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NONLINEAR PARABOLIC INEQUALITIES
ON A GENERAL CONVEX DOMAIN

B. ACHCHAB, A. AGOUZAL, N. DEBIT, M. KBIRI ALAOUI AND A. SOUISSI

(Communicated by A. Guessab)

Abstract. The paper deals with the existence and uniqueness of solutions of some non linear
parabolic inequalities in the Orlicz-Sobolev spaces framework.

1. Introduction

We consider boundary value problems of type

S 4

du .

E"‘A(“):f inQ, (P)
u=0 ondQ,

u(x,0) =up(x) inQ,

where
A(u) = —div(a(.,1,Vu)),

Q=Qx[0,T], T >0 and Q is a bounded domain of R", with the segment property.
Further, a : Q x R x RN — RN is a Carathéodory function (measurable with respect to
x in Q for every (¢,&) in R x R x RV, and continuous with respect to £ in R x RV
for almost every x in Q) such that for all £,E* € RV & £ &,

a(x,1,E)E > aM(|E)), (1.1)
la(x,t,&) —a(x,t, E)|[E —E] >0, (1.2)
la(x,t,&)| < elxt) + kM M(ka|E)), (1.3)

where c¢(x,1) € Eg(Q),c >0, k; e RT, for i = 1,2 and o € R} .

feW ER(0),f >0, (1.4)
up € L*(Q)NK,ug >0, (1.5)
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where K is a given closed convex set of WOl Ly (Q) and % is defined by:
H = {ve Wy Lu(Q) :v(t) € K}.

During the last decades, the theory of variational inequalities and complementarity
problems have been applied in different fields such as Mathematical Programming,
Game Theory, Economics and Mathematical Finance. In the last case, the problem is
used for the pricing of American options (see [1] and the references therein). One of
the most interesting and important problems in the theory of variational inequalities is
the development of efficient iterative algorithms to approximate their solutions.

It is well known that (P) admits at least one solution (see Lions [13] and Landes-
Mustonen [15]). In the last papers, the function a(x,z,&) was assumed to satisfy a poly-
nomial growth condition with respect to Vu. When trying to relax this restriction on
the function a(.,&), we are led to replace the space L (0,T;W!?(Q)) by an inhomo-
geneous Sobolev space W!*Ly; built from an Orlicz space Ly instead of L”, where the
N-function M which defines Ly, is related to the actual growth of the Carathéodory’s
function. It is our purpose in this paper, to prove existence results and uniqueness for

the problem (P) in the setting of the inhomogeneous Sobolev space W'~Ly;. For the
m‘(‘VVT‘)Vu where
!

m is the derivative of the N-function M having the representation M(r) = / m(s) ds.
0

sake of simplicity, we suppose through this paper that a(x,z,Vu) =

We refer the reader to [18, 19, 16, 6, 4] for additional recent and classical results
for some parabolic inequalities problems.

2. Preliminaries

Let M : Rt — R™ be an N-function, i.e. M is continuous, convex, with M(¢) >0

for t > 0, @ — 0 ast— 0 and @ — oo as t — oco. Equivalently, M admits
t

the representation: M(t) = / a(t)dt where a: RT — R" is non-decreasing, right
0

continuous, with a(0) =0, a(¢) > 0 for ¢ >0 and a(¢) — oo as t — co. The N-function
!

M conjugate to M is defined by M(t) = / a(t)dt, where @: RT™ — RT is given by
0

a(t) =sup{s:a(s) <t} (see[2], [11] and [12]).
The N-function M is said to satisfy the A, condition if, for some k > 0:

M(2t) <kM(t) forallr > 0. (2.1)

In case this inequality holds only for # > g > 0, M is said to satisfy the A, condition
near infinity.

Let P and Q be two N-functions. PIQ means that P grows essentially less rapidly
than Q,i.e., foreach € >0,

P()
O(er)

— 0 ast — oo,
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This is the case if and only if

-1
tim 20 _g
f—o0 P*l(t)
Let Q be an open subset of RY. The Orlicz class £;(Q) (resp. the Orlicz
space Ly (Q)) is defined as the set of (equivalence classes of) real-valued measurable
functions u on Q such that:

/M ))dx < +oo (resp/ ( )>dx<+°°forsome/l>0)

Note that Ly (Q) is a Banach space with the norm

HuHm:inf{x >0:/§2M<@)dx< 1}

and % (Q) is a convex subset of Ly (€2). The closure in Ly () of the set of bounded
measurable functions with compact support in Q is denoted by Ej(Q). The equality
En(Q) = Ly (Q) holds if and only if M satisfies the A, condition, for all ¢ or for #
large, according to whether Q has infinite measure or not.

The dual of Ey(Q) can be identified with L;;(Q) by means of the pairing

/ u(x)v(x)dx, and the dual norm on Ly;(Q) is equivalent to ||.||37 o . The space Ly (€2)
o :

is reflexive if and only if M and M satisfy the A, condition, for all ¢ or for ¢ large,
according to whether Q has infinite measure or not.

We now turn to the Orlicz-Sobolev space: W!Ly(Q) (resp. W'E)(Q)) the space
of all functions u such that # and its distributional derivatives up to order 1 lie in
Ly (Q) (resp. Ep(€2)). This is a Banach space with the norm

_ 2 ”Doc

o<1

Thus W'Ly(Q) and W!Ey(Q) can be identified by subspaces of the product of N 4 1
copies of Ly (Q). Denoting this product by TILy, we will use the weak topologies
o(ILy,MEy) and o(T1Ly,T1Ls;). The space Wy Ey(Q) is defined as the (norm)
closure of the Schwarz space Z(Q) in W'Ey(Q) and the space WLy (Q) as the
o (TLy,T1E;) closure of 2(Q) in WLy (Q). We say that u, converges to u for the

. 1 . D%u,, — D%u
modular convergence in W' Ly (Q) if for some A >0, / M — dx — 0
Q

for all |a| < 1. This implies the o(I1Ly,T1L57) convergence. If M satisfies the Ay
condition on R (near infinity only when Q has finite measure), then modular conver-
gence coincides with norm convergence.

Let W !Li7(Q) (resp. W !E5(Q)) be the space of distributions on Q which can
be written as sums of derivatives of order < 1 of functions in Lz;(Q) (resp. Ez(Q)).
It is a Banach space with the usual quotient norm.

If the open set Q has the segment property, then the space Z(Q) is dense in
W, Ly (Q) for the modular convergence and for the topology o (I1Ly,I1Lsz) (cf. [8],
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[9]). Consequently, the action of a distribution in W~ Lz7(Q) on an element of W, Ly/(Q)
is well defined.
For k > 0, we define the truncation at height k£, 7; : R — R by

(s ifls <k,
Tk(s)_{ koif|s] > k.

The following abstract lemmas will be applied to the truncation operators.

LEMMA 2.1. (see [3]) Let F : R — R be uniformly lipschitzian function such
that F(0) = 0. Let M be an N-function and u € Wy Ly (Q) (resp. Wy Em(Q)). Then
F(u) € Wy Lu(Q) (resp. Wy En(Q)). Moreover; if the set of discontinuity points of F'
is finite then

iF(u)z F’(u)g—;: ae. in{xeQ:u(x)¢D}

0xi 0 a.e. in {x € Q:u(x) € D}.
Proof. By hypothesis, F(u) € W!Ly(Q) forall u € WLy (Q) and

1F ()]l me < Cllu

1,M,Q;

which gives the result. [

Let Q be a bounded open subset of RV, T > 0 and set Q = Qx]0,T[. Let
m > 1 be an integer and let M be an N-function. For each a € NV, denote by DY
the distributional derivative on Q of order « with respect to x € RV . The inhomo-
geneous Orlicz-Sobolev spaces are defined as follows: W™ Ly(Q) = {u € Ly (Q) :
D%u e Ly(Q)V|a| <m}, W Ey(Q) = {u € Ey(Q) : D%u € Ey(Q) ¥|ot| < m}. This
second space is a subspace of the first one, and both are Banach spaces with the norm

el =¥ IDYul

|a|<m

M,Q-

These spaces constitute a complementary system since Q satisfies the segment prop-
erty. These spaces are considered as subspaces of the product space T1Ly(Q) which
have as many copies as there is o -order derivatives, |0 < m. We shall also con-
sider the weak topologies o (I1Ly,I1Es;) and o (I1Lys, I1Lyz). If u € WLy (Q) then
the function : r — u(r) = u(z,.) is defined on [0,T] with values in WLy (Q). If
u € W"*Ey(Q) the concerned function is a W™Ey,(Q)-valued and is strongly mea-
surable. Furthermore, the imbedding W"*Ey(Q) C L'(0,T;W™E(Q)) holds. The
space W™*Ly(Q) is not in general separable; for u € W”*Ly(Q) we cannot con-
clude that the function u(z) is measurable on [0,7]. However, the scalar function
t — |lu(t)|lmq € L'(0,T). The space Wy""Ey(Q) is defined as the (norm) closure in
W™"*Eym(Q) of 2(Q). We can easily show as in [9] that when Q has the segment
property then each element u of the closure of 2(Q) with respect to the weak * topol-
ogy o (I1Ly, I1Ey;) is limit in W”* Ly (Q) of some subsequence (¢;) C Z(Q) for the
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modular convergence, i.e., there exists A > 0 such that for all || < m,

D%u; — DY
/M(M) dxdt — 0 as [ — oo,
0 A

which gives that (i;) convergesto u in W”"*Ly(Q) for the weak topology o (T1Ly,T1Ly;).

Consequently

o (ML T1Ez7) o (TLy TLzz)

2(0) =2(0)
The space of functions satisfying such property will be denoted by W""' Ly (Q). Fur-
thermore, Wy Eyp(Q) = Wy""Ly(Q) NTIEy. Poincaré’s inequality also holds in
WLy (Q) i.e. there exists a constant C > 0 such that for all u € Wy Ly (Q),

2 IDfullmo<C 3 [IDFu]

[ot|<m |ot|=m

M,Q-

Thus both sides of the last inequality are equivalent norms on W(;" "Ly (Q). We then
have the following complementary system

( Wy 'Lu(Q) F )
Wy Enu(Q) Fy )

F states for the dual space of W ""Ejy(Q) and can be defined, except for an isomor-
phism, as the quotient of I1Lz; by the polar set Wy Ey(Q)*. It will be denoted by
F =W ™™ L(Q) with

WLy ={f= 3 DEfu fuc (@)
lo|<m

This space will be equipped with the usual quotient norm

Ifllr =inf 3 |Ifellz.o-

<

where the infimum is taken over all possible decompositions

f= 2 DY fo,  fo € Ly(Q).

|a|<m
The space Fp is then given by
Ro={r=3% Difu:facEy(0)}
|OCKm

and is denoted by Fy = W "™ Ez;(Q).

REMARK 2.1. Using lemma 4.4 of [9], we can check that each uniformly lips-
chitzian mapping F such that F(0) = 0, acts in inhomogeneous Orlicz-Sobolev spaces

of order 1, W'*Ly(Q) and Wy Ly(Q).
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3. Main results

THEOREM 3.1. Under the hypotheses (1.1)—(1.5), the problem (P) has at least
one solution in the following sense:

u€ X NL*Q)
ov V) (Vau — Vv)dxdt <
(E,u—vﬂ-/Qa(., u)(Vu—Vv)dxdt < (f,u—v)

forall ve 2 NL”(Q)ND, where D:={ve WOI’XLM(Q) NL*(Q): ?9 eW " L(0)+
L*(Q) and v(0) = up}.

Proof. In the sequel and throughout the paper, we will omit for simplicity the de-
pendence on ¢ in the function a(x,7,£) and denote €(n, j, u,i,s) all quantities (possibly
different) such that

lim lim lim lim lim &(n, j, u,i,s) = 0.

§—00 [—00 U—r2 ,—}&)O n—oo

The order in which the parameters will tend to infinity, is, first n, then j,u,i and
finally s. Similarly, we will skip some parameters such as in £(n) or £(n, j), ...to mean
that the limits are taken only on the specified parameters.

Let us define the indicator functional: @ : WO1 "Ly (Q) — RU{+oo} such that:

D(v) = 0 if v(r) € K a.e. (almost everywhere),
"7 4o otherwise.

@ is weakly lower semicontinuous. Let us denote by Sj(7) / Ty (s

Step 1. Derivation of a priori estimate

Let us consider the following approximate problem:

aaun +A(uy) +nT,(P(uy))=f inQ, (B
un(-,0) = uon inQ,

where (ug,) C D(Q) such that ug, — uo strongly in L?(Q).
For the existence of a weak solution u, € WO1 "Ly (Q)NL*(Q), u, >0 of the above

“ILH(Q) 4+ L2(Q). Let v =u, be test

problem, see [7], also (u,) satisfie autn
function in (P,), then
duy,

o

We can deduce that:

>+/a(.,Vun)Vundxdt+/nTn(CD(un))undxdtg (f s ttn).
Q Q

(u,) is bounded in WO1 “Ly(Q),
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/ a(.,Vin)Vindxdi < C,
)

/ nT,(®(uy,))uydxdt < C.
Qo

Therefore there exists a subsequence (also denoted (u,)) and a measurable func-
tion u such that:
Uy — U,

weakly in Wy Ly (Q) for o(TLy, T1Ey;),
strongly in Ey(Q) and a.e in Q.

Moreover there exists a measurable function & € (Lz7(Q))" such that:
a(.,Vuy) = h in (Lz(Q))V weakly.
Let us consider now v = T (up) € WO1 "Ly (Q) as test function in (P,), which gives

<%,Tk<un>>+ /Qa<.,wn>vrk<un>dxdt+ /Q”Tn<<1>(un>>Tk(un>dxdt <A Ti(un)) < Ck

Since (2 Ti(un)) = [ Su(un(T) = [ Su(ua0).
/Q W (D (1)) Ty (1)t < CE.
By letting k tend to zero and using Fatou lemma, one has:
/Q W (D () )dxdt < Ck,

and since (T,), is a continuous increasing sequence, we can deduce

which ensures that u € 7.

Step 2. Almost everywhere convergence of the gradients

We intend to prove that

lim [ (a(.,Vu,)—a(.,Vu))(Vu, —Vu)dxdt = 0.

n—e Jo

Let us set
oy = vj)ute My,
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where v; € D(Q) such that v; — u with the modular convergence in WO1 “Lu(Q) , vi a
smooth function such that y; — ug strongly in L*(Q) and @y is the mollifier function
defined in [14], and the function w,, ; have the following properties:

awlihj i i
“or =R 0),0,00) = v,
Wy j— ug+e M wiinW, "Ly (Q) for the modular convergence with respect to j,

uy+e My — uin WO1 "Ly (Q) for the modular convergence with respect to u.

Consider now v = u, — wb ; as test function in (P,),

J X . )
(Gt = )+ [ al V) (Vi = Voo, e+ [ T (@(0)) i ], )
= <f7 Up — (Di‘_,>

(3.1)
Since u, € WO1 "Ly (Q), there exists a smooth function u,s (see [7]) such that:
Uns — Uy for the modular convergence in WO1 “Lu(Q),
Juns  duy, i i 2
% o for the modular convergence in W™ *Lyz;(Q) + L*(Q).
Then,
du, i : / i
<77”n_wu,,/> = 611%1+ Q(ung) (Uno — @ ;)dxdt
= 011%1+ (/ (thno— w# N (ung—wL7j)dxdt+/ (w;_-"?j)/(uno'_w;‘lJ)dxdt)
= O-*)OJF ( |: Mno' - w;l7] 2:| + ‘u./ ung L/,)dxdt)
= lim (Ii(0)+L(0)).
o—0t
‘We have,
1 i
-2 / s = 0} ;2 (T)dx =5 [ (n(0) — 0 ;(0))
> 2 | (o (0) = L,( ))?dx.
So,

lim sup I;j(0) > &(n, j,u,i.
o—0t
Similarly, we have

lim sup L(o)=¢(n,j,u,i),

o—0t
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hence P
Uup i . .
<77un - wu’j> = E(nv.]nu?l)'

Now let us set for s > 0,05 = {(x,7) € Q: |Vu| < s} and @} = {(x,1) € Q: [Vv)[ <
s}. Then

/Qa(.,Vu,,)(Vun—VwL’j)dxdt:/Q(a(.,Vun)—a(.,ijxj-)) (Vitn — Vv )dxdr
—|—/Qa(.,Vvq,x;)(Vun—ijx;)dxdt
+/Qa(.,vun)vm¢;dxdt—/Qa(.,vun)v%dxdz

=+ + I3+ Js.

We first consider the term

Jzz/a(.,w,-x;)(wn—vV,xj)dxdt:/a(.,w,x;)(w—vV,xj)dxdz+s(n).
0] o ’

Since a(.,Vv;x;) — a(.,Vuy®) strongly in (Ez7(Q))N and Vvjx; — Vuy® strongly in
(Lu(Q))", one has
Jr= E(n,j).

The same technique as in J, gives,
Jz = / hVudxdt + €(n, j,s),
Q

and
J4:—/thL’jdxdt+8(n):—/ hVudxdt + €(n, j, 10, 7).
(0] (@)

Then,

/a(.,Vun)(Vun—VwL.j)dxdt:/ (a(., Vita) — a(., Vv20)) (Vity — Vv ) dxds
0] : o
+8(n7j’“7i’s).

Since terms / nT (P (uy)) (un — 0} j)dxdt and = (f,u, — o
o :

!th'> in (3.1) are of

the form &(n), we obtain:
/Q (a(., Vitn) — ale, Vvi28)) (Vity — Vv )dxde < e(n, joptsi). (3.2)
On the other hand,
/Q (., Vi) — al.,Vuy®)) (Vi — Viy*)dxds

—/ (a(., Vitn) — al., Vvi)) (Vity — Vv )dxdr
0]
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= / a(., Vuy)(Vvjx; — Vuy®)dxdt —/ a(.,Vu)(Vv;x; — Vux*)dxdt
o o
+ / al(, Vv;5) (Vit — Vv )dxds.
9]
Since all terms are of the last sum are €(n, j,s), then

/Q(a(. Vu,) —a(.,Vu)®)) (Vu, — Vuy®)dxdt

(3.3)
— / (-, Vu,) — VVJ%,)) (Vun —Vvjxj)dxdt +€(n, j,s)

Finally, for r < s, we get:

lim [ (a(.,Vu,)—a(.,Vu)) (Vu, — Vu)dxdt = 0,

n—ee Jo.
which gives by the same argument as in [3],

Vu, — Vu ae.in Q.
Step 3. The passage to the limit

Let us consider v € 2 NL”(Q)ND and 0 < 0 < 1. Using u, — Ov as test function in
(P,), the fact that

<% d(u, — Ov)
o’ o’

and letting » tend to infinity and 0 to 1, we obtain

u, — 0v)

Uy — 6v) = ( —9v>+6<%,

<%,u—6v>+/Qa(.7Vu)(Vu—Vv)dxdtg (f u—v).

So u is a weak solution of the problem (P). [

THEOREM 3.2. The solution u € # NL*(Q) of the problem (P) obtained as limit
of approximations of solutions (u,) of the problem (P,) is unique.

Proof.
Step1l: The modular convergence of the gradients

We have to prove that
Vu, — Vu in (Ly(Q))" for the modular convergence.

Let us recall that

/Q (a(., Vitn) — al., Vvi)) (Vity — Vvj)dxdr < £(n, j,0,1)
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and
/Q(a(.,Vun)—a(.,VuxS))(Vu,,—Vuxs)dxdt
:/Q(a(.,Vu,,) —a(,Vvix})) (Vun — Vvixi)dxdt +€(n, j,s).
Then,
/Qa(.,Vun)Vundxdtg/Qa(.7Vu,,)Vuxsdxdt+/Qa(.7Vux5)(Vun—Vuxs)dxdt
+e(n, Jj, i),
and,

limsup/ a(., Vu,)Vupdxdt < / a(.,Vu)Vuy dxdr < liminf/ a(.,Vu,)Vupdxdt.
n JO 0] mJo

Then,
a(.,Vu,)Vu, — a(.,Vu)Vu.x* stronglyin L'(Q),

and
a(.,Vu,)Vu, — a(.,Vu)Vu strongly in L'(Q).

By a Vitali argument, we deduce

Vu, — Vu in (Ly(Q))N for the modular convergence. (3.4)

Step 2: Uniqueness

Suppose there exist two solutions u;,u; of the problem (P) obtained as limit of ap-
proximations of solutions of (B,) such that u;(0) = u>(0) = uo. Let ] and u} be the
sequences associated respectively to u; and uy. If we consider v = (u] —u5)x(0,r) as
test function in the approximate problem (where we omit the index 7), we can deduce
that:

)+ [ (Vi) — (. Vi) (Ve — Vi

(3.5)
+/ n(Tp(@(uy)) — Tu(P(u3)) (uf —u3) = 0.
o

Four situations may occur in the treatment of
J(n) := /Qn(Tn@(u'f)) — Tu(®(u3)) (uf —u3) -

i) There exist two subsequences u},u5 belonging to JZ".

i) All subsequences uf,u5 are notin .

iii) There exist two subsequences u{,u5 such that u| ¢ 72 and u}} € JZ.
iv) There exist two subsequences u},u5 such that u} € 7" and u) & .
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The cases i) and ii) are simple since J(rn) =0 and

a _
< (”18 “2) )+ / Vi) = al., Vi) (Ved! — Vul)dxdt =0

Then,
/ luf(t) —uz(T 2dx+/ L Vul) —a(.,Vus)) (Vi — Vuy)dxdt

— 5 [ ut0) ~ () Pax

Letting n tend to infinity and using (3.4), we obtain:
2/ lui(T) —ua(t 2dx+/ (.,Vuy) —a(.,Vup))(Vu; — Vuy)dxdt =

which gives u;(7) = u(7) forall 7€ (0,T), and using (1.2) , Vu; = Vup ae. in Q.
Then
uy =up ae.in Q.

The cases iii) and iv) are similar. Let us consider case iii).
We have

/\ul —uy(T 2dx+/ (., Vuy) —a(.,Vuz))(Vu; — Vuy)dxdt

+ lim [nz / (u’f—ug)} 0,
Nn—o0 Q
which gives as previously u; =up a.e.in Q. O

REMARK 3.1. The existence result of theorem 3.1 remains true if a depends on
x,t,u,Vu and condition (1.3) is replaced by the following one

la(x,1,5,8)| < c(x,t) + ki P M(ka|s|) + kM M(ky|E]),

where c¢(x,1) € E7(Q),c >0 and k; e RT,i=1,2,3,4.

REMARK 3.2. The technique used in the proof of theorem 3.1 can be adapted to
prove an existence result for solutions of the following parabolic inequalities:

ue X NL*Q),

T
/ <%7u—v>dt+ / a(x,t,Vu)V(u—v)dxds + / H (x,t,u, Vu) (u—v) dxdi < (f,u—v),
0 0 Q
forall ve .2 N2NL(2),
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where H is a given Carathéodory function satisfying, for all (s,{) € R x RV and a.e.
(x,t) € O, the following conditions

[H(x,2,5,8)[ < A(Is])(8(x,0) +|SI7),

and
H(x,t,s, C)S 2 07

with A : R* — R™ is a continuous increasing function and §(x,7) is a given positive
function in L'(Q).
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