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Abstract. In this paper, a good A estimate for the multilinear commutator associated to the
fractional integral operator on the spaces of homogeneous type is obtained. Under this result, we
get the (L” (X),L9(X)) -boundedness of the multilinear commutator.

1. Introduction

Let T be the Calderén-Zygmund operator, Coifman, Rochberg and Weiss (see
[9]) proves that the commutator [b,T](f) = bT (f) — T (bf)(where b € BMO(R")) is
bounded on LP(R") for 1 < p < eo. Chanillo (see [5]) proves a similiar result when T
is replaced by the fractional operators. In [13], [16], Janson and Paluszynski study these
results for the Triebel-Lizorkin spaces and the case b € Lipg(R"), where Lipg(R") is
the homogeneous Lipschitz space. The main purpose of this paper is to find the good
A estimate for the multilinear commutator associated to the fractional integral operator
on the spaces of homogeneous type, where b € Lipg(X) and b € BMO(X ). Under this
result, we get (L?(X),L9(X))-boundedness of the multilinear commutator.

2. Preliminaries and Theorems

Give a set X, a function d : X x X — R™ is called a quasi-distance on X if the
following conditions are satisfied:

(i) for every x and y in X, d(x,y) > 0 and d(x,y) =0 if and only if x =y,

(ii) for every x and y in X, d(x,y) = d(y,x),

(iii) there exists a constant k > 1 such that

d(x,y) < k(d(x,2) +d(z,y)) (1)

forevery x,y and z in X.
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Let u be a positive measure on the o -algebra of subsets of X which contains the
r-balls B(x,r) = {y:d(x,y) <r}. We assume that u satisfies a doubling condition,
that is, there exists a constant A such that

0 < u(B(x,2r)) <AU(B(x,r)) < oo (2)

holds for all x € X and r > 0.
A structure (X,d,u), with d and u as above, is called a space of homogeneous
type. The constants k£ and A in (1) and (2) will be called the constants of the space.
Then let us introduce some notations (see [3], [11], [16], [21]). Throughout this
paper, B will denote a ball of X , and for a ball B let fz = u(B)~' [ f(x)du(x) and
the sharp function of f is defined by

£45) = sup—rzs [ 110 = oldu ).

Bax

It is well-known that (see [11])

f*(x) ~ sup inf

BoxceC [J.

3 0= Clauty)

We say that b belongs to BMO(X) if b* belongs to L=(X) and define ||b||pyo =
||6%||= . It has been known that(see [11])

|16 = bakgl|smo < Ck|[b||sumo-

For1<p<ecand 0 <y <1,let

1 1/p
M. x)=sup | ———— / Pd .
o100 =sup (i [ oPau))
If y=0, M,,(f) =M,(f) which is the Hardy-Littlewood maximal function when
p=1.For 0 < B <1, the Lipschitz space Ag is the space of functions f such that

= sup p (8050 ) /oot <

x,heX
h#0

where A’Z denotes the k-th difference operator (see [16]) and the existence of p is
guaranteed by the following Lemma 1.
In this paper, we will study some multilinear commutators as follows.

DEFINITION. Suppose b; (j =1,---,m) are the fixed locally integrable functions
on X . Let I, be the fractional integral operator as

— [ K 0dut), 0<y<t.
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where

_ B dx,y)]r !t if x#
Klny) = {H(x)yl ’ if xzi and u(x) > 0.

The multilinear commutator of fractional integral operator is defined by

9= 11 [T(01) - DK (0 O)R0). G)

and 17 (f) (x) = supe_ |12 () ()] where

= [ T10 = b0)K e ()due)
plxy)>e

j=1

Note that when by = = by, I b is just the m order commutator. It is well
known that commutators are of great mterest in harmonic analysis and have been widely
studied by many authors(see [1-6], [10-12], [17-19]). Our main purpose is to find
the good A estimate for the multilinear commutator Il'h, and with this result to find
(LP(X),L%(X))-boundedness for the multilinear commutator I{,’ .

Given some functions b; (j = 1,---,m) and a positive integer m and 1 < j <m,
we set HbHLipﬁ = H;-nzl HijLiPﬁ s HbHBMO = H;-nzl HijBMO and denote by C;" the
family of all finite subsets o = {o(1),---,0(j)} of {1,---,m} of j different elements,
|o| = j is the element number of 6. For 6 € C', set 6¢ = {1,---,m}\ 0. For b=
(blv o '7bm) and 0 = {0-(1)7 o 70-(.])} € C;n’ set BU = (b6(1)7 o '7b0'(j))’ b= bo‘(l) e

bo(j)- IIbollng =1boyllag - 1bo(jllrs and [[bs|lsmo = |bo()llBrmo -+ |bo(j)|lBmo -
In what follows, C > 0 always denotes a constant that is independent of main
parameters involved but whose value may differ from line to line. For any index p €
[1,0], we denote by p’ its conjugate index, namely, 1/p+1/p'=1.
Now we state our results as following.

THEOREM 1. Let 0<y<1,0=1-y,0<B <landb;cAg for j=1,---,m

(a) Suppose 1 <r < p < oo. Then there exists & > 0 such that, for any 0 < & < &
and A >0,

({re X0 > 31l Mg 1100 < £2.})

<cEu({re X 1P(F)) > A}

(b) 5 is bounded from LP(X) to L1(X) for 1 <p < 1/(mB+y) and 1/q =
1/p—(mB+y).
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THEOREM 2. Let 0 <y <1, 6 =1—7v, and b; € BMO(X) for j=1,---,m

(a) Suppose 1 < r < p < oo. Then there exists & > 0 such that, for any 0 < & < &,
and A >0,

u ({x eX 1P (F)(x) > 3 |1Bl | syoMy.p(f) (x) < if/l})
<ceuxex 1P (f)(x) > 1))
(b) I)Z,7 is bounded from LP(X) to L1(X) for 1 <p<1/yand 1/g=1/p—1.

3. Proofs of Theorems

To prove the theorem, we need the following lemmas.

LEMMA 1. (see [15]). Let d be a quasi-distance on a set X. Then there exists
a quasi-distance p on X, a finite constant C and a number 0 < o0 < 1, such that p is
equivalent to d and, for every x, y and z in X

Ip(x,y) = p(z,)| < Cp(x,2)*(p(x,y) +p(z.y) .

LEMMA 2. (see[16]). Letr 0<fB < 1,1 < p < oo, then

611y = stz Hﬁ 1660 = baldn)

1/p
~ sup ( /\b bBI’du(x)>
B u(B

~ supinf e /b —eld
upin 1+,3 | |du(x)

1/p
%supinf ( /| ) —c|Pdu( ))
B

LEMMA 3. (see[5]). LetO<v<1,1<r<p<l/vandl/q=1/p—vV, then

1My (H)llee < CIf]er-

REMARK. In order to prove Theorems 1, it is clear that we may replace the kernel
Ky by any kernel Q, equivalent to Ky, in the sense that 1/cK, < Qy < cK, for some
positive constant. We shall use an equivalent kernel having some smoothness properties
that fractional kernel K, does not have.

In fact, notice that the function K(x,y) defined as u(B(x,d(x,y))) if x #y and
K(x,y) = 0 is not a quasi-distance because it might not be symmetric. However, it is
easy to prove that the function

8(ry) = {g[ﬂ*(B(x,d(x,y») +HBOAEY)] i ifﬁ
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is a quasi-distance equivalent to K(x,y). Now let p be a continuous quasi-distance
equivalent to J (the existence of p is guaranteed by lemma 1). Associated to p we
define the kernel

_ el it x#y,
Oy(x,y) = {M(x)yl if x=y and u(x) > 0.

and the operator
/ [1(01(0) = 250))@1 602 ) () )

It is clear that the above operator is equivalent to the one defined in (3). Consequently,
we shall work in the proof Theorem 1 and the following Theorems 2 with the operator
defined in (4).

Proof of Theorem I(a). When m = 1, by the Whitney decomposition, {x € X :

WAL (f)(x) > A} may be written as a union of balls {B;} with mutually disjoint in-
teriors and with distance from each to X \ U, Bx comparable to the diameter of By. It
suffices to prove the good A estimate for each B;. There exists a constant C = C(n)
such that for each k, the cube B; intersects X \ Ug B> where B, denotes the ball with
the same center as B; and with the diam B; = C diam Bj. Then, for each k, there
exists a point xo = xo(k) € By such that

I () (x0) < A

Now, we fix a ball B;,. Without loss of generality, we may assume there exists a
point z = z(k) with

b1l Mpy,p(f)(2) < EA.

Set By = By and write f = fi + f» for fi = fx5, and fo = fx\5, . We turn to the
estimates on f and f>.

The estimates on fi.For x € By, 1/r=1/p+1/g<1
1/r
Ll < ([ 1010 -n0)Q A au))
p(x.y)>e

< Cu(By)'! (/E |b1(x) —bl(y)lqdu(y)) " (/Ek If(y)”du(y)> v

< Cu (B’ u (B b1, w(Br) /7B

! I/p
g <W /E f(y>|f’du(y>)

< Cu(B) b1y My p(£)(2)-
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Let n > 0, we have

nA) I ()l

NA) " ([[B1l17 Mpayp (1) (@) (B

nA) " (EA) u(By)
&/n) u(By).

u(fxex : A" (fi)(x) >nA})

<
<
<
<

The estimates on f,. Let H= H(X) be a large positive integer depending only on
X . We consider the following two cases:

Case 1. dlam(Bk) e < Hdiam(By). Set V(x,y) = (b1(x) —b1(y)) Oy (x,) ().
Choose xy € By such that xo € X \ Uy Bx. For x € By, following [8], we have

LY X V (x

AP [ V) VRO [V 0)ldue)
[ W0l ) + L2 () )
—I+II+HI+IV

where R(u) = {y € X : diam(By;) < p(u,y) < Hdiam(B;)}. Now let us treat 1,11 and
11 respectively. For I, we write

[V (x,y) = V(x0,3)| = [(b1(x) =b1(¥))Qy(x,¥) 2(y) — (b1(x0) — b1()) Qy(x0,¥) f2()]
= [b1(x)Qy (x,y) /2(y) = b1(¥) Qy (x,¥) f2(y) — b1(x0) Qy (x0,¥) f2(¥)
+b1(y )Qy(xo» )F2(9)=D1(x0) Qy (x,9) f2 () +b1(x0) Qy (x,3) L2 (V)|
< |(b1(x) — b1(x0))Qy (x,9) f2 ()]
+[(b1(x0) — b1(¥))(Qy (x,y) — Oy (x0,¥)) f2(¥)]
=1L+

For Iy, by Lemma 2, Holder’s inequality and the following inequality, for b € Ag
0x) = bal < = [ Wbl bx =yl an ) < ol (B
u(B) Jy"" pHE
we have

[y hano) <X [ 21(3) = b1 ()] [0y (V)£ ) k)
plxy)>e

2\+l XO \BZ‘ )

< Cl[bi||a, m(Be)P 2 1 (Bye(x0))"!
v=1

1/p
([ 1rerane) ) eEpepto)
Byyi1,(x0)
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=

< Clibrl|ag (B Y, (B (wo))!~ I PH /=Py

v=1

1 1/p
X ¥
(u(ng(xo))l—(ﬁw)p ‘/Bzvﬂg(xo) F) u(y))

=

< ClIb1llag i (Br)P Y t(Bysr e (x0)) P Mp 1y (£)(2)

v=1

cmmwzz BMpy.p(£)(2)

wmwmﬂmw>
CE.

<
<

For I, notice 6 = 1 —v, by u’s doubling condition, Holder’s inequality, Lemma 2 and
the inequality ||a|* — |c|%| < |a —¢|* for @, c € R and 0 < o < 1, we obtain

[ bauw)
p(xy)>€
<€ /WHMWW(MW> b1 ))(Qy(x.y) ~ Qyx0.3)F)ldH()

M0, ) " =0
CZ/T“S (x0) |b1 )CO —b (y)| ‘n(x y)l Vn(xo y)l Y| ‘f( )|d,u( )

1 (x0,%)" 77|
SO [ Il O

=

CZ/WE o) by (x0) bl(y)|%f( )du(y)

1

< M(Bk)e 1/1’,
<€ / bi(xo) — by (y)|P'd
Zlu(Bpﬂg(xo)lfHe ( Bzmg(xo)\ 1(x0) =b1(y)] H(y)>

1/p
’ </Bzv+1g(x0) |f(y)17d“(y)>

< CY (B i (Byirg)(xo) OB DB | My () (2)

v=1

) 279 |, | |A5Mﬁ+y~,p(f)(z)

v=1

Cllb1l|ApgMp1y,p()(2)
CEN.

<
<

Therefore I < CEA.
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For II and III, note that, for y € R(x),
p(x.y) < Hdiam(B),

we get, by Lemma 2 and Holder’s inequality

n<c /H . 100) = 2100 ) 170 )

< Cu(HB)"! (/HgkIbl(xo)—bl(y)l”'du(y))l/p, (/Hgk f(y)lpdu(y)>l/p

1

1/p
T OPa0)

< Cu(HB)"~ 1+B+1/p'+1/p—B- yHblHAﬁ (u(HB )
k

b1l Mp 1, (£)(2)

EA.

Similar III < CEA.

Thus [+ 11+ 111 < CEA.

For 1V, since x ¢ [, Ok then |2 (f)(xo)| < A. For x € Bj,

<C
<C

sup | () (6)] < CEA+ A

e~diam(B;)

Case 2. € > Hdiam(By). Let Bf denote the ball with the same center as By and
with the diam B} = €. Similar to the proof of Case I, we get

sup [ (/o)) S CEA+A.

e>diam(B;)
Thus, we have shown that for x € By,
TIPNH)(x) SCEA+A.

Now, choose &y such that C&y < 1, let n = 1 and combine the estimates on f| with
f2, we get

u({re B B > 3l My () < 22} )

<u(fxe B M (A)(x) > 22 —CEAN + u({xe X " (f2)(x) > A+ CEAY)
<u({x € B " (f)(x) > A}) < Eu(By).

When m > 1, similar to the case m = 1, there exists a point xo = xo(k) € By such that

II(f) (x0) < .
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Now, we fix a ball B;. Without loss of generality, we may assume there exists a

point z = z(k) with
D17 p Ming-+y,p(f)(2) < GA.

Set By = §k and write f = f1+ f» for fi = f X5, and fo = f XX\B, - We turn to the
estimates on f and f>.
. r 1/r
172 (F)ller < € ( / <y>)
p(ry)>e
1/q 1/p
< cu(B ( \Hb lfdu(y >> (f; rorau)
k

< C‘u(gk)y— H(Bk)mﬁ-‘rl/q‘|b|‘/\ﬁ‘u(Bk)l/p—mB—y

1/p
(g fy FOIPan))
< CHBO By M1 (1))

Let n > 0, we have

The estimates on fi.For x € By, 1/r=1/p+1/qg<1

[T — i)y i)

j=1

w\

nA) NI )l
1) (1Bl 5y Mgy, (£) (D)) 1(Bi) "
nA) " (EA) u(By)
&/n) u(By).

u(reX AP (A)x) > nA}) <C
<C
<C
<C

The estimates on f,. Let H= H(X) be a large positive integer depending only on
X . We consider the following two cases:

Case 1. diam(By) < € < Hdiam(By). Set U (x,y)= "1 (Bj(x)=D;(¥) Oy (x,9) f(¥)-
Choose x € By such that xo € X \ Uy Bx. For x € By, following [8], we have

()W) < | / V) = UGoAOARE)+ [ 0G0 0)lduE)
y)>e ) (x)
+ / UG O)du ) + 1527 (o)
—J—l—JJ—i—JJJ—i-JJJJ,

where R(u) = {y € X : diam(By) < p(u,y) < Hdiam(By)}. Now let us treat J,JJ and
JJJ respectively. For J, we write

J < [(b1(x) —bl(XO))“~(bm(X)—bm(XO))/ Oy (x,y)f2(y)du(y)]

p(x.y)>e
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43 3 1B -Bo)or [ B0)-Blx0))o(Qy(6)-ylr03) s 0)d
p(xy)>e

j=1 O'EC'"

=Ji+/.

For J;, we have

01 R ) Iy ) ldu)

Boyt1,(x0)\Bave (x0)

< C|[B]| 5, 1 (Be)"P 3 1(Be (x0)7!
v=1

1/p
’ </BZ"H£(X0) o ”du(y)> W (Byi1g(x0)) 717

< Cl1Bl [, 1 (Bi)™ Y, 1(Boyirg (x0))7~ 1Pt pmmby

v=1

| 1/p
X rq
(M(Bzvﬂg(xo))l_(”’ﬁ“)” /<> Tk (”>

< C1B [, 1t (B)™ Z H(By1e(x0)) P My 4y o (f)(2)

=1

< Cl[B]| 22 P Mgy (£) (2)
v=1
< Cl[Bl |y Ming 17,5 (£) (2)
< CEA.
For J,, let 7,7’ € N such that T+ 7' =m, and 7/ # 0, we get

m

H<S S () - b(xo))or / (b(y) — b(x0))o

j=1 GEC? ler'#»le(xo)\BZ"S(XO)

<(01(5) ~ 0. 3) O)AH(Y)
<C3 3 169 =boa)rl T et

j=loecn v=1

« / | (xo)I(B(y)—B(XO))cf(y)du(y)l
m . ” 0
QCZ 2 |(B(x) — b(xo) G|Vzl1.uBzv )1 —y+0

j=1 ceC}?’

. o , 1/p' 1/p
g </Bzv+lg(xo) I(60) = blxo))al” d“(y)> </Bzv+1€(m> If(y)”du(y)>

u)|
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C 2 HbG‘H/\ﬁ.u(Bk TB+9 z.u Bzwrl (XO))71+y79+‘[/ﬁ+1/17/+1/p7mﬁ7y
T+7'=m =1

X | ‘bO" |/'\ﬁ mB-&-%p(f)(Z)

<C 3 (Bl (B Y 1(Byvire () B Mgy, (F)(2)
v=1

T+7'=

< b1, 22 My ()

< Cl\bl\Aﬁ Mg iyp()(2)

< CEA.

Therefore J < CEA . For JJ and JJJ, note that, for y € R(x),
p(x,) < Hdiam(By),

we get, by Lemma 2 and Holder’s inequality

m

J<C [ []]b)(x0) = b;NQy (x I )du(y)

HBy j=1
1/p 1/p
< Cu(HB,)" ( g TTt00) =0t >) (/,, lrorauc))
< Cu(HB,)~1HmB+1/p'+1/p—mB—y||j, 1 d v
< CulHBy) sy (gt S0P )

< ClBl 7y Mg 17,5 () (2)
<

Similar JJJ < CEA.
Thus J+JJ +JJJ < CEA.

For JJJJ, since x ¢ J; Ok, then \ngb(f)(xoﬂ < A.For x€Bj,

sup | (f2)(x)] < CEA+A.
e~diam(By)

Case 2. € > Hdiam(By). Let Bf denote the ball with the same center as By and
with the diam Bf = ¢. Similar to the proof of Case I, we get

sup A (A) () <CEA+A.

e>diam(By)

Thus, we have shown that for x € By,

I () (x) SCEA+A.
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Now, choose &y such that C&y < 1, let n = 1 and combine the estimates on f; with
f2, we get

(e B 2000 > 30,08l Mg (0) < 22} )

u({r€ B 1P (f1)(x) > 24 — CEAY) + u({x € X : I (f2)(x) > A+ CEAY})
u({x € Be: 1 (f1)(x) > A}) < Eu(By).

This completes the proof of Theorem 1(a). (b) follows from (a) and Lemma 3. O

<
<

Proof of Theorem 2(a). When m = 1, by the Whitney decomposition, {x € X :

WAL (f)(x) > A} may be written as a union of balls {B;} with mutually disjoint in-
teriors and with distance from each to X \ |J; By comparable to the diameter of By. It
suffices to prove the good A estimate for each B;. There exists a constant C = C(n)
such that for each k, the cube By intersects X \ [, By, where Bj denotes the ball with
the same center as B; and with the diam B; = C diam Bj. Then, for each k, there
exists a point xo = xo(k) € By such that

I () (x0) < A

Now, we fix a ball B;. Without loss of generality, we may assume there exists a
point z = z(k) with
1611 BmoMy,p(f)(z) < EA.

Set By = By and write f = fi + f> for f| = fxg, and fo = fxx\5,- We turn to the
estimates on f and f>.

The estimates on fi.For x € By, 1/r=1/p+1/qg<1

1/r
IIﬂ"l(fl)Iu<C</p(x7y)>g}(b1(X) b1 (3))Qy (r3) 1 )| iy )

< Cu(B)"! (/Ekbl(x) bi(y)|7du(y) )1/q</ IFO)Pdu(y) )W

< CuB) " BV by || suon (B) /P77

1 1/p
(g f r0IPan0))
< Cu(B)" M Ib || ssoMy p(f)(z)-

Let n > 0, we have

u(fxe X A" (fi)x) >nAY) < i) I1A ol
nA) 11161 | oMy (£) ()] u(B) ' 1"

A)(EA) u(By)

V/A/AN/AN/AN
aaaa
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The estimates on f,. Let H= H(X) be a large positive integer depending only on
X . We consider the following two cases:

Case 1. dlam(Bk) e < Hdiam(By). Set V(x,y) = (b1(x) —b1(y)) Oy (x,) f(»).
Choose xy € By such that xp € X \ Uy Bx - For x € By, following [8], we have

Ybl X V(x
AP V) VRO [V 0)ldue)

[ W00l ) + L2 () )
X0
=I'+Il'+1I'+1V',

where R(u) = {y € X : diam(By) < p(u,y) < Hdiam(B;)}. Now let us treat I, 1I' and
III' respectively. For I', we write

IV (x,y) = V(x0,)|
= [(b1(x) = b1(y)) Qy (x,¥) /2(y) = (b1(x0) — b1 (¥)) Qy (x0,¥) L2 ()]
= [b1(x)Qy(x, ) f2(y) — (Y)Qy(x7Y)f2(Y) — b1 (x0)Qy(x0,5) /2(»)
+b1(y)Qy (x0,) f2(y) — b1(x0) Oy (x, y)fz(y)+b1(x0)Qy(x VL)
< |(b1(x) = b1(x0)) Qy (x,9) 2 ()] + [(D1(x0) — b1(¥))(Qy (x,¥) — Oy (x0,¥)) f2(¥)]
=1 +1.

For I}, by Holder’s inequality and the following inequality, for b € BUO(X)

6= bl < o5 [ 160) =il ) < [l
we have
[y han0) <X [ b1(5) = b1 () 1@y (x| F ) )
p(x.,y) 2t+l XO \BZ‘ )
- 1/p
< Cllballao 3 uBreteo) ™ [ If)Pdu()
v=1 Bzv+l€ (x0)

%11 (Byvsro(x0) 7

< Cl|b1l[smo 2 M(Bzmg(xo))7*1+1*1/17+1/1777

v=1

1/p
1
) (H(B2v+1£(xO))l_VP ‘/Bzvﬂg(xo) f(y>|pd,u(y)>
Cl[b1lsproMy () (2)

<
< CEN.
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For I}, similar to I, we obtain

/P(x,y)>£2d“ CZ/ZI+l 50\ B )|(b1(x0)—b1(Y))(Qy(x,)’)—Qy(xo,y))f(y)|d“(y)
1 (x0,)!' Y = n(x,)' Y|
Cz/z‘“e (xo) ‘bl XO bl( )| |n(x y)l yn(xO y)l y‘ |f( )‘d‘u(y)
N (x0,x)'77]
CZ/M o) = ) D)ldm )

oo

X 0
SCE [ bila0) b )

k /
Cz / b —-b rq
u le+1 (x) 170 ( BZMS(XO)| 1(x0) = b1(y)] H(y)>

v=1

1/p
( / f(y)l”du(y)>
Bzv+1€ (x())

(B 1 (Byor) (o)~ TP P b [, My (£)(2)

X

N

Ms

C

v=1

<cy, 2791b1 || BMoMy,p (f)(2)

v=1

C||b1]lBmoMy.p(f)(2)
CEn.

8 |l

<
<

Therefore I’ < CEA.
For II' and III', note that, for y € R(x),
p(x,y) < Hdiam(By),

we get, by Holder’s inequality

Ir<c /H  110) = 1] Qy )1/l )

< Cu(HB)"! (/Hgk bl(xo)—bl(y)l”'du(y)>l/pl (/Hgk f(y)lpdu(y))l/p

1

1/p
< Cu(HB =141/ 1 /0=y _— Pdu
( k) H IHBMO (HBk)l_yp ‘f(y)| (y)

< C||b1||BmoMy,p(f)(z)
< CE.

Similar I1I' < CEA.
Thus I' +1I' + 11" < CEA.
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. b
For 1V, since x & Uy O, then | .7/” (f)(x0)| < A. For x € B;,

sup | () (6)] < CEA+A.

e~diam(B;)

Case 2. € > Hdiam(By). Let Bf denote the ball with the same center as By and
with the diam B} = €. Similar to the proof of Case I, we get

sup | () (6)] S CEA+A.

e>diam(B;)
Thus, we have shown that for x € By,
FIN(f)(x) SCEA+A.

Now, choose &y such that C&y < 1, let n = 1 and combine the estimates on f; with
f2, we get

(e B 2 () > 30l (1)) < €4 )

<u({x e B " (f)(x) > 24 —CEAY) + u({x € X : " (f2)(x) > A + CEA})
<u(fxeBe: I (A)(x) > A}) < Eu(By).

When m > 1, similar to the case m = 1, there exists a point xo = xo(k) € By such that
I (F)(x0) < 4.

Now, we fix a ball B;,. Without loss of generality, we may assume there exists a
point z = z(k) with
|16/ lBpoMy.p(f)(2) < EA.

Set By = By and write f = fi+ f» for fi = fxg, and fo = fxy\5,. We turn to the
estimates on f and f>.

The estimates on fi. For x€ By, 1/r=1/p+1/q; <1, j=1,---.m

r 1/r
b
172 ) e gc(/p(”) e >>

m 1aj 1/p
<cu(® ( 3} ORI >) (/, vorau)

< Cu(By)" ™ w(Be) ¥4 1B syop (B /P
1 oy 1/p
(i f, 1r0Pan0))

I CORIEEENIEE

\
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< CH(Ek)l/r_lHE||BM0My,p(f)(Z)~

Let n > 0, we have

nA) N2 ()l

NA) 1181 oMy.p(f)(2)] 1 (B /"
nA)~"(EA) u(By)

&/n) u(By).

u{rex: A(fi)x) >nA}) < C
<C
<C
<C

The estimates on f,. Let H= H(X) be a large positive integer depending only on
X . We consider the following two cases:

Case 1. diam(By) < € < Hdiam(By). Set U (x,y)= T (bj(x)=b;(y)Qy(x, ) f(y)-
Choose x € By such that xo € X \ Uy Bx. For x € By, following [8], we have

W< [

U3 = Ul LORO + [ UG0.)f0)ldu()
p(xy)>e R(x)

[ 0G0 0)ldu)+ 17 () o)
R(xo)

=J I+ JIT 11T,

where R(u) = {y € X : diam(By) < p(u,y) < Hdiam(B;)}. Now let us treat J',JJ and
JJJ' respectively. For J', we write

J' < |(B1(x) = b1(x0)) -+ (b (x) — bm(xo))/ Qy(x,y)f2(y)du ()|

p(xy)>e
+§ > [(B(x)—~b(x0))oe / (B(y)—b(x0)) 0 (Qy (x,¥)— 0y (x0,) 2(»)du (y)|
j=loeCt p(x,y)>e
=Ji+J5.

For J{, we have

oo

7 < st b0 . |
=1

v=1"Byyt1,(x0)\Bave (xo

”QHM”HﬂWWH@)

- 1/p
< Cllbllawo Y, u(Bre(x0)) ( Lo If(y)”du(y)> By )=

v=1

< ClBllsmo Y, 1 (Byvirg(xo))r 1 H1-1/pH /Py

v=1

1/p
1 P
X (H(Bzv+lg(.)60))1_yp /Bz\f+l£(x0) |f(y)‘ d,u(y)>

16| 8roMy.»(f)(2)

<C
< CEA.
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For J}, we get
K<Y 3 1600~ Blo)er [ (B) ~Blx0))o

j=1 O'EC;-" Bzv+l S(XO)\BZVS (x0)

X (Qy(x, y)—Qy(xO, )f()du(y)|
N [¢]
<3 3 160 - bon)el 3

j=loecy — B2”
<[ B0) ~Blxo)efO)duly)

BzH»l (XO)

< 7 < 1(By)°
<C —b(x0))oe

P12 0P 2 i

- . , v 1/p
- (/B<> I(B0) = b(x0))ol” du(y)) ( / e f(y)l”du(y)>

=

< CllBoe|lauon(B)® ¥, i(Byser(x0) ™70 PP B paso My (f) (2)

v=1

=

< Cl1b|Ismot (Br)® Y, t(Byverg(x0)) "My p(f)(2)

v=1

< C||B||smo D 27%M,,,(f)(2)
v=1

< CHEHBMoMy,p(f)(Z)
< CEA.

Therefore J' < CEA. For JJ' and JJJ, note that, for y € R(x),
p(x,y) < Hdiam(By),

we get, by Holder’s inequality, for 1/p} +---1/pl,+1/p=1

c/ \Hb %0) = bW Qy (e W) FO)dut(v)
1/p); 1/p
< Cu(HB" ( L |Hb x0) — b() Pdu(y >> ([, lrorauo)
< Cu(HB )y71+1/p’1+...1/p£n+1/p77‘|Z,'H (;ﬂ )|Pdu( ))1/;:
sCu k BMO W(HB)- TP y)iraply

< C||b||moMy p(f)(2)
< CE.

Similar JJJ' < CEA.



388

ZHANG QIAN AND L1U LANZHE

Thus J' +JJ +JJJ < CEA.
For JJJJ', since x ¢ |, Ok, then |ngb(f)(xo)| < A.Forx€Bj,

sup AP (1) ()] < CEA+A.
e~diam(By)

Case 2. € > Hdiam(By). Let Bf denote the ball with the same center as By and

with the diam BE = €. Similar to the proof of Case I, we get

sup A (A)()| <CEA+A.

e>diam(By)

Thus, we have shown that for x € By,

I (£)(x) < CEA 1 A.

Now, choose &y such that C&y < 1, let n = 1 and combine the estimates on f; with
f2, we get

u ({ € B 1P (£)(x) > 32 [BllawoMy o (£)(x) < 5»})

u({r€ B 1P(f1)(x) > 24 — CEAY) + u({x € X : I (f2)(x) > A+ CEAY})

<
<ulxe B LP(A)(x) > A}) < Eu(By).

This completes the proof of Theorem 2(a). (b) follows from (a) and Lemma 3. O
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