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ON HADAMARD’S INEQUALITIES FOR THE CONVEX MAPPINGS
DEFINED IN TOPOLOGICAL GROUPS AND A CONNECTED RESULT

ALI MORASSAEI

(Communicated by I. Rasa)

Abstract. In this paper, we study the Hadamard’s inequality for midconvex and quasi-midconvex
functions in topological groups. A mapping naturally connected with this inequality and a related
result is also pointed out.

1. Introduction

Let f: 1 — R be a convex mapping defined on the interval / of real numbers and
a,b € I with a < b. The following double inequality:

b 1 b b
f(“; )sb_a/a Fae < LAEIE) (1)

is known in the literature as Hadamard’s inequality for convex mapping. Note that
some of the classical inequalities for means can be derived from (1) for appropriate
particular selections of the mapping f.

In the paper [4] (see also [5] and [6]) is considered the following mapping naturally
connected with Hadamard’s results:

H:[0,1] —R, H()= big/jf(tx—i—(l—t)%b)dx.

The following properties of H hold:
(i) H is convex and monotonic nondecreasing.
(i1) One has the bounds

1 b
,:[L(l)g]H(t):H(l):b—a/a f(x)dx

and

inf H(t):H(O):f<a+b).

1€[0,1] 2
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Another mapping also closely connected with Hadamard’s inequality is the following
one [5] (see also [6]):

F:[0,1]—R, F(t)= ﬁ/ﬂb/ubf(tx—i—(l—t)y)dxdy.

The properties of this mapping are the following ones:
(i) F is convex and monotonic nonincreasing on [0, 1] and nondecreasing on [1,1];
(i) F is symmetric relative to the element % That is,

F@t)=F(1—t) forallz€]0,1];

(>iii) One has the bounds

1 b
zeS[L(l)I,)l]F(t):F(O):F(I): b—a/a f(x)dx

and

) B 1\ 1 b rb xX+y a+b
it 0= (3) =g [ [ 1 () w1 (5)

(iv) The following inequality holds:

F(t) >max{H(t),H(1—1t)} forallse[0,1].

Generalization of (1) for quasi convex functions defined on the real line is also
well-known. It was established in [2] that for a quasi convex function f defined on

[a,b] we have
b 2 b
f<a42r )< b_a/a F(x)dx.

In this paper we shall study generalizations of the left side of (1) inequality for some
convex functions defined on an open subset of a topological group G.

2. A Secondary Result
Generalization of the left side of (1) for convex functions defined on a convex

subset of R" is well-known. For example, if X C R" is a convex bounded symmetrical
set (the latter means that x € X =— —x € X)), then (c.f. [8])

1
10 < 15 [ St @)
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for each lower semicontinuous convex function f : X — R, where p(X) is the volume
of the set X. To show (2), consider the transformation of the R” in itself given by:

hR' =R, h=(hi,ho,- h),

and
hi(xl7x27'--,Xn):_xi, i:l727...7n.
Then A(X) = X and since

I
O =
I
— O
o o

0---
Dlki oy sha) 100 0 =1 0] 2 Ly
7") . . . .

D(x1, %2, +,x,
we have the change of variable:

/ f(xl 3 X2y 7xn)dX1d)C2 .- -dxn
X

D(hy,hy, -+ by
M dxidxy -+ -dx,
D(X],X2,"'7Xn

:/Xf(hl(xth;"'axn)a"'7hn(xlax2"";xn))’

=/f(—xl,—xQ,---,—xn)dxldxz---dxn.
X

Now, by the convexity of f on X we also have:

_ X1 —X1 X2—Xp Xn — Xn
f(0707a0)_f< 2 ) 2 ) ) 2 )

((xlax2a"' ,)Cn) + (_xly_x2a"'7_xn)>

2

1

gi[f(xla)Qa" 1) )+f( —X1, — 7”"_'x”)}

which gives, by integration of f on X, that:

/ £(0,0,---,0)dx1dxz - - dxy

3 [/ f(xl,xz,m,xn)dxldxz---dxn—l—/f(—xl,—x2,~~~,—xn)dx1dx2---dx,,
X X

= /f(m,m,---,xn).
X

Consequently, we get

£(0,0,--,0)u(X) </Xf(xl,xzf--,xn>dx1dx2---dxn

and thus |
0,0,---,0) < —— X2, xn)dxydxy - - doxy.
f( s Yy ) ) “(X)/Xf(xl X2 .X) X1axp X
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3. Hadamard’s Inequality

In this section we prove the Hadamard’s inequality for midconvex and quasi-
midconvex functions in topological groups.

Let G be atopological group, Q a nonempty open subset of G and f areal-valued
function on Q. We say that f is globally (right) midconvex if

2f(a) < flaz)+ f(az™") 3)

forall a,z € G such that a,az,az~' € Q. Also, we say that f is locally (right) midcon-
vex in a € Q if there exists an open symmetric set V =V ~! from e such that

2f(a) < f(az) + flaz™") Q)

for all z € G such that az,az~' € Q [1]. Also, f is called quasi-(right)midconvex, if

flaz) < max{f(a), f(az®)} (5

1

for every a,z € G so that a,az,az> € Q [7]. Note that a is midpoint of az~! and az,
y p

and az is midpoint of a and az>.

DEFINITION 1. Let Q be an open subset of topological group G,and a € G. Q
is said to be symmetric relative to a, if a~'Q is symmetric and e € a~'Q.

DEFINITION 2. Let G be a topological group and Q C G an open set. A function
o : Q — R is called symmetric relative to a € G, if

VzE€G; azaz ' €Q  w(az) = w(az ).

The following theorems hold:

THEOREM 1. Let G be a locally compact group and Q C G an open symmetric
set relative to a € G with 0 < u(Q) <eo. If f:Q — R is measurable and locally
midconvex in a and also, f € L1(Q), and ® : Q — R is nonnegative and symmetric
to a and w € L1(Q) such that fo € L1 (Q), then

f(a) [ oadu() < [ flaola)du:),

where W is the Haar measure.

Proof. Since f is locally midconvex in a, so
2f(a) < flaz)+ flaz™")
forany z € Q, by (4). Since ® is nonnegative and symmetric relative to a, thus

2f(a)ow(az) < flaz)w(az) + flaz™ ') + w(az)
= flaz)w(az) + flaz D+ w(az ™).
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Integrating this inequality on Q, we get
| 2f@o@du) < [ feo@dne + [ fla ol )due)
= [, f@o@dua+ [ | o )

—/f (@) 1a(dulz +/f (e 10(@du(:)

= [ 1000 0@du@)+ [ D0l 0 )
G

=2 Gf(Z)w(Z)xa—lg(Z)du(Z)-

=2/ [fDo()du(z).
Q

a

Consequently, we have

/ w(az)du(z /f az)w(az)du(z). O

REMARK 1. If in the above theorem, a = ¢ and @ =1 on Q, we have

—75£ﬂ@u@

This result is similar to the result of section 2.

THEOREM 2. Let G be a locally compact group and Q C G an open symmetric
set relative to a € G with 0 < u(Q) < o and e € Q. If f is measurable and quasi-
midconvex real-valued function on Q such that f € Ly(Q) and also, ® : Q — R isa
nonnegative and symetric to a and @ € L,(Q), then

/a) az)du(z /f az)w(az)du(z) +1(a) (6)
where
@) =5 [ 176~ flaz Holw@due)
Furthermore, I(a) satisfies the inequalities:
0<1(a) <min Jalf(@)lo(az)du(z), 1
S - (o fP(a2)du(z)— Jo flaz)f(az™")du(2))* (Jow*(az)du(2))? |
(7

Proof. Since Q is a symmetric set relative to a, thus for z in G, by (5), we have

fa) < max{f(az), f(az"")}
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-1 1
where max{f(az), f(az~!)} = Lletfle )+2|f (@9)—f(az )l and since @ is nonnegative
and symmetric relative to a, therefore

| r@o@)dut: 2/faz (@) +5 [ ez yola an()
43 [ 1@~ e Hole)du o)

So,
/a) az)du(z /f az)o(az)du(z) +1(a)

and the inequality (6) is proved.
We now observe that, by the Cauchy-Schwartz inequality,

= 3 [t~ plaz Ho(a)au )

/N
N =
5

=

Q

&

[
=
5

W

=

D
N———

o
7 N
\

N

&

QL

=
N

]

;@v%mwaﬂmvwfwwu@)%(@w%mMu@Qz

:§</Qf (az)du(z /faz l)du(z)>%</9w2(az)du(z))%

On the other hand,
1@)<§(L;ﬂm>wwamum+45ﬂu1>wwamu@)
= [ If@lo(a)dut)

(
</‘V%mo_ZfW@f@f*)+f%meLﬂN@)%(Laﬂ@@du&O%
(

and the inequality (7) is proved. U
DEFINITION 3. The function f: Q — R is said to be a P-function in Q, if

fla) < flaz) + flaz™h),
forall « € Q and z € G such that az,az~! € Q.

THEOREM 3. Let G be a locally compact group and Q C G an open symmetric
set relative to a € G with 0 < u(Q) < eo. If f is measurable and a P-function real-
valued on Q such that f € Ly(Q) and also, ® : Q — R is nonnegative and symmetric
to a and o € L1(Q) such that fo € L1(Q), then

f(a) [ 0(a)dn(z) <2 [ flao(@du().
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Proof. Since f is P-function, we have

fla)o(az) < f(az)o(az) + f(az~ ") o(az).

Integrating this inequality on Q, we get

| r@ot@an) < [ fla)o@dun)+ [ e ola)du)
=/ﬂ@M@W@+/ﬂmﬂMmﬁ@@
Q Q
=2 [ flaola)du)

Thus, f(a) [q®(az)du(z) <2 fo flaz)w(az)dp(z). O

Now, for a globally midconvex function f: G — R that e € Q, we can define
the mapping H : Q — R,

1
H®=RQAﬂMW@-

The properties of this mapping are embodied in the following theorem:

THEOREM 4. Suppose that f: G — R is globally midconvex and Q is an open
symmetric subset of G such that e € Q and 0 < u(Q) < oo. Then

(i) The mapping H is globally midconvex on G, if G is abelian.
(ii) f(e) <H(e).

Proof. (i) Assume that a,x,z € G such that ax,ax™' € Q, so

Hiax) + Hlax™) = oo /faxz du(2) /fax 2)du(z)
- ﬁ/g[f(azx)+f(azx”)] du(z)
>—QLﬂMW@
= 2H (a)

that is, H is globally midconvex.

(ii) Since f is midconvex, by Theorem 1, f(e) < ﬁf fldu(z)=H(e). O
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4. Applications

In this section, we study special cases of theorems 1, 2 and 3.

Set G = R. Since R is an abelian additive group, thus, for all ¢,z € R, a—z
and a+ z are points for which a is the midpoint. Now, if a —z=x and a+z =1,
then a = )% Consequently, definitions of globally midconvex and quasi-midconvex
functions are to be written as follows:

f<x42ry) gf(x);rf(Y)’

(f globally midconvex)

f (xzﬂ) <max{f(x),f(»)}. (f quasi midconvex)

APPLICATION 1. If in the Theorem 1 let G =R and Q = [—a,d], we have

10) [ owds< [ rwows,

—a

and if we set ® =1 on [—a,a], we get

10 <o [ feas

that is special case of (2), where n = 1.

APPLICATION 2. If in the Theorem 1, G = R" with an additive operation and
Q = X is an open bounded symmetric and convex subset of R", then the result of
section 2 holds.
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