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BOUNDEDNESS FOR MULTILINEAR OPERATORS OF
PSEUDO-DIFFERENTIAL OPERATORS FOR THE EXTREME CASES

LANZHE L1U

(Communicated by W. Desmond Evans)

Abstract. We prove the boundedness of the multilinear operators associated to the pseudo-
differential operator for the extreme cases.

1. Introduction and Preliminaries

It is well known that the singular integral operators and their commutators and
multilinear operators have been well studied (see [3-5], [7], [12-13]). In [10], authors
obtain the boundedness properties of the commutators for the extreme values of p. The
purpose of this paper is to introduce some multilinear operators associated to pseudo-
differential operators and prove the boundedness properties of the multilinear operators
for the extreme cases.

First, let us introduce some preliminaries. Throughout this paper, O = Q(x,d) will
denote a cube of R with sides parallel to the axes, whose center is x and side length is
d . For a locally integrable function b, the sharp function of b is defined by

b* (x) = sup — / Ib(y) — boldy,
0>x |Q‘ ¢
where, and in what follows, by = |Q| ™! be(x)dx. It is well-known that (see [9], [12])
b*(x) ~ sup inf — / |b(y) — c|dy
QBXLEC ‘

and
|16 = bakgllBmo < Ck|[b|pmo for k >

We say that b belongs to BMO(R") if b* belongs to L= (R") and ||b||ppo = ||b*|| 1.
We also define the central BMO space by CMO(R"), which is the space of those func-
tions f € Lj,.(R") such that

I Flleo = supl(0.r) /Q F() = foldx < e,
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218 LANZHE L1U
It is well-known that (see [9], [12])
£ llewo zsupinf\Q(O,r)rl/ £ (x) — cldx.
r>1c€C 0

DEFINITION. Let 1 < p <. We shall call B,(R") the space of those functions
f on R" such that

18, = sullaIQ(O,r)\’””foQm,r) |Lr <o
r>

2. Theorems

In this paper, we will study the following multilinear pseudo-differential operators.
We say a symbol o(x, &) is in the class 9 5 and write 0 € S7' 5., if for x,E €R",
0% 9P

WWG(X’@ <Cyup(l+ |E|)m-rplBl+alel,

A pseudo-differential operator with symbol o (x,&) € Sy s is defined by

T(1)W) = [ ™o E)F(E)dE,
where f is a Schwartz function and f denotes the Fourier transform of f. We know
there exists a kernel K(x,y) such that

TUE) = [ Klxx=yf)dy,

where, formally,
K(vy)= [ &80 (xE)dE.

In [8], the boundedness of the pseudo-differential operators with symbol ¢ € S;_B 0.5
(B <nB/2,0< 8 <1—0) are obtained. In [11], the boundedness of the pseudo-
differential operators with symbol of order 0 and —eo are obtained. In [1], the sharp

function estimate of the pseudo-differential operators with symbol o € S:’S/ 62 (0 <

0 <1,0< 0 <1—0) are obtained. In [14], the boundedness of the pseudo-differential
operators and their commutators with symbol o € § 1__"3/ 52 0<H6<1,0<6<1-0)
are obtained. Our result is motivated by these papers.

Suppose T is a pseudo-differential operator with symbol o (x,&) € S5 5~ Let m;
be the positive integers (j =1,---,1), my+---+m; =m and b; be the functions on R"
(j=1,---1). Set, for 1 < j<m,

Ry (b6 ) =By~ 3 D) (e )"

\oc|<mj
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The multilinear operator associated to T is defined by

Hl'zl Ry -+1(bj;xay>
b _ J J
R

K(x,x—y)f(y)dy.

Note that when m =0, T? is just the higher order commutators of 7 and b (see
[13]). It is well-known that multilinear operator, as a non-trivial extension of commu-
tator, is of great interest in harmonic analysis and has been widely studied by many
authors (see [3-5]). In [2], the weak (H', L!)-boundedness of the multilinear operator
related to some singular integral operator are obtained. In this paper, we will study the
boundedness properties of the multilinear operators T? for the extreme cases.

We shall prove the following theorems in Section 3.

THEOREM 1. Let D*bj € BMO(R") for all a with |ot| =mj and j=1,---,1.

Suppose that T is the pseudo-differential operator with symbol & € S| "g/ 52 (0<06<

<8 < 1—0). Then T is bounded from L*(R") to BMO(R").

THEOREM 2. Let 1 < p <oo and D*bj € BUO(R") for all o with |ot| =mj and
j=1,--+,1. Suppose that T is the pseudo-differential operator with symbol ¢ € S, _ 0.5
(0<0<1,0<8<1-0). Then T? is bounded from B,(R") to CMO(R").

3. Proofs of Theorems

To prove the theorem, we need the following lemma.

LEMMA 1. (see [3]). Ler b be a function on R" and D*b € L1(R") for |a| =m
and some q > n. Then

m 1 1/q

o[ =m

where Q(x,y) is the cube centered at x and having side length 5+/n|x —y|.

LEMMA 2. ([1]) Let T be the pseudo-differential operator with symbol ¢ €

02 (0<0<1,0<8 < 1—0). Then, for every f € LP(R"),1 < p < oo,

NT(Nler < CIf||er-

S

20«9 <1,0<8<1—-0) and K be the

1-6,6
kernel of the pseudo-differential operator T with symbol ¢ € S, "g/ 62 Then, for |xo—

x|<d<landk>1,

LEMMA 3. ([1]) Let c €S

) 1/2 0 — | (1-6)(m—n/2)
K(x,x—y)—K —y)%d <C 7
</<2kd)'9<|yxo|<<2k+ld>19| (ex =) = Klxarxo =)l y) (2¢d)m(1-0)

provided m is an integer such that n/2 <m <n/2+1/(1—0).
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LEMMA 4. ([1]) LetoESgs (0<p<1)and

K(x,w) :/ A o (x, E)dE.
Then, for |w| > 1/4 and any integer N > 1,

K (x,w)| < Cy|w| 2.
Proof of Theorem 1. Itis enough to prove that there exists a constant Cgy such that

5 Tt~ Coldx < -

holds for any cube Q. Without loss of generality, we may assume [ = 2. Fix a cube
0 = Q(x0,d). We consider the following two cases:

Case 1. d < 1. In this case, let Q" be the cube concentric with Q of side length
d'=% Let 0=5\nQ" and bj(x) =bj(x) = ¥ 5 (D*b;j)px*, then Ry, y1(bjix,y) =

|ot|=m
Ry, +1(l~71,x y) and D%; = D%; — (D%j)g for |a| =m;. We write, for fi = fx;
and fo = fZpn g+

H?:lij-ﬁ-l(lN)j;xLY)
e —y|"

()W = [ K(v.x—)f()dy

i / H?:lij-ﬁ-l(lN)j;xLY)

K(x,x—y)fa(y)dy

e =y
H?:lij(Ej;xvy)
+ | —————K(x,x— d
R |x_y|m ( y)fl(y) y
1 R B ; _ o »
_ 2 - m2( 2 xJ’)(x y) Dalbl(y)K(X,x—y)fl(y)dy
= ol R |x —y|m
o |=my
1 R, l~); , —v)® N
— 2 _‘ l( 1 X Y)(:l y) Dazbz(y)K(x7x—y)f1(y)dy
| [=my P27 /R lx =yl
1 (x=y)*1+ 2 D% by (y)D® by (y)
T4 g !/ . o K(x,x=y)fi(y)dy,
“al“*mb 1:62 y

then
Té\/ ’Tb<f><x>—ﬂ’<f2><xo>ldx

// 1R, (bjx.y)
IQ\ "

dx
Jox —y[™
+ & /
10|

—— o K@x—=y)fi(y)dy

dx

/ my (B23x,y) (x — )™ Dby (y)K (x,x —y) fi (y)dy

x — y|™

og |=my
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v / my (B13x,y) (x =) Dby (y)K (x,x —y) f1(y)dy| dx

o |=my o=yl

c
g /
K(x,x—y)fi1(y)dy|dx
o |=my,

/
0] Jo
|o[=my

+@ /Q TP(f3)(x) — T (f2) (x0)| dx
=L+L+5L+1L+1s.

/ (x—y)4 2D by (y) D% by (y)
R lx—y|™

Now, let us estimate I;, I, I3, Iy and Is, respectively. First, for x € Q and y € Q, by
Lemma 1, we get

Ry (bjsx,y) < Clx—y[™ % |ID%bj||smo-

|otj|=m;

Let 6(x,&) = o/(x,&)|E["0/2|E|70/2 = g(x, £)|E|~"9/2 and S be the pseudo-differential
operator with symbol g(x,&). We know g(x,&) € S(l)—(-), s+ By the Hardy-Littlewood-

Soboleve fractional integration theorem and the L?(R")-boundedness of S (see [11, [6],
[15]), we obtain, for 1 /p=1/2—-6/2,

2 1
n<CIT| 3 Dbl | g7 T

J=1\ letjl=m;

—_

N
a
e

1/p
S 10%bilo | (g [ 170000 )

lotj|=m;

1/2
S 10 lao | 1077 ( [ IR )

~.
I
_

N
a
e

J=1\lojl=m;
1/2

: %p —1/p 2 /
<c[l Y. [ID%bjlluo | |Q| : | f1(x)|“dx

J=1\ letjl=m; R
<C : D% b ‘Q|1/2
<CcI]| X | illBmo ‘Q|1/p”f”L°°

J=1\ Jejl=m;

N
a
e

N |ID%bjllamo | |If]]1=-

lotj|=m;

~.
I
_
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For I,, by Holder’inequality, we get

1 » 1/1’
h<C Y ID%llwo Y (@ / |T<D“lb1f1>(x>|f’dx)

lorz|=my |at [=m;
y 1/2
<C 3 bl 3 1007 ( [ 15050 P )
lor|=my |at [=m;

12
<C Y [ID%bs|lgwo Y, Q|_1/p</RnDa151(x)f1(x)2dx)

o |=m3 loe |=my
Yy ||ID* > 01" (1 o o 2\
<C 3 ID%bllowo (161 o onta) = o)) 11l
Jool=m; jorl=m, Q17 \ 101 Vo
2
<cIl| 3 1p%bilavo | 111
J=1\ Joyl=m;

For I3, similar to the proof of I,, we get

2
LLSCII| X Ip%bjllsmo | |If]]z=-

J=1\ lejl=m;

Similarly, for I, choose 1 < p,q < o= such that 1/p+1/g = 1/2, we obtain, by
Holder’inequality,

1 ar g N1 v
e 3 (g [ reehehg o)

oy [=my,
[ |[=my

. . 1/2
<C ¥ ol (/RnS(Da'b1Da2b2fl)(X)|2dx>

oy [=my,
[ |[=my

~ _ 1/2
<C ¥ lort (/R nDa1b1(x)D°‘2b2(x)f1(x)2dx>

oy [=my,
[ |[=my

‘Q|1/2 ( 1 w“ )1/17< 1 o )l/q
<cC — [ D" B, (x)|Pd — [ D%, (x)|%d .
o 2 (g hrenwras) (g fpebr) ik

o |=my

<C Y. ID%bjllsmo | IIf]=-

\Ocﬂ:m_,-

~.
Il S
LR
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For Is, we write, for x € Q,

T2 (f2)(x) — T"(f2) (x0)
_ K(x,x—y) K@,x—y)\ £
- )

pe—ylm o —ym [T R, (Bjix.y) f2(v)dy

=1
Rm2 (52;x7y)
[xo — y|™

> > Rm (E];XO,y)
—|—/ R, (b2;x,v) — Ry, (b2 X0, B A
R"( 2( 2 Y) 2( 25X0 )’)) ‘xO_y‘m

A e

ay! [ — y|

[ (R (Brixy) = R (briv0.) K (30,30~ ) f>(»)dy

K (x0,x0 — ) f2(y)dy

oy [=my
R, (b2:x0,7) (xg — y)*& ~
- Lo =) K(xo,xo—y>] DBy (3) 3 (5)dy

1 {le (bi;x,y) (x —y)*®
x — y|™

PV K(x7x—y)
s, 02! IR

R, (b15x0,)(x0 —y)® -

AR =0 .0 - )| D230 )y

L [yt (g — y)-e
+ / [ K(x,x—y) — ————K(x0,X0 —y
L ataal e | oy K = ST K )

oy |=my,
|ag|=my

x Dby (y)D*2ba(y) f2(v)dy
=1 12 19 119 410+ 19,

By Lemma 2 and the following inequality (see [12])

lbg, — bg,| < Clog(|Q2|/|Q1])|bl|mo for Q1 C Qa,

we know that, for x € Q and y € Q(xo, (2+1d)!=9)\ Q(xo, (2kd)'~9),
R, (bj:x,y)| < C\x—y\”’fl ‘Z (I[D“Bjlgmo + [(DBj) (ry) — (DBj) )
o =m_,-
< Cklx—y[™ Y |ID*bj||sumo-

|oc|=m;

Note that |x —y| ~ |xg —y| for x € Q and y € R"\ O, we obtain

(1) < 2 N _
|15 |<k§)k ~/(2kd)1’9<|y—x0|<(2k+1d)179 K (x,x—y) — K(x0,%0 — )|

1 2 .
H ‘Rm_,- (bjsx, )| f(v)ldy

>< m
lx —y| j=1
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1 1

=yl o — "

+ K /
k=§:() (2/"d)1*9g\y7x0\<(2/"“d)l*9
2
x|K (x0,x0 = )| T T 1Rm; (Bjsx,3) 1f () dy

j=1
12
2
d
( [ 10 y)

1/2
|K (x,x —y) — K(x0,%0 —y)zdy)

=1 k=0

2 oo
<CIIl X 1ID%bjllgmo | 3
j

oe|=m;

X
</(2kd)'9<|yx0|<(2k“d)19

2 oo 1/2
+C ID%b || mo IS (/ |f(y)2dy>
,1:[1 |a\z:‘;nj ! kgf) [y—xo|<(2k+1d)1 -0
1/2
|x0—x|2 2 )
X K(xo,x0 — d ,
</<2kd>l9<|y—xO|<<2k+ld>19 o —yp K0 T0 =)y

for the second term above, similar to the proof of Lemma 2.1 in [1], we have

12 |xo
( )<
(2kd)1=O<]y—xo|<(

thus, by Lemma 3 and recall that n/2 < m,

— x‘(l*@)(mfn/2)
(de)m(l—e)

)

lxo — x|

K —
21yl |X0—y|2‘ (xo,xo }’)

d(l 0)(m—n/2)

2 oo _ _
1 n(l—
I <CIT| X 1D%jllswo | XK gy 240 |-

7=1 \ |la|=m; k=1 (2 d)
2 oo

<SCIT| S 1ID%;llsumo | 3 k32K1-0)0/2=m) |
j=1 |oc\:mj k=1
2

<CII{ X 1IDbjllamo | I1f]le=-
7=\ |af=m;

For 15(2) , by the formula (see [3]):

Run; (bjix,y) = Ruy (bjix0,y) = 3, )y

1Bl<m

1 5
ERm,_\m(Dﬁbj;xwo)(x—y

and Lemma 1, we have

Ry (Bjs%,y) = R (Bjixo )| SC % ¥ pe—xol™ Pl — [P |D“D || saso,

IBl<mj|ot|=m;
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thus
2
<C[I| X ID%jllsmo
J=1\ |a|=m;
& |x — xo
X k K(xg,x0— d
DO I e LRSI
2 k( 2—
<CIT| S 1D%illawo | 3 k2H0-0m2m) 5
j=1 |oc\ —m; k=1
2
<CJ] [ID%bj||smo | ||f]|z=-
j=1 IOCI mj
Similarly,

2
. |
N<cII{ X Ip%bjllsmo | 1]l

J=1\ lojl=m;

For 15(4) , recall that by, — bag| < Ck||b||mo , similar to the proof of 15(1) and 15(2> , we

get

O61

(xo—y)™ 7 o7
Rm b; bl K AT D lb d
e e R Gix I (xx-3) DB ) o)

|0¢1\ =m
A€ S [ R Bo50) R (B 2 (0 )
| |=my X0 =y
x|D% by ()| f2(v)|dy
xo—y)* =
1€ % [ Ky - Koo - 2 Ry (i)
lotg |=my |x0_}’|
x|D%by (y)||f2(y)|dy
dU=0m=nf2) ey
<C Y |ID*blsmo Y, zkm(z d) |1£1]z=

|or|=m; |y |=my k=1

] 1/2
wfl— D% Dby 5 2d )
(Q(xo,(Z"d)l‘f’)l/Q<xo7<2kd>16>| 1) = (D)ol dy

2 oo
<CII( X 1Ip%bjllsmo 2 J22K(1=0)(n/2=m)| £

7=1 \ |a|=m;

N
a
e

Y, 1ID%bjllsmo | |If]]z-

|oc|=m;

~.
Il
—
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Similarly,

2
5 .
1<l X 1ID%bjllsuo | 11£]l=-

J=1\ lejl=m;

For 15(6) ,taking 1 < ry,rp <o suchthat 1/r;+1/r, =1/2, similar to the proof of 15(1) ,
we get

Pr<c ¥
R’l

oy [=my,|on|=my

x| K (x, x—y)HD“'El( NID%ba(y)[1f2(v)ldy
(xo —y) %]

|
+C /\Kxx y) — K(x0,x0 —y)| o — 3]

o |= mh\az\ =my

X |DDy ()| |D® b (y)[| f2(y)|dy

<c Yy YOy g

|0‘1\=m1 |0 |=my k=1
1 O(‘ o . 1/"1
XH (on2—"d“’|/ 0o, (2kd)1- 9)| 7bj(y) = (D%bj) ] fdy>

2
<CII| X Ip%bjllsmo | |Ifllz=-

J=L\ Jay|=m;

o1+0oy o+oy

(x—y) (0 —y)
e — y|™ o — y|™

Thus

2
5<CI| T 1D%blsvo | Il

J=1\ Jaj[=m;
Case2. d>1.Inthiscase,let 0=5/nQ and bj(x) =b;(x)— ¥ 7(D%b;)sx
‘O‘|=mj
thep ij+1(bj;x,y) = ij+1(Ej;.x7y) and DOCBJ' = Dabj — (Dabj)g for |OC| = m;j.
Write, for f'= fx5+ fxgmp = f1+ /2.

b(f
|Q\/|T (x)|dx

<_/ / 15— R, (Bj3x,y)
10| Jo|/r x — y|™
c

+_
1010 iy Zon

+|—g‘/

K(x,x—y) f1(y)dy|dx

Dby (y)K (x,x—y) fi(y)dy| dx

/ Rmz (EZ;Xay>(x_y)al
R

e — y|™

D*by(y)K (x,x —y) f1(v)dy| dx

/ y (B13,y) (x —y) 2

e — y|™

|o|=m;
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c _y)utepai, D%}
L C / (x—y) lm(y) 2(y)K(x7x—y)f1(y)dy dx
|Q‘ Q| oy |=m, /R |x—y|
\az\—mz
/|Tb f2)(x)|dx
IQ\
=N +h+B+I+Js.

Similar to the proof of I;, I, I and Iy, by using L"(1 < r < eo)-boundedness of T
(see Lemma 2), we get

2 . 1 . 1/r
cTI( 3 10lo | (i [, reorar)

|ocj|=m;

2 1/r
CIT{ 3 10blo |t ( [ 15lar)
J=1 ke

|ocj|=m;

<C Y, [ID%ballmol| f]i

|or=m;

1/r
peC X D%hllmo 3 (g [ IT@ B0 )

| |=my oy [=my

1/r
< 3 Iehlmo X 101 ( [ Db ras)

|on|=m; o |[=my

1 1/r
< Y ID%sllmo 3 (@ [0~ (D01} |’dx) 1l

|on|=m; o |[=my

2
<CII X 1IDBjlismo | 1f]le=

J=1\ |a|=m;

2
BT X 1ID%bjllsmo | I1f]le=

J=1\ |a|=m;

1/r
L<C Y, (QI/ |T (D™D D"by fi)(x )|rdx>

|oy [=my,
[ |[=my

<C 3l ( [ b wpbate )fl()’dX)l/r

|oy [=my,
[ |[=my

) H(Q| /, D“fb<>|f’fdx)1/pj|f|Lm

oy |=my, j=1
[ |[=my
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2
<CIT| X 1ID%jllsmo | IIf]]e=-
p

1 ‘og|:mj

For Js5, we write, for x € O,

N 2 R (Biix,
P = [, TR e ay

1 Rmzls;)@ x—y)%
-y / (b2;x,y)(x—)

K(x,x—y)D*by(y) f2(y)dy

|ot |=my 0! o=yl
1 Ry (B1ix,y)(x —y)® -
3 O K ) £
lon|=my 4
1 xX—y aj+on N 5
+ al'az'/R"( x—)y’“ K(x,x—y)D by (y)D®ba(y) f2(y)dy,
|oey [=myp, e
|op|=m;

similar to the proof of /5 and by using lemma 4, we get
2

b ay . < 2 _ =2n
TP <CTT{ X 10 llawo | Xk LIy

j=1 |(x‘:mj

o C _ o 2n o 7
1€ 3 D llawo BBk [ ey DB )0y

|ot|=m; |0y |=my k=0
+C S Dl S Sk [ e DBy
|ot|=m oo |=my k=0 /2TIO\2Q

oo

HCS T R BO)D% b0 )

|ay |=my,|ap|=my k=0

N D% |[smo | d7"|f]]= D K2R

<C
=1 \ |a|=m; k=1

2
j=

=3

+C Y ID%Ballpod "Il X k2

|ot|=my k=1
1
557 g (D7 010) = (D))l
\061|§=:m1 <2kQ| 20 ’
+C Y, |ID%bilsmod | flli= Y, K27
|at|=m k=1

> ( 1 (D% by (y) — (Da'bz)g)dy)

jaslm, \ 201 /20

+C ¥ d‘”l\f\le];IZ"‘”

oy [=my,|on|=my
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[ (i5ig7 s, " o) gidy)
X ——— | _|D%b;(y)— (D fb-)~pfdy>
=1 \[2%Q] 2o ! e

2
<CII| X 1ID%jllsmo | |1 f]]z=

i=1 \ |ot|=m;
thus

2
sl <CTT[ X 1ID%bjllsmo | |1/l

=1\ |a|=m;,

This completes the proof of Theorem 1. [

Proof of Theorem 2. 1t is enough to prove that

b
i Tl < i,

holds for any cube Q = Q(0,d) with d > 1. Without loss of generality, we may as-
sume [ =2. Fix a cube Q = Q(0,d) with d > 1. Let 0 = 5/nQ and b;(x) = b;(x) —

Y a1(D%;j)x®, then Ry 1 1(bjix,y) = Rp;11(bj:x,y) and Db; — D%, j—(D%bj)g
lorf=m;

for || =m;. Write, for fi = x5 and f> = [2rm\ 0>

b
\Q|/ |T?(f)(x)|dx

_//w
0] Jo|/rr

p dx
[x =]

K(x,x—y)f1(y)dy

N

C n b X, y)(x — -
+_/ 2 / e m D% DB () x — )i () |
101 /0|6, /R =l
oy [=my
C R, E;x, x—vy)*2 -
+_/ / 1(1 y)(m y) Dazbz(y)K(x,x—y)fl(y)dy dx
10| Jo ota |=my /R [x =]
C x—y)atepap (y)D%p
rg bl 3 [ ) )y s
0] Jo lotg [=my, /R x|
oy [=my

l ~
o | Tl
0] Jo
=L+ Lo+ L3+ Ly~ Ls.
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Similar to Case 2 in proof of Theorem 1, we get, for 1 <r < p,

2

, 1 p
Litb+LtL<c[I| 3 1D%b im0 (a / T(fl)(x)l”dX)

J=L\ Jayj|=m;

1/r
R A N T ATy

lo|=m; o |[=my

1/r
+C Y <|Q RH|T (D"1b1D™A, i) (x )’dx)

oy |=my,
o |=my

<C > ID%bj|smo | 101771 £ 25| Ier

lotj|=m;

~.
Il S}
LR

1/r
3 Dnllolol S ([, Do rax)

|o|=my ‘all_ml
1/r
re 3 101 ( [ 1B Wb hw )
lory |=my,s
oy |=my

2

CIT| X [ID%bjllsmo | IIf]s,-

J=L\ Jay|=m;

For Ls, similar to the proof of Theorem 1, we get, for x € Q and 1 < q1,¢2 < e with
g +1/g2+1/p=1,

/ H?:lRmI(Ejsxay)

b —y|™

T2 () (x)] < K(x,x—y) f2(y)dy

Rng;, —y)* o
ve| 3 [ BB k)0 )0y

o |[=my

vo| 3 B b0

o |=my e =yl
OCHrOQ ~ -
rel 3 [ S K Db 00D
|ty |=m
oy =
2 > ~
CII| X lID%bjllsmo |d™" 2kzsz"\Zerl/p\|f%2kQ\|LP
=1\ |o|=m; k=1

+C Y |ID%Da||mod ™" Zk2_k"|2kQ\ Y| oIy

|ee|=my
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1 o1, 4 v
)y 250 2,€Q|D bi(y)|” dy

o |[=my

+C Y |ID%b1||mod ™" 2k2_kn|2kQ|_1/”|\fxszHLf’

|ec|=m;

1 (L5078 P v
D 20| 2kQ|D ba(y)|? dy

lo|=m;

+C Y a2 RRO YR e

|t [=my|og|=m; k=1

1/q1
<|2kQ| o albl()’)|qld}’> (

2
CII{ X ID%bjllsmo | 1If1Is,,

=1\ |al=m;

1/q2
1250] )2 |Dazbz(Y)|q2dY)

thus

2
<CII1| X ID%bjllsmo | 11113,

J=1 \ &jl=m;

This finishes the proof of Theorem 2. [J
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