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TRIGONOMETRIC APPROXIMATION IN
GENERALIZED LEBESGUE SPACES L’®

ALI GUVEN AND DANIYAL M. ISRAFILOV

(Communicated by S. Samko)

Abstract. The approximation properties of Norlund (N,) and Riesz (R,) means of trigono-
metric Fourier series are investigated in generalized Lebesgue spaces LPY) . The deviations
£ = Nu(F)ll ) @nd [ = Ra(f)]| (v are estimated by n=* for f € Lip(e,p(x)) (0< o <1).

1. Introduction and main results

Let p: R — [1,o0) be a measurable 27— periodic function, that is p (x+27) =
p(x). Denote by LP™¥) = LP() ([0,27]) the set of all measurable 27— periodic functions
f such that m, (A f) < e for some A = A(f) > 0, where

LP1) becomes a Banach space with respect to the norm

1 1) :inf{/l >0:m, (%) < 1},

If p(x) = p is constant (1 < p < o), then the space LP™) is isometrically isomorphic
to the Lebesgue space L”.
If the function p satisfies

1 < p_:=essinf p(x), py:=esssup p(x) <eo (1)
x€[0,27) x€(0,27]
then the function @
/ pPx
p'(x) =
W= -

is well defined and satisfies (1) itself.
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The space LP™) consists of all measurable 21— periodic functions f such that

2n

[ 1@ @lax <o

0

for all measurable g with m, (g) <1 and

2n
£l =supq [ LF@g(ldx:my () <1
0

is also a norm on LP™)_ It is known that the inequalities
1oy < Iy < 7 1

satisfied for all functions f € LP™Y) | where

1 1
rp::1+z—ﬁ,

and hence the norms || ]| (v and Il ||;(X) are equivalent. We refer to [13], [9], [10] and

[7] for properties above and for more general information about L) spaces.
Denote by M the Hardy-Littlewood maximal operator, defined for f € L! by

1
M) = sup [ £ (0)lde, xe 0,2,

where the supremum is taken over all intervals / with x € I.

The boundedness problem of the operator M on the space LPY) was studied by
many authors ([5], [8], [17], [18], etc.).

In [8] it was proved that if the function p satisfies (1) and the condition

C 1
- g 77 0 - g _7 2
lp(x) —p ()| e <ph—y<3 2)
then the maximal operator M is bounded on L™ that is,
M) py < € lf i 3)

forall f € LP™), where c is a constant depends only on p.

The set of all measurable 27— periodic functions p : R — [1,0) satisfies the con-
ditions (1) and (2) will be denoted by .7 .

Let p € .# and f € LP™). The modulus of continuity of the function f is defined
by

Qp(x) (f76) = sup HTh(f)”p(x)v o> 0, 4
|hl<&
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where ,
(N = [ 17 G40 = 0l dr ©
0

The existence of Q) (f,8) follows from (3), and also the inequality

Qp(x) (f75) < C”pr(x)

satisfied for all 0 > 0.
The modulus Q) (f,-) is nonnegative, continuous function such that

lim Q p(x )(f 6) =0, Qp(x) (fl +f27') < Qp(x) (fla')+gp(x) (f27')'

5—0

In the Lebesgue spaces LP (1 < p <o), the classical modulus of continuity
oy (f,-) is defined by

wp(f,)—‘z‘upllTh N, >0, (6)

where

Ty (f)(x) := f (x+h) — f(x).
It is known that in the Lebesgue spaces L? the moduli of continuity (4) and (6) are
equivalent (see [14]).

We define in the spaces L’} the modulus of continuity by using the shift (5),
because the space LPW) i not translation invariant, in general (see, for example [13,
Example 2.9]).

Let p € 4 and 0 < o < 1. We define the Lipschitz class Lip(o, p(x)) as

Lip(at, p(x)) = {f eLPW Q) (f,8) = 0(5%),6 > o} .
Let f € L' has the Fourier series

~ = + 2 (arcoskx + by sinkx) . @)

Denote by S,,(f)(x), n=0,1,... the nth partial sums of the series (7) at the point x,

that is,
x) = D A)(x)
k=0
where
Ao(f)(x) = —, Ar(f) (x) =apcoskx+bysinkx, k=1,2,....

Let {p,}{ be a sequence of positive real numbers. We consider two means of the
series (7) defined by

N :_anmm

an
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and

R0 = 5 3 puSul$)0)

n
where P, := Y pm, p—1 = P_1:=0. The means N,(f) and R,(f) are called the

m=0
Norlund and Riesz means of the series (7), respectively. In the case p, = 1,n > 0, both

of N,(f) and R,(f) are equal to the Cesaro mean

If we take p, =AP! (B >0), where
BB+1)...(B+k)
k! ’

the mean N, (f) be the generalized Cesaro mean of (f)(x), thatis

AB—1, AP = k=1,

M) = 55 S AT

The approximation properties of the Cesaro means o, in Lipschitz classes Lip(c, p),
1 < p <o, 0< <1 were investigated by Quade in [19]. The generalizations
of Quade’s results were studied by Mohapatra and Russell [16], Chandra ([1], [2],
[3], [4]) and Leindler [15]. In [1], Chandra obtained estimates for ||f — N,(f)]] o
where 1 < p < co. Chandra also gave estimates for the difference || f — R,(f)||,, where
feLip(o,p), 1 <p<e, 0<o <1 [2]. Inthe paper [4], Chandra gave some condi-
tions on the sequence {p, }; and obtained very satisfactory results about approximation
by the means N,(f) and R,(f) in Lip(a,p), 1 < p <o, 0 < a < 1. Later, Leindler
in [15] weakened the conditions given by Chandra on the sequence {p,} and general-
ized his results. In [11], the analogues of Chandra’s results was obtained for weighted
Lebesgue spaces.

In the present paper we give L” ) analogues of the results obtained by Leindler in
[15] and Chandra in [4].

We shall use the notations

Agn = 8n—8n+1, Amg(n,m):=g(n,m)—g(n,m+1).

A sequence of positive real numbers {p,} is called almost monotone decreasing
(increasing) if there exists a constant ¢, depending only on the sequence {p,} such
that for all n > m the inequality

Pn<cpm (cpn=pm)

holds. Such sequences will be denoted by {p,}; € AMDS ({pn}y € AMIS).
Our main results are the following.



TRIGONOMETRIC APPROXIMATION IN GENERALIZED LEBESGUE SPACES L) 289

THEOREM 1. Let pe #,0<a <1, f€Lip(a,p(x)) and {p,}§ be a sequence
of positive numbers. If
{pn}y € AMDS,

or
{pn}o €AMIS and (n+1)p,=0(PR,),

then

Hf_Nn(f)Hp(x) = O(nia) '

THEOREM 2. Let pe . #, f € Lip(1,p(x)) and {p,}§ be a sequence of positive
numbers. If

n—1
D klAp =0 (F),
k=1

or |
n— Pn
k=0 n

then the estimate
1f = Na( )|y = O (n7")
holds for n=1,2,....

THEOREM 3. Let pe . #,0< o<1, f€Lip(ct,p(x)) and {pn}§ be a sequence

of positive numbers. If
P P
A =0 8
<m+1>’ <n+1)’ ®

then for n=1,2,... the estimate

1 = Ra() iy = O (n™%)

n—1

)

m=0

holds.

In the classical Lebesgue spaces L?, the analogues of Theorem 1 and Theorem 2
were proved by Leindler in [15], and Theorem 3 in L” spaces was obtained by Chandra

[4].

2. Some auxiliary results

In this section ¢ will denote the constants (in general, different in different rela-
tions) depend only on quantities that are not important for the questions of interest.
Let p € /. Denote by E,(f),n) (n=0,1,...) the best approximation of f €

LPY) in TI, (the set of trigonometric polynomials of degree at most n), that is

En(f)ptey = i0f{ 1Lf = tall 10 € T
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It follows that, for example from Theorem 1.1 in [6], there exists a trigonometric poly-
nomial #; € I, such that

En(f)p(x) = ||f_tZ||p(x)

forn=0,1,....
By WP = wrW ([0,27]) we denote the set of absolutely continuous functions
f such that f’ € LP™.

LEMMA 1. Let p € # and f € WPY). Then the estimate

Ly
En(f) p(x) =0<;||f Hp(x)) ©)

holds for n=1,2,....
Proof. 1t follows from Theorem 6.1 of [21] that

Hf_S"(f)Hp(x)_)O7 n— oco.
It is easy to see that

Ac(F) () = KA () (). k=12,

where f’ is the conjugate function of f’. By considering the uniform boundedness of
{Sx}o and the boundedness of the conjugation operator in the space LPY) (see [21]),
we get

1f = Sul > alf) > Ak(f’)
k=n+1 () k= n+1 (%)
B k=§n°;&-l<%_ﬂ%> <Sk<f/> f/> j_ ( <f/) f/> p(x)
<2 () )7, 5l ()71,

s 1
<{ £ (1)1l n+1>!f|\
Col
.

and hence (9) follows. [

LEMMA 2. If p € M, the Jackson type inequality

1
En(f)p(x):0<gp(x) <f;;>>, n=1,2,...
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holds for f € LPW).

Proof. Let f € LP®™). Consider the transform

1 h
Us(f)(x) ;:%/ (%/f(x—kt)dt) dh, &> 0.

52\ 0

It is clear that Uy (f) € WP™) for each § > 0 and

1

W) ()= 3 [ 3G+ h) = )

5/2

for almost all x. Since

[(Us(f)) ()] <

1
(é/f<x+h>—f<x>|dh) ,

0

S| B

it follows from definition of Q) (f,8) that

)

J 1) =l

0

Qp(x) (f76) .

SRS
ol —

[Ws ()] oy <

p(x)

<

SRS

On the other hand, since

1 h
Us(f)(x)— f(x) = %/ (%/(f(ert)—f(x))dt) dh,
5/2 0

we get

dh

h
1
o140 - flar
0 px)
h

217+ = lar
2

0

dh

p(x)
h

21740 fla
0

p(x)

291
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— sup h/v-w fldt| <@y (£.5).
§/2<h<s o
px

Hence, by subadditivity of the best approximation and (9) we obtain
En(f)p(x) < E, (f_ Ul/n (f))p(x) +E, (Ul/n(f))p(x)
c
< Hf_ Ul/n(f)Hp(x) + - H (Ul/n(f))/

<9 (f,%)+ Cang (f, )

which finishes the proof. [

p(x)

LEMMA 3. Let p € # and 0 < oo < 1. Then for every f € Lip(o,p(x)) the
estimate

Hf_Sn(f)Hp(x)ZO(n_a)7 n:l727'”
holds.

Proof. Let t; (n=0,1,...) be the trigonometric polynomial of best approxima-
tion to f € Lip (a,p(x)). By Lemma 2

Hf_t:”p(x) =0 (Qp(x) (f7 l/}’l)) ’
and hence
1f =12l =0 (n"%).
By the uniform boundedness of the partial sums S,(f) in the space LPY) (see [21]), we
get
1F = SulF)ll iy < IF =2l + 11 = SaCF)ll
= 1 =)+ 1180 55 = )

=00v—am@)

=0(n%). O

LEMMA 4. Let pe /. If f € Lip(1,p(x)), then f is absolutely continuous and
frelPY thatis f e wPW,

Proof. Let f € Lip(1,p(x)) and 6 > 0. Since p_ < p(x) almost everywhere, by
Theorem 2.8 of [13] the space LP @ js continuously embedded in LP-. Hence we have

T (O < el Th()l e

for every h with |h| < 8. This inequality and equivalence of w,_(f,-) and Q,_(f,-)
yield
Wp_ (fa5) <c Qp(x) (fa5) :
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Hence, f € Lip(1,p(x)) implies w,_(f,8) = O(0), and this implies that f is abso-
lutely continuous and [ € LP~ ([6, pp. 51-54]).
Since the relation

fltt) - f0)

t

holds almost everywhere, for almost all x we get

, §—0" .

/Vx+t Wy, 0

5/2

By Fatou Lemma, for every measurable function g with m,, (g) <1,

21
ﬂﬂwmmm—/lm JEEEETCIP TR
0

5/2
gliminf /'f ) = SN gy | o) dx
5—0*
0 5/2

11m1nf5/ /|f x+1)—f(x)|dr | |g(x)|dx

= hmlnf /T5 x) |g(x)|dx

.4
hmmf 5 1T ()l oy < liminf = Q) (£,9)

. 4
= 1}&5@3 0(6)=0(1),

and this means that f € LY. [

LEMMA 5. Let p € M and f € Lip(1,p(x)). Then for n= 1,2, ... the estimate

1S5(f) = Ou ()l iy = O (n~")
holds.
Proof. By Lemma4, f € wre) If f has the Fourier series

() ~ S A () ()
k=0
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then the Fourier series of the conjugate function ]7’ be

()~ YkAx (1))
k=1
On the other hand,
SN a0 = X A
l /
T n+1 <f> ().

Hence, by considering the uniform boundedness of the partial sums and the conjugation
operator in the space LPW) (see [21]), we obtain

152 (f) = Gu ()l iy = O (n™)
forn=1,2,.... O
The following Lemma was proved in [15].

LEMMA 6. Let {p,} be a sequence of positive numbers. If {p,}; € AMDS, or
{pn}y € AMIS and (n+1)p, = O(P,), then

Zlm_o‘pn_m =0 (n_O‘Pn)

for 0 <o < 1.

3. Proofs of the main results

Proof of Theorem 1. Since

:_zpn mf

”m 0

we have

J(x) = Na(f Z—an m{f () = Sm(f) ()}

”m

By Lemma 3 and Lemma 6 we obtain

1 n
I =MDl < 3 3 Paemlf =Sl

= _zpn m ( _OC)"’_%:HJC_SO(JC)Hp(x)

"ml

R I 1
_Fno(n P,,)+O<n+1>

= O(n_a). O
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Proof of Theorem 2. 1t is clear that

NaF)E) = 5 3 B (1))

nm=0

By Abel transform,

and hence

Since

by Lemma 5 we get

1
n+1

S| = 1805~ (Dl = 0 (7).
k=1

p(x)

Hence,

Suppose the condition
n—1
2k|APk| = O(Pn)
k=1

holds. This implies that (see [15])

and hence by (10) we have

12(f) = Na ()| ey = O (1)

295

(10)
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This relation and Lemma 3 yield

1 = Na( )y = O () -
n—1
Py
S ol =0 ().
k=0 n
A simple calculation yields

() < (S o).

k=n—m

Now let

and by induction one can easily get

2 pe— (m+1) pum

k=n—m

P}’Z Pn m 4 <
Ap (T) ' g m—|— 1) (l;lk|Pn—k+1 —Pn—k|>
Klpn-ton—puil | 3~
Pn—k+1 — Pn—k m:km(”H‘ )

- 1
k _ _ _ -
1 |pn k+1 — Pn k‘ (;km(m+1)>

=Y |Pn—kt1—Pnil = 2 |Ap|.
=1 =0

Combining this, the assumption (11) and (10) we get

12(f) = Na (Pl py = O (n™1)

and considering Lemma 3 again we obtain the desired result. [

m
Z |Pn—kt+1— Pn—kl-

Thus,

Il
M=

T
I

N
0=

~
I|

Proof of Theorem 3. Let 0 < o < 1. By definition of R,(f)(x),

700 =R = 5 3 pu 10 =80 (1) ().

From Lemma 3, we get

1
- o(P ) 3, po =+ 2= o)l
m=1

_ - —o
=0 (Pn) rZlemm .

(11)

12)
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By Abel transform,

En:pmmfa ZP {m “—(m+1) O‘}—i—n “p,
m=1

and

=0 (niO‘Pn)

by condition (8). This yields
2 pmm~ % =0 (niO‘P,,)
m=1

and from this and (12) we get

1f = Ru(N)l py =0 (n™%).

Let’s consider the case o = 1.

By Abel transform,
Ri( = —n ZO{P = Sm1 () (X)) + PuSu (f) (x)}
n—1
7 2 P (A (N8) 5,010
and hence
RN =510 =~ 53 P (1) 0
Using Abel transform again yields
n—1 —
Z PmAm+1 m+1 (f) (x)
m=0
go <m+l) (gowﬂmkﬂvxx))
n—1
FS (o DA ().

k=0
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Thus, by considering Lemma 5 and (8) we obtain

n—1 — m
ZPmA1n+l(f) 2 <m+l) 2 k+1 Ak+l(f)
m=0 plx = = p(x)
Pn n—1
Ra— zgf)(k+l)Ak+l(f)
p(x)
n—1 Pm
=3 | () o+ 281 ()= 0mer )
m=0
+b H ( ) O-"(f)“p(x)
5 Pn P,
= 0(1)m=0 A <m+ 1) ‘ +0 (7) .
This gives

=
|
|
N
)
3
>
3
=
S

I
| =
Q
A
3 |o
~—
I
)
~

3|
~—

Combining this estimate with Lemma 3 yields
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