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ADAPTED QUADRATIC APPROXIMATION FOR SINGULAR INTEGRALS

MOSTEFA NADIR

(Communicated by G. Allasia)

Abstract. The goal of this work is to present an adapted modification to the parabolic approxi-
mation of the density function for singular integrals of Cauchy type. This approximation serves
to eliminate the singularity of the integral and gives the help to obtain the numerical solution of
singular integral equations with Cauchy type kernel on an oriented smooth contour.

1. Introduction

Many problems of mathematical physics, engineering and contact problems in the
theory of elasticity lead to singular integral equations with Cauchy type kernel
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where I' designates an oriented smooth contour, the points ¢ and 7y are on I'. This
equation plays an important role in modern numerical computations in the applied sci-
ences, in particular in the applied mathematics.

Our schemes describe the quadrature method for the approximation of singular
integral operator with Cauchy kernel

F(1) = t(p(t) dt, t,ip e, (2)
by a sequence of numerical integration operators.

Noting that, for the existence of the principal value of this integral for a given
density ¢(r), we will need more than mere continuity. In other words, the density ¢(z)
has to satisfy the Holder condition H (u)[2].

The function @(¢) will be said to satisfy a Holder condition on T, if for any two

points #; and #, of T’
[p() = o) [<A|n-n* 0<u<l,

where A is a positive constant, called the Holder constant and u the Holder index.
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2. The Quadrature
We denote by ¢ the parametric complex function #(s) of the curve I' defined by
t(s) =x(s)+iy(s), a<s<b,

where x(s) and y(s) are continuous functions on the finite interval of definition [a,b]
and have continuous first derivatives x'(s) and y'(s) never simultaneously null. Let N
be an arbitrary natural number, generally we take it large enough and divide the interval
[a,b] into N equal subintervals I}, 1, ...,Iy by the points

l
ss=a+06—,l=b—a,o0=0,1,2,.....N.
N
Further, we fix a natural number M > 1, and divide each of segments [sg,Sc1]
by the equidistant points
l

h
So-k:SO--i-kw, h= ﬁ’ k:O,l,,ZM

In other words, we have for each subinterval [s4,s5.1] the following subdivision
[S6,56+1] = {56 =560 < S51 < weene < S62M = Sg+1}-
We introduce the notation
te =1(sg), tok =1(Sox); 0=0,1,2,....N; k=0,1,.....2M.

Assuming that, for the indices o,v=0,1,2,.....N — 1, the points ¢ and #y belong

respectively to the arcs tgt;H and tvt;r | where 4,11 designates the smallest arc
with ends 74 and t441 [3],[5],[6] and [7].

For an arbitrary number 6 = 0,1,2,...,N — 1, we define the piecewice quadratic
Lagrange interpolation polynomial S,(¢@;#,0) dependent on ¢, and ¢ which rep-
resents the quadratic approximation of the function density ¢(7) on the subinterval
[to,t5+1] of the curve I'. As we know, the interval [t5,7541] is divided into subinter-
vals [fo1,to(k+2)] Of length (t5(40) —tor), k= 2i, i=0,1,...,M — 1. We interpolate
the function density @(z) with respect to the values @(to1), @ (t5(k+1)) and @(t5(i42))
at the points Zok, /(x4 1) and /5 (i42) respectively with a quadratic polynomial, given by
the following formula.

For 15y <1 <lg(t42)s

(t _tc k+1) )(t _tc k+2) )
(to (k1) = tor) (to(k+2) — tok)
(t—top)(t —Io(k+2) )
(o) —tok) Toks2) — o)
(f—tcrk)(f to(kt1))
(tokr2) — tok) To(k2) — o(ks1)

S2(pit,0) = o (tok)

) P(lo(k+1)) 3)

+

O (to(k+2))-
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This piecewice quadratic interpolating polynomial exists and is unique.
We define for arbitrary numbers ¢ and v, such that 0 < o,v < N — 1, the follow-
ing function Bsy(@;2,%), dependent on @,¢ and 7y

ﬁcv(q);tato) :U((P§Z,G)_V(§0§ZO7G»V)~ (4)
The function U(¢;t, o) represents a modified quadratic interpolation of the func-

tion density @(r) on the subinterval [¢s,¢51] of the curve T
Indeed, for 75, <t < I5(k+2) We put

(t —to(r1) (t — to(k12)) ; t—1o

U(p;t,o0) =
((P ) (tcr(kJrl) - tcrk) (tcf(k+2) - tcrk) o lok — 1o
(t —tox) (t — I (k12)) t—1ty
(tor1) —tok) lo(kt2) — lo(kt1)) ( G<k+l)>to(k+l) —1
(t —tox) (t —to(ks1)) r—1y
+ o PEE——
(to(kr2) — tor) (to(k+2) —to(kr1)) ( G<k+2))t6(k+2) — 1o

and the function V (¢;#9, 0, V) is given by

S2(@310, V) (t —10)(t = tors1) (t — to(ks2)

(tok —10)(to(k+2) — tok) (to (k1) — tok)
S2(@30, V) (t —10)(t — top) ) (t = to(k42))
(to (1) = 10) (to(k2) — to(ks1)) (to (k1) — Tok)
S2(@3t0, V) (t —10)(t — top)) (t —to (ki)
(to(kr2) —10) (to(kr2) — totkr1) (to(kt2) — tok)

V(p;tp,0,v) =

Denoting by Wsy(9;t,1), 0 < 0,v < N — 1 the cubic approximation of the den-
sity @(¢) at the point ¢ € [tg,f541], forall 7y € [ty,ty4+1] We write

Vov(@:t,t0) = @(to) + Bov(@:t,10). (5)

We replace the density ¢(¢) by expansion (5) in the singular integral (2)

L [ @)
F(tg) = — | —=dt
(to) miJrt—ty
and obtain the following approximation
311 1 N
S(pu10) = Vov(@ wmzmm+_ Bov(@ststo) ©)

7'L'l r t—1ty i Jr t—1ty
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3. Main results

THEOREM. Let I' be an oriented smooth contour and let ¢ be a density function
defined on T and satisfying the Hilder condition H(W) then, the following estimation

Cln(2MN) C

F() - S(oio) < max (SRR C ) N>

holds, where the constant C depends only on the contour T'.

Proof. Taking the points ¢ € [t,f5+1] and to € [ty,ty+1], We can write for 75; <
1 Slgy2) and tyg < 1o < ty(rp2)

@(1) — Wov(@st,10) = @(t) — @ (to)

(t —to(r1) t = to(ks2) t—to
- tcrk)
(tokr1) —tok) (to(kt2) — lok) tok —1o

(t —tor) (t —to(ks2) t—1y
(to(kr1) = tor) tokr2) —to(ks1)) ( G(k+l))tc(k+l) )

(t —tor)(t —fc(k+1)) t—1p
ot 90
(to(kr2) = tor) tokr2) — to(ks1)) ( G(k+2))tc(k+2) —1o

_S2((P;t07v)(t_t0)(t_tcr )(t_tcr k+2) )
(tok —10) (to (k+2) — tok) (Lo (ks1) — Lok)
Sa2(psto, v)(t —10)(t — toi))(t —to(k+2))

(to(kr1) — 10) (toks2) — toks1) (to(ks1) —tok)

( )
S2(o; t07v)(t_t0)(t_tck )t —to(ki1)) }
( ¢ '

(to(kr2) —t0)(to(kr2) — to(k+1)) (to(kr2) — tok)
(7
Taking into account the expression (7) we get
1,4 1 NSt 1) — N
/(p ~Vou(@itsto) p 1 / o) ~¥ovl9itsto) , ®)
i t—1 Tl ;=0 totosr1 t—1
hence
lM 1
t 1
Lo= Ok 0 Y1o2kl5(2k+2) =1
(t —to (1))t —tok+2)) t—1o
- tck)
(to(kr1) = tor) (to(k+2) — tok) lok — 1o

B (t —tok) (t —to(ks2) ot )
(i) — tok) o) —togrn) D tiny —10

t—1
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(l _tck)(t _tO'(kJrl))
(tokt2) — o) lo(k+2) —lo(k+1)
_S2((P§507V)(t_t0)(t_tc )(t_tc k+2) )
(tok —10) (to(k+2) — tok) (to (k1) — tok)
S2(st0, V) (t —10)(t —toi))(t —to(ky2))
(to (1) —t0)(

)
S2((P Io,V (I_IO)(t_tcrk )(t_tcr k+1) ) } 1 dt
) '

t—1

t F
)<P( o(k+2)) P

Io(k+2) — lo(k+1) (fc k+1) —tok)

)

(tows2) — 10) (tos2) — to(ert)) (oqera) — tok) | 110

We note that the equalities 75 — 70 = 0, f541) —f0 =0 and 75(42) —10 =0
are possible only when 0 = v —1,v+1 and v. For the two first cases the integral
(8) exists when 5y tends to 7o Or f5(;49) tends to fo, in the other case, if o =v
we can easily see that, the function S56(@;1,1) contains (tox —1t0), (t5(k41) —to0) and
(tc,(k+2) —1p) as factor so, for the points 7, 7y € [t,?5+1], such that 75, < ¢, fo < to(k+2)s
we write

ﬁcc(‘PQlJO) = U((P,t70) _V((P§t070'70)»

hence

(t _tcr(kJrl))(t _tcr(k+2))(t — 1)
(to (k1) = tor) (to(kr2) — tok) (tok — to
B (t—tor) (t—to(ks2)) (t—10)

(to(ks1)—tok) (to(rr2) ~to(ks1)) To+1)—0
(t_tck)(t_tcr(kJrl))(t_tO)
(to(k42)—tok) o (k2) ~to(k+1)) T (r2)—t0

Boo(@st,10) = )((P(tck) —$2(¢310,0))

) ((p(tc(k+l))_s2((p;t07 (_)'))

)(<P(fc(k+2))—52(<ﬂ;fo,0))~

9
Taking into account expressions (7),(9), we obtain
i/ 9(1) — wov(@itto) . _ INZ”” 1/ @(1) — (o)
mi Jr t—1p L 620 k=0 “oulo(2k+2) I—1p
) =t ) fo(ke2) AL
(o) = tor) (tora) —tok) " tok—To
(t—tor) (1 —1o(12)) 1—to
- ol ) ———
(orn) —Tok) Cotra)—Towin) - to iy —to
(t—tor) (t—to(rs1)) —
oz —
(to(kr2)—tor) (to(kr2) ~to(k+1)) ( G<k+2))tc(k+2) —to

~ Sa(@st0, V)t = 10) (1 =t sr1)) (1 — lo(412))
(tox —10)(to(r2) = tok) To(r1) — lok)
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Sa(@sto, v)(t —10)(t —tor)) (t —to(kt2)
(to(k1) —10) (to(k+2) — to(k+1)) (to(k+1) — Lok)
Sa(@sto, V) (t—t0)(t—tor)) (I —to(r11)) }Ldt

(toes2)—10) o2y —Tows 1)) o) —tox) [ 1o

Passing now to the estimation of the expression (8), for 7y € t,¢y4+; and o #
v—1,v+1 and v we have

iNle 1/ (1) — ¢ (to)
lo2kl6(2k+2)

7”0'01{0 t—1

(t = to(1) (1 = lo(k+2)) 1—1p
- Ollok) ——
(tor1) —tok) To(kra) —Lok) tok — 1o

(t —tor) (t —to(ky2)) 1—1y
 (to(er1) — tok) (oki2) — Lotks1) (p(ta(kﬂ))tc(kﬂ) —1o
(t —1ox)(t = lo(ks1)) t—1to In(2MN)
(to(k42) = tok) (to(k+2) — to(k+1)) (p(tc(k+2)>t0'(k+2) —1o =0 < (2MN)# ) '

- Sa(@320, V) (1 —10) (t = o (k1)) (E — To(k42))
(tok — 10)(to(ks2) —tok) to(kt1) — Lok)
S2(@3t0, V) (t —10)(t — tor) ) (t — o (k12))

(to(rr1) —t0)to(kr2) — tok+1) (to(kr1) — tok)
_ Sa(@3t0, V) (t = 10) (t — 1o )t = Io(ks1)) } 1
(tokr2) = 10)(to(kr2) — toks1) lo(kra) —tok) | T—1o

drt.

Naturally, the estimation given above is obtained by using the density ¢, as an
element of the Holder space H(u)[2], and the following natural estimation

(—10)(t — o)t~ toi2) | _ o)
(tok —10) (o (k+2) — tok) (Lo (k1) — Lok) ’
t—10)(t —tgp)(t —1
( 0)( ok) )( o(k+2 )) _ 0(1)’
(to(kr1) = 10) (to(ks2) — to(ks1) (to(kr1) — tok)
t—10)(t —t —t
(t —10)(t —top)(t — to(ks1)) _ o)
(to(kr2) = 10) (to(k42) — to(ks1)) (to(ks2) — Tok)

Besides, it is easy to obtain

1 NS ML dt In(2M)N
othny 0((2M)#N#> Z‘ Z’ /t 119 _0<(2M)“N“)'

0=0 k=0 “!o(2k) c(2k+2)
[oF 2%
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Further, for the cases where 0 = v —1, v+ 1 and v, using the relation (9) and
the smoothness of I with the condition of the function ¢ in the space H(u), we get

[ e,
tylyyl t—1p

Sv+1
gA/ s —so [ ds = O(NH) O
Sy

4. Numerical experiments

Using our approximation, we apply the algorithm to singular integrals and we
present results concerning the accuracy of the calculations. In each table I represents
the exact principal value of the singular integral and I corresponds to the approximate
calculation produced by our approximation (6).

EXAMPLE 1. Consider the singular integral,

1 t
I=Fg) =L [ 204
TLJrt—1
where I' designates the circle centred at the point O with a unit radius, ¢ and #y are any
points on I' and the density function ¢ is given by the following expression

1
ot) = 2
N M| -1 1= | 1=
10 | 2 | 7.8253150E-03 | 5.2587800E-03 | 4.9651256E-03
11 | 2 | 6.1442256E-03 | 3.8414600E-03 | 3.5070777E-03
12 | 2 | 3.7623644E-03 | 2.3593807E-03 | 2.1644831E-03

EXAMPLE 2. We take the singular integral,

I=F(t9) =

i rt—rt

L@ .

)

where the curve I' designates the unit circle ¢+ and fy are any points on I' and the
density function ¢ is
@(r) = sins* 4 cost

N M -1l 1112 |11

10 | 2 | 2.1330118E-03 | 1.3611738E-03 | 1.2570620E-03
11 | 2 | 9.4902515E-04 | 5.7528692E-04 | 4.8601627E-04
12 | 2 | 4.9412251E-04 | 3.2134863E-04 | 2.9397011E-04
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5. Conclusion

The proposed approximation can be used to remove singularity in Cauchy princi-

pal value integrals of the form (2). It was tested for the numerical calculus of many
singular integrals of Cauchy type, where it gave good results.
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