the
functions F and G are defined by (15) and (16) respectlvely, then

131 5o A
F(x) = k(F)-x 7™, a7
131 R A
G(y) =k(G)-y ) (18)
where
Ay—1 % 7 Sl,l—q/Az) 0 — 0
k(F) =« 7BY (1—g'A 'Ay — )F -
(F) 2 (1 —qAz,s1 +52+qAy—1)F4 ( S+ 52 o0 )

1-s1 1
o

1-s; B 1
k(G)=oy 7 A'az B (1—PA1,31+S2+PA1—1)F”<

S

$2,1—p'Ay ) o —ay
s1+852 [07) '

Now we are able to state and prove our main result. We suppose that all integrals
converges and shall omit these types of conditions.

THEOREM 1. Let parameters p, q, p', ¢, A be as in (1) and (2). Suppose
ap, o >0, % < g—; <2 and s1+sy > 0. If f and g are non-negative measurable
Sunctions on (0,00), then the following inequalities

e f(x)g(y)
/0 /0 (Xt a1y) 251 (x + 0y) dxdy

< K |:/ooxq’;(lslSZ)J"I’(AIAZ)fp(x)dx
0

® 4 (1-s)—s Ar—A
{/0 yr TR gay)ay | 19)

® @ (si+52—1)+' (A1 —As) /°° f(x) )ql v
P d d
[/0 ’ <0 (x+ 0uy)*s1 (x + opy)he T

1
g K |:/ x?(l_sl_s2)+p(Al_AZ)fp(x)dx] P (20)
0

P

Q= —_—

=
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hold for any A € (1_2,_”71%) and Ay € (l_sql,_sﬂé), where
DAy At B ’ ’ 5 ’ ’
K=o 2 (05 q I’,B‘/(l—qu,Sl-i-SQ-i-qu—l)Bl’,(l—pAl,Sl-i-Sz-i-pAl—l)
Fi Sl,l—q/Az) Olz—Oll)Fp', 52,1—P/A1) 052—051). 21
S1+52 (07) s1+ 52 %)

Moreover, inequalities (19) and (20) are equivalent.

Proof. The left-hand side of (19) can be written as

= e f(0)g(y) /“’/"" 1 i -2
dxdy = L9 (x, )17 (x,y)I x,y)dxd
Iy ety = 07 et s 7 (s vy

where

Fr—d (x)fP(x) xPA1
X+ apy)st(x+ opy)sz yd'Ax’

GV (glly) Y™
x+ogy)st(x+ opy)s2 xPAL’
Li(x,y) = xPAFP (x)y ™2 G (y) 7 (x) g% (y)

L(x,y) = (

IZ(x7y) = (

and the functions F' and G are defined by (15) and (16). Now, since the exponents
satisfy identity # + % +(1—A) =1, we can use Holder’s inequality with the exponents
p'. ¢ and 15 on the above transformation. So by using that inequality, Fubini’s
theorem and the definitions (15) and (16) of the functions F and G respectively, we
obtain the inequality:

= [ f(x)g(y)
/0 /0 ot a1 (x - cy o

<|[Femrrwrea] | [T

N emercarras) ([ marmg)| o

11 -1 i i
e A= 4 » the inequality (19)

14

Now, by using Lemma 2 and since % +1-A=
holds.

Let us show that the inequalities (19) and (20) are equivalent. Suppose that the
inequality (19) is valid. If we put the function g : (0,) — R, defined by

~ q—j(S1+52—1)+q’(A1—A2) /°c> f(x) )
= yP d
&) =y ( 0 (et o) (g

<R
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into the inequality (19), we obtain

o oo q
/ yq—/(SH-Sz 1)+4'(A1 A7) (/ )LJ:(X) - dx) dy
0 0 (x—+apy)*st(x+ opy)tse

_ /°° /°° f)EW)
o Jo (x+ O(ly)/lsl (x+ azy)/lsz

1
<K |:/°°x§,(l.\'1.\'2)+p(A1A2)fp(x)dx:| P
0

oo o q q
. / yq*/(51+sz 1)+4'(41-A2) (/ AJ:(X) - dx) dy|
0 0 (x4 ay)tst(x+ opy)rse

what gives inequality (20).
It remains to prove that the inequality (19) is a consequence of the inequality (20).
Then the left hand side of the inequality (19) can be transformed in the following way:

e [(x)g(y)
/() / (x4 o y)*s1 (x + opy)rs2 dxdy

oo 11— “l 2+ Ay—A, Al+32 1+A1 /oo f(x)
= 4 dx | dy.
/ s0) (y 0 (x+ony)*(x+ opy)he )Y

Now, by applying Holder’s inequality with conjugate exponents g and ¢’ on that trans-
formation, we have

= f(x)g(y)
/0/0 (x+oc1y)7”1(x+a2y)7LS2dXdy

1
< |:/wy;7]’(1x1.Y2)+‘1(A2Al)gq(y)dy] q
0

b
4 (s1452—1)+4' (A —A2) /°° f(x) )q !
. . dx) dy|
[/0 ’ <0 (x+ 0uy)A1 (x + o) 2 Y)Y

and the result follows from (20). Hence, we have showed that the inequalities (19) and
(20) are equivalent, what completes the proof. [

Clearly, if o = o in Theorem 1, then the hypergeometric part of the constant
K takes value 1 (see Remark 2) and the inequalities (19) and (20) reduces to some
previously known from the literature. Such results can be found in the papers [5, 6, 7]
for appropriate choices of the real parameters A; and A,. For example, by putting
=0 =1,s1=5= %, A=A, = % in Theorem 1, the constant K reduces to
/l

dxdy

(mcosec,™; )", so we obtain the inequality (3).

On tﬁe other hand, if oy =0 or ap = 0, then by using the relation (13), we can
obtain the inequalities involving the constant expressed only in terms of beta function.
Here, they are omitted.



652 MARIO KRNIC

It is very interesting to investigate under which assumptions holds the equality in
(19) and (20). The answer on that question is given in the following result:

THEOREM 2. The equality in (19) and (20) holds if and only if at least one of the
functions f or g is equal to zero.

Proof. The equality in (19) holds if and only if the functions I;(x,y), L(x,y) and

I(x,y), defined in proof of Theorem 1, are effectively proportional. Hence, there exist

non-negative real numbers A and B not both equal to zero, such that
i@ et G gt)

(rr oy (et oay) y 7 (xt any)t (o oy)e A

(22)

and ,
FP=9 (x)fP(x) xPAL
(x4 00y)"t (x + ogy)™  yi'2
Now, if we suppose that the functions f and g are not equal to zero, from the condition
(22), we have

= BxPYFP (x)y™2GI(y) P (x)g?(y).  (23)

PP (3) 2 () = Ay ORGP (1) (). (24)

Since the left-hand side of the previous equality is dependent only on the variable x,
while the right-hand side is dependent only on y, it follows that the both sides of the
equality (24) are constant. By applying that fact to the condition (23), we obtain that
there exist constant C such that

1

(.X+ Olly)sl (.X+ OCzy)“‘Z =CF1 (x)GP (y)

That is a contradiction, since on the right-hand side we have a function with a separated
variables. [

4. The best possible constants in the conjugate case

In this section we shall take an attention to the case of conjugate exponent, to
obtain the best possible constants in Theorem 1, for some general cases. As we know,
in the conjugate case holds p' =¢q, ¢ =p and A =1.

However, we shall deal with an appropriate forms of the inequalities obtained in
the previous section, in conjugate case. The main idea is to simplify the constant K
defined by (21), i.e. to obtain the constant without exponents. For that sake, it is natural
to consider the real parameters A| and A, satisfying

PAy +qA1 =2 — 51— 5. (25)

So, if the parameters A; and A, satisfy constraint (25) then the constant K becomes

1—s1

1 s
K=o 7 Mop™ 7 7 B(1 - pAs, 1 —gAy)

I Sl,l—PAz’Olz—Oll)F}] 52,1—qA1‘ 052—061).
S1+ 52 (073 S1+ 82 (0]
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Further, if we apply Pfaff’s reflection law (10) twice, i.e. Euler identity (11), the con-
stant K reduces to

(26)

1-pArj cp—a
K* = " 'B(1— pAs, 1 — gA))F (““’ P 2)72 1),

s1+ 952 (07

and we shall see that K* is the best possible constant. In that case inequalities (19) and

(20) become
= [ ACOI{R)
/0 /0 (x4 auy)*t (x+ oy)” b
< K* {/wquAllfp(x)dx] ’ [/myquzlgq()’)dY} ' @7
0 0
and

©  p1-p?A, < f(x) P
fyt </0 <x+a1y>-w<x+azy>-vzd") v

<K* / xPIATL P () dx (28)
0

In what follows, we shall see that the constant K* in (27) and (28) is the best possible
in the sense that one can’t replace that constant K* in inequalities (27) and (28) with
the smaller constant, so that inequalities are fulfilled for all non-negative measurable
functions on (0,0).

THEOREM 3. If conjugate parameters satisfy constraint (25), then the constant
K* is the best possible in both inequalities (27) and (28).

Proof. Let’s suppose that the constant factor K* given by (26) is not the best possible
in the inequality (27). Then, there exist a positive constant K; < K*, such that (27) is
still valid when we replace K* by Kj.

For this purpose, with 0 < € < 1, set f(x) =x"%1 in (¢, é), f(x) =0 elsewhere,
and g(y) =y P2 in (g,1), g(y) =0 elsewhere.

Now, we shall put these functions in the inequality (27) with the constant K.
Since the parameters A and A, satisfy (25) and by using substitution y = xt, the left-
hand side of the inequality (27) becomes

/ / X quy PA2 dnd / dx/u 1~ PA2
(x4 oqy)st (x+ opy)* r= e (L4 o)1 (14 o)

Further, the left-hand side of (27) can be written as

dx P
1= dt — R, — Ry,
/ / 1—|—O(1l ‘1 1—|—O(2l) ! 2
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where

R / dx/ t—PA2
1= (L4 ayt)st (14 opt)*2

dx t—pA2
/ / (L+agt)st (14 o)

Now, by using Lemma 1, straightforward computations shows that

d PA2
/ x/ L dt=21n 1)k,
(L4 agt)s1 (14 opt)*2 €

so, the left-hand side of (27) is

1
I=2In (E) K*—R; —R,. (29)

Since the function f(¢) = (14 oyt)~*1 (1 4+ opt) ~*2 is continuous on interval [0,e0) and
since f(0) =1, lim;_. f(¢) = 0, it follows that there exist the positive constant M
such that f(t) <M, t € [0,0). Hence,

1 €
gdx [x 1 — gs1ts2+tqA1—pAy 1 — g2(1-pAy)
R <M/ —/ P =M -M . 30
1 e X Jo (1—pAs)? (1— pAy)? (30)

On the other hand, since g(z) = (1 + a2)*1 (1 + apt)®2 = O(t*1752), there exist the
positive constant N such that

1 . y
Ydx e ' 1 — gs1ts2-qA1+pAs 1 — g2(1-gA1)
R <N/ —/ (TPATSIT g = N =N . (31
? e x JL (1—qA1)? (1—qA1)? Gb

Now, by using (29), (30) and (31) we have inequality

1 1 — g2(1—pAr) 1 — g2(1—q4y)
I>2In(- K" —M N . (32)
(8) (1-pAz)? (1—qA1)?

For above choice of functions f and g, the right-hand side of the inequality (27), with
the constant K, become 2In ( ) K;. So, by using (32) we have

1 — g2(1-pA2) Nl — g2(1-qAy)
(1 - pAs)? (1-qA1)?

and we obtain contradiction by letting € — 0. Hence, the constant factor in the inequal-
ity (27) is the best possible.

Finally, equivalence of the inequalities (27) and (28) means that the constant K*
is also the best possible in the inequality (28). That completes the proof. [

<2(Ky—K*)2In (é) , (33)
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5. Some examples

If we put A} = 1;,51 , Ay = 1;,52 , 51,52 > 0 in Theorem 1 we obtain:

COROLLARY 1. Let parameters p, q, p', ¢', A be as in (1) and (2). Suppose
ap,0p >0, % < % <2 and s1,50 > 0. If f and g are non-negative measurable func-
tions on (0,o0), then the following inequalities hold and are equivalent:

< f(x)s(y)
/0/0 (x+a1y)xsl(x+a2y))tdexdy

1 1
<L[ / x—’”“’“"lf”(x>dx]" [ / y‘“”+q‘1gq(y>dyr7 (34)

L
7

o , oo q q
/ yroad ( / ;L{(X) 7s dx) dy
0 0 (x—+apy)*st(x+ opy)tse

1

/wx“”’*plfp(x)dx] g , (35)

0

]
where the constant L is defined by

s (05 04]
L= A«SZBA, F}, 81,52 ’ b A 36
(0%} (s1,82) sit5| (36)

O

Further, if we put A; = 2_517” , Ay = 2_;1—,_52 in Theorem 1 we obtain the in-
equalities similar as those in Corollary 1, with the constant M instead L, defined by

S1+s
M= a[%(slﬂz)Bz s1 +52,51 +52 g (51 52— . 37)
2 2 s1+ 82 (073

REMARK 3. Both pairs of the parameters A; and A, defined in this section,
satisfy constraint p’A| + q’A; = 2 —s; — 53, which reduces to (25) in the conjugate
case. Hence, in the conjugate case, the constants L and M are the best possible.

REFERENCES

[1] M.ABRAMOWITZ, I.A.STEGUN, Handbook of mathematical function with formulae, graphs and
mathematical tables, National Bureau of Standards, Applied Math. Series 55, 4th printing, Wash-
ington, 1965.

[2] F.F. BONSALL, Inequalities with non-conjugate parameters, Quart. Journ. Math. Oxford, 2, 2 (1951),
135-150.

[3] R.L. GRAHAM, D.E. KNUTH, D. PATASHNIK, Concrete mathematics- A Foundation for Computer
Science, Addison-Wesley Publishing Company, 1989.

[4] G.H.HARDY, J.E. LITTLEWOOD AND G. POLYA, Inequalities, Cambridge Univ. Press, Cambridge,
1952.

[5] M. KRNIC, J. PECARIC, Hilbert’s inequalities and their reverses, Publ. Math. Debrecen, 67, 34
(2005), 315-331.



656 MARIO KRNIC

[6] M. KRNIC, J. PECARIC, General Hilbert’s and Hardy’s inequalities, Math. Inequal. Appl., 8, 1
(2005), 29-52.

[7]1 M. KRNIC, J. PECARIC, Extension of Hilbert’s Inequality, J. Math. Anal. Appl., 324 (2006), 150-160.

[8]1 V. LEVIN, On the Two Parameter Extension and Analogue of Hilbert’s Inequality, J. London Math.
Soc., 11 (1936), 119-124.

[9] D.S. MITRINOVIC, J.E. PECARIC AND A.M. FINK, Classical and new inequalities in analysis,
Kluwer Academic Publishers, Dordrecht/Boston/London, 1993.

[10] B. YANG, On Hilberts integral inequality, J. Math. Anal. Appl., 220 (1998), 778-785.

(Received November 5, 2008) Mario Krni¢
Faculty of Electrical Engineering and Computing

University of Zagreb

Unska 3

Zagreb

Croatia

e-mail: mario.krnic@fer.hr

Journal of Mathematical Inequalities
www.ele-math.com

jmi@ele-math.com



