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A NOTE ON THE HERMITE-HADAMARD INEQUALITY
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Abstract. In this note we give a new generalization of the well-known Hermite-Hadamard in-
equality

1. Introduction And Main Results

The research of beautiful inequalities which have symmetry is very interesting
and important to Analysis and PDE. A well-known example is the famous Hermite-
Hadamard inequality which was first published in [1]. It gives us an estimate of the
mean value of a convex function which works great in Analysis and PDE. In this
note, we give a new generalization of the Hermite-Hadamard inequality, and believe
that our inequality would also have some use in Analysis and PDE.

Throughout this note, we denote by I the closed interval [a,b]. A real-valued
function f is said to be convex on I if Af(x)+ (1 —=A)f(y) > f(Ax+(1—A)y) for
all x,y € 1,0 <A < 1, and a function f that is continuous on I and twice differentiable
on (a, b)is convex on I if and only if f” (x) > 0 forall x € (a,b). The classical Hermite-
Hadamard inequality is:

THEOREM 1.1. (Hermite-Hadamard Inequality) If f:1 — R is a convex func-

tion, then
S

An account on the history of this inequality can be found in [2]. Surveys on various
generalizations and developments can be found in [3] and [4]. In this note, we will prove
that for arbitrary non-negative real-valued integrable function @ : / — R, there exist real
numbers [, L such that:

1 b 1 b o Db
f<b—a/a q)(x>d’“><l<b_a/a fodmdr<r<t (“)erf ®)

This is a generalization of the following result in [5]:

a b a
(457) <t s [ rwars < HOTI0 ®)

In fact, we prove the following theorem:
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THEOREM 1.2. Let f: R — R be a convex function. If the non-negative real-
valued integrable function ® : I — R such that fo® (x) is also convex, then for n €
N, 4o =0,A,41 =1 and arbitrary 0 < A; < --- < A, < 1, we have

f(bia/bdb(x)dx> <L h) < bia/hfod)(x)dx “
a a 4
< L(Ala"',xn) < foq)(a)—;foq)(b)a
where
7 1 (I=Ags1)atAe1b
l(z’la"ﬂln) :]E)(A’k+l_kk)f<(lk+l _Ak) (b—a) /(lfﬂ,k)ll“rlkh (I)(x)dx),
LAy, M) = 2": (Ads1 —A) foe(ll —/lk)a+)tkb)+£od>((1 _/lk+l)a+xk+lb).
k=0

COROLLARY 1.3. Let f: R — R be a convex function. If the non-negative real-
valued integrable function ® : I — R such that fo® (x) is also convex, then for n €
N, 4o =0,A,11 =1 and arbitrary 0 < A; < --- < A, < 1, we have

b b
f(l)ia/a d)(x)dx) < . \sup l(xl,...’/ln)gbia/a fo®(x)dx 5
) < L2200 0)

b
0<h <A<l 2

N
%)
[=1
o
~
=

where I (Ay,--+,Ay) and L(Ay,---,A,) are defined in Theorem 1.2.

Applying Theorem 1.2 for @ (x) = x and n = 1, we get the result proven by
A. El Farissi in [5].

COROLLARY 1.4. Assume that f : R — R is a convex function on I. Then for an
arbitrary A € [0,1], we have

a b a
(457) st <t [ rwars ey < L0,

where

z(x):xf<w>+(1_Mf<(1+/1)b42r(1—x>a)7

L(A)=5(f(Ab+(1=A)a)+Af(a)+(1=A)f(D)).

N =
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2. Lemma And Proof Of The Theorem
In order to prove Theorem 1.2, we shall need the following Lemma:

LEMMA 2.1. (Jensen’s Inequality) If f:R — R is a convex function, then for an
arbitrary non-negative real-valued integrable function ® : I — R, we have

f(bia/ahd)(x)dx) < bia/abfocl)(x)dx. (6)

Proof. See [6]. [

With the help of Lemma 2.1, we now turn to prove Theorem 1.2.

Proof of Theorem 1.2. 1t follows from the hypothesis that f (x) and fo®(x) are
both convex functions, therefore by applying Jensen’s inequality for f (x) and the right-
hand side of the Hermite-Hadamard inequality for f o ® (x) we get

(5 [ oar) < [ reviae 22000,

By assumption Ay =0, so
[a,(1—A1)a+ Ab) = [(1 —Ag)a+ Aob, (1 — A1) a+ Ab].
Then applying (7) to [(1 —Ag)a+ b, (1 — Agry)a+ Ay 1B, for k=0,1,---,n we get

f( 1 /(1*Ak+1)u+lk+1bq)( d )
X)ax
(A1 = Ak) (b—a) J(a-a)atip

< 1 /(lflkﬂ)ﬂ“r}»kﬂh ®(x)d (8)
< 0]
(Aer1 = A) (b—a) J1-apa+ab fodludy

S —AatMb) + fo®((1 — A1) at Akt1b)
X 2 .

Multiplying each term in (8) by corresponding (A;,1 — Ax), and adding the resulting
inequalities, we get

2": A < 1 /(1_’lk+l)a+7tk+1bq)( )d )
x)dx
Part k+1 — ()LkJrl—lk)(b a) (1-A)a+Ah
(1=Agp1)atAg b o
0]
b a= 0/1 A )a+Aib f (x) *
> O (1 —M)a+b)+fo®((1 - A1) a+ Apih
< 3 (e — 2 L2 =M at ) J; (1= Mer)a+ i)
k=0
that is
L(A,- ) b a/ fod(x LM, h),



590 XIANG GAO

where [ (Ay,--+,A,) and L(Ay,---,A,) are defined as in Theorem 1.2.
To prove the remaining two inequalities:

f(bia/abq’(@dx) <UL, An) SL(A1,-, Ap) < foq’(a);foé(b)’ o)

we use the fact f: R — R, fo®(x) are both convex functions and observe that

Y (M —A) =1
k=0

1 b
f(b—a/a @(x)dx)
1 1 (I=Agy1)atAy1 b
f<z SRl e i A “)Q

<3 Cusi —2 )f( ! /(1 R o d )
S AT (it — ) (b—a) Ja—aasagb x)ex

oS (L =A)a+Ad)+ fo®((1—Agyr) at Axrrb)
(Aks1 — M) 5

M=

<

~
i

VAN
M| —
~
T

(1= 2Ak) = (1 = Agq1)) (1 = Ak) + (1 = Agg1)) fo @ (a))

M= ©

+ (A1 = Ak) (A1 + Ak) fo @ (b)

| =
L=

k=0

Y (1207~ (1= Aa?) o (a) + (3~ 2) Foo b))

k=0
f°q>(a)+f°q>( ).

NI'—‘

O

EXAMPLE. Let ay = ap4+1 = O,al, ---a, > 0 and suppose that there is at least

2 aj
one a; such that a; # 0. For Ay = 5%~ from Theorem 1.2 we get
Z ai
5
Ay
1 7 = Ckt1
L) = — Yaens | 22— [Towar |, (o)
3 q; k=0 agr1(b—a) Jo
k=0
z [} [}
L()Ll,' ,)Ln) . Zak+1fo (Ck)+fo (CkJrl)7 (11)
Y ap k=0 2

k=0
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where ¢, = (1 —Ax)a+Mb.
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