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ON EQUIVALENCE BETWEEN CONVERGENCE
OF ISHIKAWA—MANN AND NOOR ITERATIONS

LI-PING YANG AND XIANGSHENG XIE

(Communicated by M. A. Noor)

Abstract. In this paper, we prove the equivalence of convergence between the Mann—Ishikawa—
Noor and multistep iterations for ®— strongly pseudocontractive and ®— strongly accretive type
operators in an arbitrary Banach spaces. Results proved in this paper represent an extension and
refinement of the previously known results in this area.

1. Introduction

Let E denote an arbitrary real Banach space and E* denote the dual space of E.
The duality map J : E — 2" is defined by

Joi={ur € E*: (vu) = ||| ||| = 2]},

where (-,-) denotes the generalized duality pairing between elements of E and E*.
First of all, we recall and define the concepts as follows:

DEFINITION 1.1. ([1]) Let K be a nonempty subset of E and let 7 : K — K be
an operator.

1) T is said to be strongly accretive if, for all x,y € K, there exists j(x —y) €
J(x—y) such that

(Tx—Ty, j(x—y)) > k|x— | (1.1)

where k > 0 is a constant. Without loss of generality, we can assume that k € (0,1). If
k=0 1n (1.1) the T is said to be accretive operator.

2) T is said to be ®— strongly accretive if for all x,y € K, there exist j(x —y) €
J(x—y) and a strictly increasing function @ : [0,00) — [0,00) with ®(0) = 0 such that

(Tx—Ty, j(x—y)) = ([lx—ylDllx =yl (1.2)
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If I denotes the identity operator, it follows from inequalities (1.1) to (1.2) that
T is pseudocontractive (respectively, strongly pseudocontractive, ®— strongly pseu-
docontractive) if and only if (I —7T) is an accretive (respectively, strongly accretive,
®—strongly accretive). It is shown in [2] that the class of single-valued strongly pseu-
docontractive operators is a proper subclass of the class of single-valued ®— strongly
pseudocontractive operators. The classes of single-valued operators have been studied
by various authors (see, for example [2, 3, 4, 5, 6, 7, 8]).

Now, we state concepts and lemmas which will be needed in the sequel.

(1) The following iteration (see [9] ):

X1 = (1= @ty — A% + 0, Ty 4+ 1,E,, (13)
yW=0-B'—chxy + B Tx,+cinl, n=0,1,2,..., ’

is called the Ishikawa iteration sequence with errors, where {a;, },{B}}, {A.}, {cl} are
real sequences in [0,1] and {&,},{n,.} are sequences in K satisfying appropriate con-
ditions.

(2) In particular, if B! = ¢} =0 for n > 0 in (1.3) the sequence {x,} defined by

Xnr1 = (1= 0y — Ap)xy + 4 Txn+ An&y, n=0,1,2,..., (1.4)

is called the Mann iteration with errors (see [10]).
(3) In [11], Noor introduced the three-step procedure (Noor procedure). Now, we
define the three step iterative sequence with errors as follows:

Xn+1l = (1 — Oy _)Ln)xn + OCnTy,l, +An€n7
yn= (1= B —cp)xa+ By Tyn +cmy, (1.5)
y%z(I—B,%—c%)xn+ﬁ3Txn+cﬁn37 n=0,1,2,...,

where {a, }, {An},{Bi},{c} arereal sequencesin [0,1] and {&,},{n.} are sequences
in K satisfying appropriate conditions for i = 1,2.

(4) In year 2004, Rhoades and Soltuz in [13] introduced the multi-step procedure.
We generalize this to the multi-step iterative process with errors as follows:

Xp4+1 = (1 — Oy _A'n)xn + OCnTyrll"f')Lném
yi=(1—Bi—c)x, + BTy +cini, i=1,....p—2, (1.6)
W= =B = D+ B Tl n=0,1,2,.,

where p > 2 is fixed order, {04}, {4}, {B}},{c!} are sequencesin [0,1] and {&,},{n}}
are sequences in K fori=1,2,....,p—1.

(5) In 2006, Huang et al. in [14] introduced the multi-step iterations with errors as
follows:

Xp+1 = (1 — an)xn +Ty}l+§n7
V= (1= B+ BTV 4, i=1.2,0,p—2, (1.7)
ygilz(l_ rfﬁl)xn'f'ﬁrfilTxn'f'an:ilap)za n=0,1,2,---,
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It is clear that if K is a nonempty convex subset of K and {&}, {n.} C K such
that 37 [|€,]| < o0, lim, e[| n,}|| = O, then the multi-step iterations with errors in the
sense of [14] need not be well defined, i.e., {x,} may fail to be in K. More precisely,
the conditions imposed on the error terms are not compatible with the randomness
of the occurrence of errors. Unlike iteration methods with errors (1.7) of [14], our
iteration method with random errors (1.6) is always well defined, that is {x,} is always
in K. We would like to emphasize that the multi-step iterations can be viewed as the
predictor—corrector methods for solving the nonlinear equations in Banach spaces. For
the convergence analysis of the predictor—corrector and multi-step iterative methods
for solving the variational inequalities and optimization problems, see Noor [23] and
the references therein.

Taking p = 3 in (1.6), we obtain that the three-step iteration with errors (1.5).
Taking p =2 in (1.6), we obtain the Ishikawa iteration with errors (1.3). Thus, our
iteration scheme (1.6) generalizes the Mann, Ishikawa and three-step iteration schemes
with errors. It is worth mentioning that other important iteration schemes introduced re-
cently by Das and Debata [21] and Kim et al. [22] are all special cases of our iteration
scheme. Iterative methods for approximating fixed points of strongly (®— strongly)
accretive operator have been studied by some authors (see, e.g., [2, 5, 6, 7, 24, 1]),
using the Mann iteration process or the Ishikawa iteration process. Then we have a
question: are there any differences of the convergence between these two kinds of se-
quences? Can we prove the equivalence of the convergence between these two kinds
of sequences? B.E. Rhoades and S.M. Soltuz in [13] show that the convergence of
the Mann, Ishikawa iterations are equivalent to the multi-step iteration for strongly
pseudocontractive operator and strongly accretive operator in uniformly convex Ba-
nach space. Z. Huang et al in [14] shows the equivalence of the convergence between
the modified Mann-Ishikawa and multi-step Noor iterations with errors for the succes-
sively strongly pseudo-contractive operators and the strongly pseudo-contractive op-
erators in uniformly smooth Banach spaces. Recently, the study of equivalence for
Mann and Ishikawa iterations has been investigated extensively by many authors (see,
e.g., [16, 17, 18, 19, 20, 15] and the references therein). Motivated and inspired by
the results of [13] and [14], we prove in this paper that the convergence of the Mann,
Ishikawa iterations with errors are equivalent to the multi-step iteration with errors for
®—strongly pseudocontractive type operator and ®— strongly accretive type operator
in an arbitrary Banach space. Moreover, we will modify some gaps in [15]. Indeed, we
discovered that there are some gaps in the proof of [15, Theorem 2.1] (see Page 1265).
In [15], the author used by, 1; < € forall i > 1 to deduce b, — 0 (n — oo). But it is
known that this is not always true. For example,

{b,} ={1,0,2,0,0,3,0,0,0,4,0,0,0,0,5,0,0,0,0,0,6,0,0,...}. (%)

If we take the second term, the fourth term, the seventh term, the eleventh term, the
sixteenth term, ..., we obtain that the subsequence {b,,} = {0}. Obviously, b,, —
0 (j — o). Forall i € N (a positive integer set), apart from by, ; # 0, the other
terms are zero, that is, by, 41 = by;42 = ++ = by, 4i-1 = bp;yi+1 = -+ = 0. Therefore,
byj+i — 0 (nj — o). But lim, .. b, # 0. In fact, the sequence {b,} defined by (*) is
divergent.
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In the sequel, we shall need the following results.

LEMMA 1.2. ([8]) Let {an}, {bn} and {cn} be sequences of nonnegative real
numbers satisfying the following relation:

anp1 < (1 —tp)an+by+cp, n>1,
where {t,} C [0,1] and X;,_; t, = o=. Suppose
(a) by=0(t),
(b) Zp_icn <eo.
Then {ay,} is bounded.

The next lemma plays a crucial role for proving the main theorem.

LEMMA 1.3. Let {an}, {pn}, {Mn}, {cn} be four sequences of non-negative real
numbers such that

dayy < dy — Pu@(@nr1) + Pubhn + Cn, (1.8)

where ¢ : [0,00) — [0,00) is a non-decreasing real function such that ¢(t) =0 if and
only if t = 0. Suppose that (i) X, _qpPn =o0; (ii) liMp—ee hy = 0; (iii) Yo g < 0.
Then lim,,_.a, = 0.

Proof. First we show that

liminfa, = 6 =0.

n—oo

Suppose, to the contrary that § > 0 or § = +eo, for arbitrary r € (0,0), there exists
some positive integer ng such that a, > r > 0 for all n > ng. Since ¢(¢) is non-
decreasing, then ¢(a,+1) = ¢(r) > 0 forall n > ng. As lim,_.. U, = 0, there exists a
positive integer nj > ng such that

for all n > ny. Thus, from (1.8) and using the fact that ¢(¢) is non-decreasing, for all
n > np, we have

1
a;%+l < a;% - Pn‘P(”) + Epn¢(r) +cn,
or rewritten,

1
E(P(r)Pn <al —a3+1 +Cn.
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Hence, for any n > ny,
1 n 2 2 n 2 n
5900 X pj<ay —a+ Y ¢j<ay+ ¥ o).
Jj=ni Jj=ni Jj=ni
This implies
o(r) Z pj <2a,%1+ Z Cj,
Jj=ni Jj=ni

which is contradiction with (7). Then § =0, i.e., liminf,_.a, = 0. Now we show
that limsup,_,.,a, = 0. Indeed, for arbitrary € > 0, From conditions (ii), (iii) there
exists a positive integer n, such that

< 9(2), i Cn < € (1.9)

n=np

for all n > ny. Since liminf,_..a, = 0, there exists a positive integer N such that
ay < € for all n > N. Next we shall prove

k—1
ap<e*+ Y cu, Vk=N. (1.10)
n=N

The proof of this is by mathematical induction. Clearly, (1.10) holds for k= N. Assume
now it holds for n > N. We prove that a,% 1 S e+ Z’;ZN ¢y . Suppose this not the case.

Then a, | > &>+ ¥k_y cy. This implies that a7, | > €2, and a1 > €. Since ¢(r) is
non-decreasing and € > 0, then ¢ (a1 1) = ¢(¢€). It follows from (1.8) and (1.9) that

apyy < ap— P (ar1) + pr + cx < ai — prd(€) + prd(€) + cx

k
za,%+ck<82—|— 2 Cn,
n=N

a contradiction. Hence (1.10) holds. Therefore, it follows from (1.9) and (1.10) that

limsupay < (/€2 + Y, en < V2,
k—oo n=N

then limsup,,_,..a, =0, So lim,_...a, = 0. This completes the proof. [

LEMMA 1.4. (see[24, Lemma2.3]) Let E be a real Banach spaceand T : E — E
be a continuous ®— strongly accretive operator. Then the equation Tx = f has a
unique solution for any f € E.
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2. Main results

Let S, T:E —E, f € E be given. Itis well known that T is a ®— strongly accre-
tive type operator if and only if (I —T) is ®— strongly pseudocontractive. Moreover,
x* is the solution of the equation Tx = f if and only if x* is the fixed point for the
operator Sx= f+ (I—T)x.

Replacing T by f+ (I—T) in (1.4), (1.6), we obtain the following ordinary Mann
and multi-step iteration with errors, respectively:

upr1 = (1 — o — Ay + 04 (f +up — Tuy) + Apwy, n=0,1,.. ., 2.1

Xpr1 = (1 -0 _ln)xn"‘O‘n(f‘f'yrll_Ty;lz)‘f')Lném
o= (L= Bi— i+ Bl 3 T ) i i=Lop=2,  22)
Vo = (=B = Y+ B (A xn—Tx)) + b bt n=0,1,2,...

THEOREM 2.1. Let K be a nonempty closed convex subset of an arbitrary real
Banach space and T : K — K be a uniformly continuous ®— strongly accretive op-
erator. Let {0y}, {An}, {BL} and {c\} be sequences in [0,1] for i=1,2,....p—1
satisfying the following conditions:

(@) oy +2A,€[0,1] and Bi+cl €[0,1],n>1,i=1,2,p—1;
(b) 1im,_c. 0ty = 0, lim, ... B! =0 and lim,_...c! =0;

(c) O<o,<l,n=>1;

(d) limy o ZE = 0;

(€) X (O + Ay) = oo.

Assume that the sequences {Tuy}, {Ty}} or {(I—T)u,}, {(I—T)yn} are boundedfor
j = 1,2. For error term sequences {w,}, {E,}, {n}} boundedin K. If up = xo € K,
then the following are equivalent:

(i) the Mann iterative sequence with errors (2.1) converges strongly to the solution
of the equation Tx = f for any given f € K.

(i) the multi-step iterative sequence with errors (2.2) converges strongly to the
solution of the equation Tx = f forany given f € K.

Proof. 1t follows from Lemma 1.4 that the equation Tx = f has a unique solution
q € K. Define S: K — K by Sx= f+ (I —T)x for all x € K, we know that S is
uniformly continuous and ¢ is a unique fixed point of S. And (2.1), (2.2) become
respectively,

upr1 = (1 — oy — Ay + 0 Sy + Ay, n=0,1,..., (2.3)
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Xp+1 = (1 — Oy — )Ln)xn + O‘nSlel + A&,
Vo= (U= B+ ISV e, i= 1, p 2, 4
yilkl =(1— r{)—l - Cpil)xn +B£71S)Cn +C5717’Ir1371» n=0,1,2,...

If the multi-step iterative sequence with errors (2.4) converges strongly to a point
x*, analogy to [12], we can prove that x* is a fixed point. Setting Bi =0 (i =
1,2,...,p—1) in (2.4), we get the convergence of the Mann iteration with errors. Con-
versely, we will prove that the convergence of the Mann iteration with errors implies the
convergence of multi-step iteration with errors. Since T is ®-strongly accretive type
operator, operator S is ®-strongly pseudocontractive type and for all x,y € K, there
exists j(x—y) € J(x—y) such that

(Tx—Ty,j(x—y)) = @(|lx =yl [lx—yll,
which implies that
O(flx—yl) < I Tx =Ty

Then, for all x,y € K, we have

1S3 = Sy[| < [lx =yl + 1T = Tyl SO (ITx = Ty|) +[[Tx = Ty|| (2.5
and

152 = Sy[| < [lx = Tx[| + [ly = Ty|l. (2.6)

Since the sequences {Tu,}, {Tyi} or {(I—T)u,}, {(I— T)y,ﬁ} are bounded for j =
1,2, (2.5) and (2.6), we have that the sequences {Su,},{Sy},,i = 1,2} are bounded.

Since {w,}, {&}, {n}} are bounded in K, then for g € F(S), the set of fixed points
of S, we can find a constant D’ such that

D' = maX{sup{llSun —q||},sup{||Sy}, —ql| : i = 1,2}, sup{||w. —ql|},
neN neN neN
sup{||&: —q||}, sup{||n, —q}} + [lxo — 4l
neN neN

then D/ < . It follows from (2.4) that

(1= 8)llxn — all + ol Sy, — all + Aall 0w — 4|
(1= 84)|lxa — qll + 8uD",

X1 — 4l

NN

where 8, = &, + A,. Since Y, 8, = o, Lemma 1.2 guarantees that {||x,+1 —q||}
is bounded. As aresult, {x,.} is bounded. Similarity, we can prove the sequences
{y}}, {u,} are bounded. So we can find D" such that

Pen1 —gll D", Iy —all <D, |lun—gl| < D",
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forall n. Let D = max{D’,D"}. 1t follows from (2.3) and (2.4) that

Up+1 = (1 - 6}1)“}1 + 5nSlfln +An(wn - Sun),
X1 = (1= 0p)xn + 5nSy,£ + A (& — Sy,i).

Thus, we have

%01 — un+1H2 < (1= 80)[Jxn — | - [1xn+1 — 1 |
+8(SYy = Sty J (X1 = n+1))
(G = Syp) = (@0 = Sttn), j(ns1 = 1))
= (1= 6) l[xn — | - [ltns1 — g1 |
SXpi1 = Sttpt1, J(Xny1 — Uns1))
Sy — Sty = (Sxn 1 = Sttn11), j(Xn 1 — tnt1))
+An((&n _Sy}11) — (@ — Sup), j(Xnt1 — tnr1))
< (1= 8u)llxn — tnl| - [[Xn1 — tn1 |
A8 [0 1 — i1 12 = D xn g1 — g1 ) 16011 — 1]
+(81On + MAy) || X011 — 41|
< (=)0 — tnl| - [[Xn1 — tn1 |
+0n [||xn+1 — 1 [|* = @1 X1 — et ) 6n g1 — un+l||]
+0ugn || Xn+1 — tni1 ], (2.7)

+0n(
+0n(

where 6, = HSlel — Sty — (Sxp11 — Stp1)||, M= || (& _Sy}11) — (0 = Sup)[| <0, gn =

6, + A’?" . Notice

< 8| Sun — un | + Anl| 0n — St

< 2D(8y + M),

< SnHSlez_an +AnH€n_Slez“
+8,[1Sy7 = xall +callmy — Syl

< 2D(8y + An) +2D(8) +cb),

llttn 1 — tn]|

1 = Y

where 3! = B!+ c}. This implies that lim, .||t +1 — us | = 0, limy e ||x0 1 — ¥} || =
0 since lim, e A, = 0, lim,;, .o 8, = 0, lim,, ... 5! =0, lim, .ccc} = 0. Since S is
uniformly continuous, we have

O < |81 — Sypll + [|Sttns 1 — S| — 0, (n — o).
Note that lim,_,c g—’"l =0, we have g, — 0 as n — . Notice that

1
(1= )l =l 1 = et} < 5 (1= 80—l + I = 12

1
Hxn+l - un-&-lH < 5(1 + ||xn+1 - un+1||2)'
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If we set a, = ||x, — uy|| , it follows from (2.7) that we have
[1 = 8u(2+ gn)lag) < (1= 82)°a; = 28,®(ans1)ans1 + S 28)

Owing to limy,—e[1 — 8,(24 gn)] = 1 > 0, then there exists a positive integer Ny such
that 1 — 8,(2+ ¢n) > 0 for n > Ny. Without loss of generality, let 1 —§,(2+¢,) >0
forall n > 0. Thus, for all n > 0, it follows from (2.8) that we have

) (1-6)* 26,

a < P 6n¢]n
S 18,24 " 1—8,244.)

1-6,2+qn)

D(any1)ans1+ (2.9
Since limy—of[l = 6,2+ ¢qn)] =1 > %, there exists a positive integer N; such that
1> [1—8,(2+4,)] > 5 forall n > N;. Notice that a, < |[x, — g|| + [lun — q|| < 2D.
Thus, it follows from (2.9) that

a3+1 < a% — 26, P(ans1)ans 1+ 04(0n +2qn + 8D2Qn)» Vn = Nj. (2.10)

Taking

Pn =280, ¢(1) = P()1, pn = %(Sn +2¢,+8Dqy),
then (2.10) becomes
azyy <at—pad(@ur1) +patn, Y= Ny
This with Lemma 1.3 we get a, — 0 as n — oo, that is,
Tim [, — ]| = 0. (2.11)
Suppose that lim,_. u#, = g. The inequality
0 < [lxa — gl < [0 — unl| + [|un — q|

and (2.11) imply that lim,_..x, = g. This completes the proof. [

REMARK 2.2. Theorem 2.1 extends, improves theorem 2.1 of [13] and theorem 2
of [14] in some aspects.

(1). Abolish the condition that E* is uniformly convex of [13] and E is uniformly
smooth of [14].

(2). The hypotheses conditions that a bounded subset K of E in [13], [14] is re-
placed by the more general conditions {(I —T)u, }, {(I—T)y,}2_, or {Tu,}, {Ty:}2,
are bounded.

(3). The strongly pseudocontractive operator in [13] and [14] is replaced by the
®— strongly pseudocontractive operator.

(4). The assumption that {@,}, {£,} be summable and lim, ...|[n}|| = 0 are
replaced by the assumption that {®,}, {&,}, {n!} be bounded in K in [14].

(5). The domain of T need not be the whole of E.

(6). The iterative sequences in [13], [14] are replaced by the iterative sequence
with random errors which appear to be more satisfactory in this paper.
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Replacing T by f+ (I —T) in (1.3), (1.5), we obtain the following ordinary
Ishikawa and three-step iterations, respectively:

wil = (1= 0 — Ap)xn + 0 (f 4+ ) — Tyl + 4,.E,,
{xﬂ ( )x (f +yn—Tyy) + Aaé o

yrll :(1_Bnl_crlz)x"+Brzl(f+xn_Tx”)—i_crllnr}? l’l:O,l,Z,...

Xn+l1 = (1 — Oy _Afn)xn‘f'an(f‘i‘yrlz_ Tyrlz) + A&,
yh=(0=B—chxa+Br(f+y2—Ty2) +cin), (2.13)
vi=(1=B2—cH)xn+B2(f+xn—Txy)+cin?, n=0,1,2, -

Taking p = 2,3 in (2.2), respectively, Theorem 2.1 leads to the following result.

COROLLARY 2.3. Let K be a nonempty closed convex subset of an arbitrary real
Banach space and T : K — K be a uniformly continuous ®— strongly accretive op-
erator. Let {0y}, {An}, {BL} and {c.} be sequences in [0,1] for i=1,2,....p—1
satisfying the following conditions:

(@) Qy+A,€[0,1] and Bi+c, €[0,1),n>1,i=1,2,p—1;
(b) lim, . 0, =0, lim, .. B! =0 and lim,_...c} =0;

(c) O<o,<1l,n>1;

(d) Timy e 520 = 0;
(e) 3 (Cy+Ay) = oo.

Assume that the sequences {Tuy}, {Tyn} or {(I—T)u,}, {(I—T)y»} are bounded for
j=1,2. For error term sequences {w,}, {&,}, {n}} boundedin K. If up =xo € K,
then the following are equivalent:

(i) the Mann iterative sequence (2.1)converges strongly to the solution of the
equation Tx = f for any given f € K;

(ii) the Ishikawa iterative sequence (2.12) converges strongly to the solution of
the equation Tx = f for any given f € K;

(iii) the three-step iterative sequence (2.13) converges strongly to the solution of
the equation Tx = f for any given f € K;

(iv) the multi-step iterative sequence (2.2) converges strongly to the solution of
the equation Tx = f for any given f € K.

Ifweput S=1+T and T : K — K be a uniformly continuous ®— strongly accre-
tive operator. It is easy to prove that S is a uniformly continuous ®— strongly accretive
operator. For all x € K, we have f —Tx= f — (S —1I)x = f +x — Sx. Thus, the Mann
iterative sequence with errors (2.1) becomes

tpar = (1= 0y — A)ttn + 0 (f — Ttty) + Anp,n=0,1,.... (2.14)
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The Ishikawa iterative sequence with errors (2.12) becomes

a1 = (1 — n_ln n 1 Op _Tyll +/1n s
{xﬂ (I-o )Xn + 0 (f = Ty,) + An& 215

y}L:(1_ﬁnl_C}L)xn+B}’}(f_Tx")+crlznr}7 l’l:O,l,Z,....
The three-step iterative sequence with errors (2.13) becomes

Xp+1 = (1 — Oy _ln)xn + an(f_ Tyrlz) + An&n,
yh=(1=Bl—chxu+ B (f—Ty2) + ey, (2.16)
V2= (1=B%—c2)x,+B>(f —Tx,)+c2, n=0,1,2,....
The multi-step iterative sequence with errors (2.2) becomes
X+l = (1 — Oy _Afn)xn + an(f_ Tyrlz) + An&n,
Vo= =By —ci)xn+By(f =Ty, ) +eimy, i=1...,p=2, (2.17)
yﬁ_l =(1- ,f’_l—cﬁ_l)xn+ﬁf_1(f—Txn)+cﬁ_ln,f_l7 n=0,1,2,....

It follows from Corollary 2.3 that we have

COROLLARY 2.4. Let K be a nonempty closed convex subset of an arbitrary real
Banach space and T : K — K be a uniformly continuous ®— strongly accretive op-
erator. Let {0y}, {An}, {BL} and {c} be sequences in [0,1] for i=1,2,....p—1
satisfying the following conditions:

(@) o+A,€[0,1] and Bi+cl €[0,1],n>1,i=1,2,p—1;
(b) 1im,_c. 0ty = 0, lim, ... B! =0 and lim,_...cl =0;

(c) O<ou,<l,n>1;

(d) Timy e 52 = 0;

(e) E;O:l(an + /’{n) = .

Assume that {u,+Tuy}, {y,+Ty,}2, orthe sequences {Tu,}, {Ty,}?_| are bounded
and ug = xo € K, then the following are equivalent:

(i) the Mann iterative sequence with errors (2.14) converges strongly to the solu-
tion of the equation x+ Tx = f for any given f € K.

(ii) the Ishikawa iterative sequence with errors (2.15) converges strongly to the
solution of the equation x4+ Tx = f for any given f € K.

(iii) the three-step iterative sequence with errors (2.16) converges strongly to the
solution of the equation x+ Tx = f for any given f € K.

(iv) the multi-step iterative sequence with errors (2.17) converges strongly to the
solution of the equation x+Tx = f for any given f € K.
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Let S=7—T and f =0. Suppose that T is a uniformly continuous ®— strongly
pseudocontractive operator, then S is a uniformly continuous ®—strongly accretive
type operator. It follows from Lemma 1.4 that equation Sx = 0 has a unique solution
q € K if and only if operator T has a unique fixed point ¢ € K. On the other hand, for
all x € K, we have Tx = f+ (I — S)x = (I — S)x. Thus, the Mann iterative sequence
with errors (2.1) becomes

upr1 = (1 — o — Ay + 0 Ty + A,0,,n =0,1,. ... (2.18)

The Ishikawa iterative sequence with errors (2.12) becomes

Xn41= (1 — Oy — )Ln)xn + O(,,Ty,l, +A’n§na
(2.19)

yrll :(l_ﬁnl_crll)xn"_BnITxn—’_crln n=0,1,2,....
The multi-step iterative sequence with errors (2.2) becomes
Xp+1= (1 — Oy — )Ln)xn + O(,,Ty,l, +A’n§na
Yo = =Bi—c)xm+ BT +any, i=1,...,p-2, (2.20)

W= (=B = B T+l n=0,1,2,.

It follows from Theorem 2.1 that we get the following result.

COROLLARY 2.5. Let K be a nonempty closed convex subset of an arbitrary
real Banach space and T : K — K be a uniformly continuous ®— strongly pseudo-
contractive operator. Let {0}, {An}, {Bi} and {ci} be sequences in [0,1] for
i=1,2,...,p— 1 satisfying the following conditions:

(@) Qp+A,€[0,1] and Bi+c,€[0,1),n>1,i=1,2,p—1;
(b) 1im,_c0 04y = 0, lim,, ... B! = 0 and lim,,_.cl =0;
(c) O<o,<l,n=>1;

(d) Timy e 522 = 0;

(e) E;O:l(an + )Ln) = .

Assume that the sequences {Tu,}, {Ty}} or {(I—T)u,}, {(I—T)y}} are bounded for
j=1,2. For error term sequences {w,}, {&,}, {n}} boundedin K. If up =xo € K,
then the following are equivalent:
(i) the Mann iterative sequence (2.18) converges strongly to the fixed point of T .
(ii) the Ishikawa iterative sequence (2.19) converges strongly to the fixed point of
T.

(iii) the multi-step iterative sequence (2.20) converges strongly to the fixed point
of T.
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REMARK 2.6. The iteration parameters {o;, }, {4}, {Bi},{ni} (i=1,---,p—1)

in Theorem 2.1 and Corollary 2.3-2.5 do not depend on any geometric structure of the
Banach space E or on any property of the operator T .
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