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SUFFICIENT CONDITIONS FOR INTEGRAL
OPERATOR DEFINED BY BESSEL FUNCTIONS

B. A. FRASIN

(Communicated by N. Elezovic)

Abstract. The main object of the present paper is to derive several sufficient conditions for in-
tegral operator defined by Bessel functions of the first kind to be convex and strongly convex of
given order in the open unit disk.

1. Introduction and definitions

Let o7 denote the class of functions of the form:
f@)=z+) and", (1.1)

which are analytic in the open unit disk D = {z: |z| < 1}. A function f(z) belonging
to .o/ is said to be convex of order ¥ if it satisfies

Re (l—i—zjjjl(iz))) >y  (zeD)

for some y(0 < y < 1). We denote by ¢(y) the subclass of <7 consisting of functions
which are convex of order y in D. If f(z) € & satisfies

arg (l—l—zjjjl(iz)) —)/)‘ < gﬁ (zeD)

for some y(0 <y < 1) and B(0 < B < 1), then f(z) is said to be strongly convex of
order B and type v in D , and we denote by %, () the class of such functions. It is
clear that () = % (B) the class of strongly convex of order 8 in I and €(1) =
% the class of all convex functions in D.

The Bessel function of the first kind of order v is defined by the infinite series

g (2/2)2n+v
Z Fn+v+1)’
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where I' stands for the Euler gamma function, z € C and v € R. Recently, Szdsz and
Kupan [8] investigated the univalence of the normalized Bessel function of the first kind
gv : D — C, defined by

(_l)nzn+l
nl(v+1)...(v+n)

gv(@) =2"T(v+ ) V2, ) =2+ Y - (1.2)
n=1

Baricz and Frasin [1] have obtained various sufficient conditions for the univalence
of the following integral operators defined by Bessel functions of the first kind:

o (),
Fvl,...,v,l,ocl,...,an,ﬁ(Z): B/tﬁ_ H( ’t ) dt )
0 i=1

. 1/(na+1)

Fv17...,v,,,oc7n(Z) = (noc—l—l)/l_[l(gvi(t))adt
0=

and
1y

4
Foy(z) = y/z”*l (egv(’>>ydt
0

In this paper we are mainly interested on some integral operators of the following
types which involve the normalized Bessel function of the first kind:

More precisely, we would like to obtain some sufficient conditions for Fy, v, a;.....on ()
to be in the classes € (y). Also, we prove new results, which involves strongly con-
vexity of the integral operator of the type (1.3) when n = 1. In particular, we obtain
simple sufficient conditions for some integral operators which involve the sine and co-
sine functions.

For the integral operators of the form (1.3) which involve the normalized analytic
function of the form (1.1) see the references [2, 3, 4, 5, 6, 7].

In the proofs of our results we need the following result based on [8].

LEMMA 1.1. Let v > (=54 +/5)/4 and consider the normalized Bessel function
of the first kind g, : D — C, defined by g,(z) = 2"T(v+1)z'=V/21,(z'/?), where J,
stands for the Bessel function of the first kind. Then the following inequality hold for
all ze D

(1.4)

28v(2) < v+2
gv(2) S 4v2Z410v+5
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2. Convexity of integral operators involving Bessel functions

Our first result provides sufficient conditions for integral operator of the type (1.3)
to be convex of given order §.

THEOREM 2.1. Let n be a natural number and let vi,vs,..., vy > (—=5++/5)/4.
Consider the functions gy, : D — C, defined by

gvi(2) = 2V (vi+ 1)1 V720, (2172). 2.1)

Let v =min{v|,Va,...,V,} and 0y,0,...,0y be positive real numbers. Moreover,
suppose that these numbers satisfy the following inequality

24v L
0<1— o < 1.
4v2+10v+5Z <

Then the function Fy, . v, a...a, : D — C, defined by

Fy,,.. v,,7a1....,oc,,(Z) :/1_[1<gvltﬁ> dt, 2.2)
o'~

isin €(5), where
24v 4
=l-——" _Yyq
4v2+10v+5i§1 '

Proof. First observe that, since for all i€{1,2,...,n} we have g, €47, i.e. gv,(0)
:g/\/, (O)_IZO, Cleaﬂy Fvl Vi, Ol ey E %7 i.e. Fvl ..... Vi, O] ... (O):F/ .... Vi, 0 5.ey Ol (O)
— 1 =0. On the other hand, it is easy to see that

and

R 2": (ngz 2) 1)
F\ﬁl-.-.7vn7a1,-.-,an( i=1 8v;(2)

or, equivalently,

ZF) z U 28, (z n
14 : ....7Vn7al7-..706n( ) _ 2%’( gv,( )) +1—206i~ 2.3)
Fv1 ..... Vi, O ey Ol (z) i—1 8v; (2) i—1

Taking the real part of both terms of (2.3), we have

v VOl ey O (7)} = (Zg/v-(z)) <
R l—l— Lo e = ;R ! +|1-— i 2.4
e{ th Vi, O .., Ol (7) i=21a © gVi(Z) i;la 4
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Now, by using the inequality (1.4) for each v;, where i € {1,2,...,n}, we obtain
ZF\Y Vi, Olf 5evn 0 } - (ng( 2) =
Re l+ 15:-05Vn, &0, 7n I )+ l_ o
{ F\£1 ..... sV, 01 ,...,0p ( ; gvz( ) 1:2] '
n vl+2 n
>H»Yo|l—-——— )+ |1-) o
Zj ( 4vl-2+10v,-+5> ( ; )

L V; 2
()
= 4vi+10v;i+5

2+v L
>1-———— Y«
4v2+10v+5i§1 '

for all z€ D and v,vi,va,...,V, > (=5 ++/5)/4. Here we used that the function
@ : ((—5+/5)/4,%0) — R, defined by

p(x) =

is decreasing and consequently for all i € {1,2,...,n} we have

x+2
4x2 4+10x+5’

Vi+2 v+2

< . 2.5
4v2+10vi+5  4v24+10v+5 2.5)
Because 0 < 1 — szfTVHSEl o < 1,we get Fy, . vyoy...0n(2) € €(8), where

n
§=1-— 4\/2-2:_7\/\/-&-5 El o;. This completes the proof. [

Choosing o = ap = ... = 0 = o in Theorem 2.1, we have the following result.
COROLLARY 2.2. Let the numbers v,vi,...,Vv, be as in Theorem 2.1 and let

04,0y, ...,0, be positive real numbers. Moreover, suppose that the functions gy, € 2/
defined by (2.1) and the following inequality

2+ v)na
< -~ @@ @
4v2 +10v+5
is valid. Then the function Fy, .. v, a,...a,(z) defined by (2.2) is in € (L), where
£=1- M
4v24+10v+5°

Observe that g; /5(z) = \/zsiny/z and g_;/5(z) = zcos/z. Thus, taking n =1 in
Theorem 2.1 or in Corollary 2.2, we immediately obtain the following result.

COROLLARY 2.3. Let v > (—5++/5)/4 and o > 0 be a real number. Moreover;
suppose that these numbers satisfy the following inequality

(24 v)a
4vZ 4+ 10v+5

~X
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Then the function F, o : D — C, defined by

4

Feal)= [ (gvt(t))adt,

0

isin €(n), where
2+v)a
4vZ4+10v+5
In particular, if 0 < o < 22/5, then the function Fy; o : D — C, defined by

Fippa(z) = j (Sh\l/;/;ydt,
0

is in (&), where & =1—(5/22)a. Moreover, if 0 < a < 2/3, then the function
F_1)34:D — C, defined by

=1

Z
Fi)4(2) =/(cos\/f)adt,
0
isin € (L), where A =1—(3/2)a..

3. Strongly convexity

In this section, we prove the following results, which involves strongly convexity
of the integral operator of the type (1.3) when n =1.

THEOREM 3.1. Let v > (—9++/33)/8 . Then the function F, ¢ : D — C, defined

by Z
zaaazf(&ggam,

0
isin €p(1)=%(p), where p=1—0a; 0< < 1.

Proof. Tt follows from (2.3), (1.4) and (2.5) that

2Fy 4(2) )‘ (zg’ (z)) ' 284, (2)
arg [ 1+ —"""—(1—0a) || = |arga [ =222 )| = |arg =Y
:( Fla@ ) =P ) T
< arcsin 24—7\/
= 4v2 4+ 10v+5

. T
< arcsinl = >

sothat Fy o(z) € €(p), where p =1—0; 0 < o < 1, which proves Theorem 3.1. O
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COROLLARY 3.2. The function Fy; o : D — C, defined by

Fipa(z) = j (Sir\lf\tﬁ)adh
0

isin €(p), where p =1—0o; 0< a < 1.1In particular, when o = 1, the function

dt is convex in D.
o Vi
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