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Abstract. In this paper, we not only give some time scale extensions of the results given in [J.
Math. Anal. Appl. 126 (1987) 85-89] by Pachpatte, but also obtain some new results involving
higher-order delta-derivatives by means of the generalized Taylor’s formula on arbitrary time
scales. We also apply the useful Muirhead’s inequality to obtain interesting new results. Most of
our results are new in particular time scales.

1. Introduction
In [10], Opial proved the following inequality:

b b
[ir@r@ae <2 [ 17k,

forany f € C([a,b]r,R) satisfying f(a) = f(b) =0.

After the publication of Opial’s work [10] in 1960, a large number of papers have
been published in the literature which deal with alternative proofs of various general-
izations and their discrete analogues (see [1, 2]). Most of these results are very nicely
illustrated in the book [2] by Agarwal and Pang which is devoted solely to continuous
and discrete versions of Opial’s inequalities.

In [4] Bohner and Kaymakgalan initiated the time scales unification of a contin-
uos and a discrete analogues of a version of Opial’s inequality and illustrated some
applications of it to dynamic equations on time scales.

One of the most interesting generalizations of Opial’s inequality is given by Patch-
patte in [8], where the author extends the inequality to the multi-dimensional case in-
volving gradient of a function instead of its first-order derivative. Our main aim in
this paper is to generalize and extend these results to arbitrary time scales by using
higher-order delta-derivatives in inequalities. To handle such a situation, the general-
ized Taylor’s formula on time scales will be efficiently used. Thus we will be able
to express a function by means of the generalized polynomials on time scales and its
higher-order delta-derivatives.

In this paper, we will frequently use the following result, which can be found in
[1, pp. 338].
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A USEFUL INEQUALITY. Let k > 2 be an integer and x; > 0 be reals for all

i € [1,k|N, then
AN 1 fo<a<l) <
) X ~N (04
> i \{W17#a>1 }2&. (1)

N

i=1
Now, we state Muirhead’s inequality, which enables us to obtain new interesting
results (see [5, Sections 2.18 and 2.19]).

MUIRHEAD’S INEQUALITY. Let S* be the symmetry group of the set [1,k]x,
where k€N, and A:=(0y,...,04), B:= (B1,...,Br) be two vectors with nonnegative
and nonincreasing entries (i.e., oj > i1 =0 and B; > Bj11 >0 forall j € [1,k)y)
and Y, 0; =Y Bi forall j € [1,k)y and 3X_| oy = 3% | Bi. Then it is said that A
majorizes B (we prefer the notation A> B ), and the following inequality is true:

k k
Qi i
> Il > X [,
neski=1 neski=1
where T; denotes the i-th component of the permutation 7, and x; > 0 holds for all
i€ [1,kN.

One can easily see that Muirhead’s inequality reduces to the well-known inequality
between arithmetic and geometric means for (2,0)>(1,1).

2. Preliminaries on time scales

Here, we quote some definitions and results from [3], which will be applied in our
proofs.

DEFINITION 2.1. A time scale T is a nonempty closed subset of R.

DEFINITION 2.2. On an arbitrary time scale T, the forward jump operator o :
T — T is defined by o(¢) :=inf(¢,o0) for t € T, the backward jump operator p : T —
T is defined by p(t) := sup(—o,t)7 for 1 € T, and the graininess function p: T — R
is defined by u(t) := o(r) —t for r € T. Here it is assumed that inf@ := supT and
sup@ :=infT.

DEFINITION 2.3. A function f: T — R is called rd-continuous provided that it is
continuous at right-dense points of T and its left-sided limits exists (finite) at left-dense
points of T. The set of rd-continuous functions is denoted by C,q(T,R), and C} (T, R)
denotes the set of functions whose delta-derivative belongs to Ci4(T,R). Similarly, the
set Cy(T,R) can be defined.

Now, we give the definition of the generalized Taylor Monomials as follows:

k=0

17
e, ) := /hk,l(g,s)Ag, keN
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forall s,z € T.
The following result can be obtained from [6, Theorem 3.3].

r—1
TAYLOR’S FORMULA. Let r € N and f € Ciy(T,R), then for s € T ~, we have

r—1 . !
16) = S el )+ [ b (6,0 (6)A8
i=0 s

forall t €T.
Also, we need the following integral inequality (see [3, Theorem 6.13]).

HOLDER’S INEQUALITY. Let a,b € T. For f,g € Cia(T,R), we have

: ) b !
/ ;f<5>g<5>|A5<< / If(é)l”Aé> ( / lg(é)lqM) ,

a

where p>1and 1/p+1/qg=1.

3. Main results

From now on, we make use of the following notations and definitions. Let n € N
satisfy n > 2, T; be a time scale for all i € [1,n]y, and a;,b; € T; satisfy —oo < a; <
b;<eoforall i € [l,l’l]N. Set Q,, .= [al,blh‘l Xoeee X [an,bnh‘n ,andfor f € Crd(Qn,R)
(f belongs to Cyq([a;, bilt;,R) for each i € [1,n]y) denote

/f(é)Aé=7---7f(€17...,5n)A§1---Aén, grad;f(t):(arf(t) arf(t))
Q, ap a

T
Af]
1
2\ 2
) )

THEOREM 3.1. Let p and q be real constants suchthat p>1 and g> 1, and f €
CL(Qu,R) (f belongs to CY([ai,bi]r,,R) for each i € [1,n]y) vanish on the boundary
0Q,, of Q. Then, the following inequality holds

n

and

ar
yf(l)

1

i=1

|eradl £(1)]| := (2

where t = (11,1,...,ty) € Q, and r € N.

[ llerads@)||"*a¢.

_4q_
P+
n plote) | P
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Qp

(150 lemate)'08 < 7| -0
Q

i=1
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Proof. Clearly, because of the boundary condition on f, for all # = (11,...,t,) €
Q, and all i € [1,n]y, we have

/_ A%-m;améi = f(s:1:) — f(:0) = f (1) )

and similarly

J
A—gif(tééi)Aéi =—f(), 4)

1
where f(;5;) := f(t1,...,ti—1,Si,tit1,-..,ty) forall i € [1,n]y. Therefore, from (3) and
(4), we have

1 o
==Y [ Ff(:&)AG 5
f() nila/Agif(té) 3 S)
and
:—‘Z/A; (1:E)AE: (6)

for all ¢ € Q,,. Taking (5) and (6) into account, we see that

70 = 51701+ 10)]) = ( /A; N 2/” ) Ag,>
( /lAé (#:8) lAé—i—Z/‘Ai&if(t;éi)lAéi)
/ AR o

t=1ai

holds for all r € Q,,. Applying Holder’s inequality with the indices (p+¢)/(p+qg—1)
and p + ¢ to the right-hand side of (7), we get
1
p+q
A5i> ] 8)

(1) < z—ln;l [(b,-—a G (/’A; (1:8)

for all + € Q. Raising both sides of (8) to p-th power, and applying (1), we have

1\’ & soran [ pta\ 7a
|f(t>”<n”‘1<5) > |(Bi—a) e &) A ©
i=1 a;
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for all ¢ € Q,. Multiplying both sides of (9) by |V} £|9, we have

n

b;
plptq-1 p
FOPIVAOF < 5 3 [(bi—a» G V},f(t)q< [|zzr6:e

i=1

forall r € Q,,. Here we would like to note that

Z’A%if(f;é) "

does not depend on i-th component ¢;. Integrating both sides of (10) on Q,, with respect
to ¢, we obtain

/lf )17 ||grad, £(£)]]7AE
2[ )t /ngadf ||<
8 (Q/ /b ’Ag o) AQAé) ]
ZL l(b —a) " (bi—a) e (Q/ ngadéf(5>||”+“5> :
(Q/lA@ 5]
-3 |6-a) (Q/ngadf |””A€ (Q/ 2@

Now, consider

/2

A

f(&:4)

qAQ>lﬁqA§1

“\
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(1)
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ptq p+q
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< / ||erad! £(&)]|7A¢, (12)
Q,

Zﬁif(
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where we have applied (1) to the right-hand side on passing to the last step. Applying
Holder’s inequality and (1) to the right-hand side of (11), and taking (12) into account,
we have

[17@©1||eradi (&) ag
Q,
%IZ [(b,-—a,)p(p;q) (Q/l|grad,if(é)llp+qA€> . (gZ/‘A%f(é) ’
:ﬁ(iwi—a, 5 [l ||P”A5)M( . /|agre)
Qn
gm-07) i
<Q/ s l””@ M

1 n
:ﬂ<i§1(bi_a1) pFa ) /ngad f(E ||p+qA§

The proof is therefore completed. [J

_p_
+q p+a
Ag>
a
pta
5)

1
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rtq

The following result considers several functions.

THEOREM 3.2. Let m be an integer satisfying m > 2, p; and q; be real constants
such that p; > 1 and g; > 1 for all i € [1,m]y, and f; € Crld(Qn,]R) vanish on the
boundary 0Qy, of Q, forall i € [1,k]n. Then, the following inequality holds

/H|f, Fglzkp,<§% j—aj) )

</ |grad,£ﬁ<5>||"<""*‘%4 .
Qn

P:

grad fi(&)

13)

Proof. Applying the well-known inequality concerning the arithmetic mean and
geometric mean, we get

k k %
[T ldiace*as - | (Tl P et @) ) a2
Q, i=1 i=1

Ming (14)

k
%z/m )7 leradl )|
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Applying Theorem 3.1 on the right-hand side of (14), we see that (13) is true. [

THEOREM 3.3. Let p and q be real constants such that p > 1 and g > 1, r
be a fixed integer satisfying r > 1, and f € Ciy(Q,,R) and each of its partial delta-
derivatives up to the order r — 1 vanish on the boundary 0Q, of Q,. Then, the follow-
ing inequality holds

1@ [eradf(2)] |2
Q

ppta—1) _ ¢

p¥q pta
FAE, ) ] (15)

N

i=1

/ || grad;, £ ( |p+qA§

Proof. Considering Taylor’s formula given in Section 2 together with the bound-
ary conditions, we have

[ ho-1(0.0(80) 7 £ 138088 = £0) 10
and similarly

b; P

[ o-1(0.080) g7 08085 = 1), a7

forall t = (11,...,t;,) € Q, and all i € [1,n]y. From (16) and (17), we get

t
2n<

b;
3 / 10.0(8)) 5 1(0:)05

> / o1 1:0180) S5 (6 EDAE
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holds for all ¢ € Q,. Following similar steps to that of Theorem 3.1, one can easily
obtain (15). O

Finally, in the following result, we combine Theorems 3.2 and 3.3. Since the proof
is very simple, we omit it.

THEOREM 3.4. Let m be a fixed integer satisfying m > 2, p; and q; be real
constants such that p; > 1 and q; > 1 forall i € [1,m|n, r be a fixed integer satisfying
r>1, and f; € C,j(Q2n,R) and each of their partial derivatives up to the order r — 1
vanish on the boundary 0Q, of Qy for all i € [1,k]y. Then, the following inequality
holds

k
/ L1187 | |erad; £:(€)||“ A&
o, i=1

. bj Kpit+a;) k(pj+q;)—1 4
1< 1 d i At na U q’ k(pj+q;) pitai
_ _ ..\ PjT4j k(pj+aq;)—1 ’

&8 (B o) )
J
r k(pi+ai
% [ Nleradi i) |7 ”Aé].
Q)l
(13)

4. Final comments

Theorems 3.2 and 3.4 in Section 3 can be extended by using Muirhead’s inequality.
We state these results as corollaries below.

COROLLARY 4.1. In addition to assumptions of Theorem 3.2, suppose that there
exists B= (PB1,...,Bx) with nonnegative and nonincreasing entries such that ¥!_, B >

jforall j€[l,k)n and Ef-;l Bi = k. Then the right-hand side of (13) can be replaced
by

kBipm; (pi+am;)

C —_— pm; +qn;
k'kn 2 2 [sz,pn (Zl bf_aj) i ) /ngad fﬂ, Hkﬁl Dm; +qn Aé .

meski=

Proof. In the proof of Theorem 3.2 before applying the arithmetic mean and geo-
metric mean inequality, we apply Muirhead’s inequality to get

k
ST eradks2)] "2
a, i=1

q”iAé

- / )) Hlfn, i

neski=
n

(&)
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Biq”iA’g’

1(3]

k
<$/ 2 H|fni(:é)’ﬁipni

0, meski=1

w2 [ (e

grad! £, (&)] }kﬁf‘fﬂi) ‘A
i=1

k'k > 2/|fm kﬁ'p" ngad fu (& Hkﬁ'q”'Aif

meski=1, Q
The rest of the proof is similar to that of Theorem 3.2, and we therefore omit. [

COROLLARY 4.2. In addition to assumptions of Theorem 3.4, suppose that there
exists B= (PB1,...,B) with nonnegative and nonincreasing entries such that ¥!_, B >
jforall je€[l,k)y and 35| Bi = k. Then the right-hand side of (18) can be replaced
by

k k pj
> 2 (bj—a;) 77
k'kn meskizl 2kﬁ,pn <j1

kBi(pj+a;)—1 ar;

kﬁ:(wqﬂ Bp e\ Pmtam
(/ st 01| 7 ) T )

x / }|grad;f7r,~(5)||kﬁi(p”i+51m)A§
Q)l
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