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MAPPING PROPERTIES OF SOME CLASSES OF ANALYTIC
FUNCTIONS UNDER AN INTEGRAL OPERATOR

KHALIDA INAYAT NOOR, MUHAMMAD ARIF AND ALI MUHAMMAD

(Communicated by J. Pecari¢)

Abstract. In this paper, we consider certain subclasses of analytic functions with bounded bound-
ary and bounded radius rotation related with Robertson functions and study the mapping proper-
ties of these classes under certain integral operator introduced by Serap Bulut recently.

1. Introduction

Let A denote the class of functions f(z) of the form
f@) =2+ an", (1.1)
n=2

which are analytic in the open unit disc £ = {z: |z| < 1}. A function f(z) € A is said
to be spiral-like if there exists a real number A (JA| < 5) such that

zf'(2)
(@)

The class of all spiral-like functions was introduced by L. Spacek [21] in 1933 and we
denote it by §; . Later in 1969, Robertson [20] considered the class Cj of analytic
functions in E for which zf'(z) € S .

Let P/ (p) be the class of functions p(z) analytic in £ with p(0) =1 and

Ree'* >0 (z€E).

21
0

where k >2,0< p <1, A isreal with [A| < Z. For A = 0, this class was introduced
in [18] and for B =0, see [19]. For k=2, A =0 and p = 0, the class P*(p) reduces
to the class P of functions p(z) analytic in E with p(0) = 1 and whose real part is
positive.

Ree™ p(z) — pcosA

- dO < kmeosA, z=re', (1.2)
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We define the following classes

R0 ={r@: @ eama L crt (o) 0<p <},
Vi) ={ 76 @ eama T cp ) 0<p <1 .

These classes were introduced and studied in some details in [12]. For A =0
and p = 0, we obtain the well known classes R; and V; of analytic functions with
bounded radius and bounded boundary rotations studied by Tammi [22] and Paatero
[17] respectively. For details see [13, 14, 16]. Also it can easily be seen that R% (0)= Sj‘l
and V3 (0) = Cj.

For f(z) € A, Al-Oboudi [2] introduced the following operator

D°f(2) = f(2), (1.3)
D'f(z) = (1-8)f(z)+8zf'(z) = D5 f(2), 8 >0, (1.4)
D"'f(z) =Ds (D" 'f(z)), (e N={1,2,..}). (1.5)

If f(z) is given by (1.1), then from (1.4) and (1.5), we see that
D'f(z) 2 1+ (j—1)8]" a; Z/, (n€ Ng=Nu{0}), (1.6)

with D" £(0) =0
Let us consider the integral operator I, (f1(z), ... fu(z)) : A" — A defined as

Fu(2) = 1 (f1(2);-- - fn(2))
:/Z (%1@)&1... (M)amdt, (z€E), (1.7)
0

where fi(z) € Al oy >0 for 1 < [ <m and n,m € Ny while the operator D" is the
Al-Oboudi dlfferentlal operator.

The operator, given by (1.7), was introduced and studied by Serap Bulut [8]. For
n = 0, we have the integral operator discussed by Breaz and Breaz [3] and Breaz et al.
[5], for more details see [4, 6, 7, 9, 10, 15].

In the present paper, we establish a relation between the classes of bounded bound-
ary and bounded radius rotation related with Robertson functions. We also discuss some
propeties of the above integral operator F,(z) for these classes.
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2. Preliminary Results

In order to derive our main result, we need the following lemmas.

LEMMA 2.1. [11]. Let u=uy+iuy, v=vy+ivy and ¥ (u,v) be a complex
valued function satisfying the conditions:

(i). ¥ (u,v) is continuous in a domain D C C?,

(ii). (1,0) € D and Re¥(1,0) > 0,

(iii) . Re¥ (iu,v1) < 0, whenever (iup,vi) € D and vi < —1 (1 +u3).

If h(z) =1+ciz+-- is afunction analytic in E such that (h(z),zh'(z)) € D and
ReY (h(z),z7(z)) > 0 for z € E, then Reh(z) >0 in E.

LEMMA 2.2. Let f(z) €V} (p), 0< p <1 and A is real with |A| < Z.
Then f(z) € Rﬁ (B), where B is one of the root of

2B+ (1-2p)B*+ (3sec’ A —4) B — (1 +2p)tan’ A = 0. (2.1)

Proof. Let us suppose

e fo;—g) =cosA [(1—B)p(z) +B]+isinA
=cosA [(1 -B) { (g + %) p1(2) — (g - %) pz(z)} +ﬁ] +isinA
2.2)
where p(z) is analytic in E with p(0) = 1. Then
@) _ @), (1=P)cosh zp'(z)
1'(z) f(2)  cosA[(1-B)p(z)+B]+isinA’
or, equivalently
L [ aG@l@) .
cosd [e e —zsm/l}
_ _ (1+itand) zp'(z)
=B+ [+ g s |
that is,
1 nGR)
(T =p)oosh [e7L 70 —isinA —pcosl}
_B-p  (1-P) (1+itan}) zp'(2)
=0 ) PO T pn B ) O
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Since f(z) € V/} (p), it implies that
B—p  (1-B)
(1—p)  (1—p)

Now we define a function

(1+itand) zp'(2)
[(1—B)p(z)+PB]+itanA

p(2)+

(2.4)

1 z n b Z
1+b(1—-2)"  1+4b (17!

q)a7b (Z) =

1 A _ BHitand
with a = Zrl”aﬁn) and b = T aBn) .

Using (2.2) with the convolution techniques given by Noor [14, 16], we have

o+ D] ot [ {(£41) (mio+ 24E)
- (§ - %) (pz(Z) + %) } +ﬁ] +isind. (2.5

Thus, from (2.4) and (2.5), we have

B—p N (1-B) |:Pi(Z)+ (1+itanA) zpl(z)

(1-p) (1-p) (1= B)pi() + B+ itanA

We now form the functional ¥ (u,v) by choosing u = p;(z), v=zpi(z) in (2.6)

and note that the first two conditions of Lemma 2.1 are clearly satisfied. We check
condition (iii) as follows.

. B—p 1-B (I+itanA)v;
Re‘I’(zu,vl) = (1 _p) + (l—p)Re { [(l_ﬁ)iu2+ﬁ}+itan/l}

_B-p 1-B Re{ (1+itanA) (1+u3) }

] eP (2.6)

(1-p) 2(1—p) B+i[(1—B)uy+tani]

A+ Buy+Cu3 — Duj
- - ,

2.7)

where
= [2(B—p) (B*+tan’A) — (1—B) (B +tan® A )] cos? A,
=(5—4p—1)(1—pB)sinAcosA,
(1-B)2(B—p)(1-B)— (B —i—tanz/l)] cos’ A,
= (1—PB)*sinAcosA,
2(1-p) [ﬁz—i—((l—ﬁ)ug—ktan/l)z} cos’A > 0.

The right hand side of (2.7) is negative if A <0, B< 0, C< 0 and D > 0. From
A <0, we have [ to be one of the root of

287+ (1-2p)B*+ (3sec’ A —4) B — (1+2p)tan* A = 0.
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and from B < 0 and C < 0, it follows that 0 < 8 < 1. Since all the conditions of
Lemma 2.1 are satisfied, it follows that p;(z) € P in E for i = 1,2 and consequently
p(z) € P; and hence f(z) € R} (B), where B is a root of the equation (2.1). [

3. Main Result

THEOREM 3.1. Let D" fi(z) € R} (p) for 1 <1 <m with 0 < p < 1. Also let A
isreal with |A| <%, 0y >0, 1<I<m.If

m
0<(p-DYog+1<1,
=1

then F,(z) € V}* (n) with

n=p-1)Y o+l (3.1)
=1

Proof. From (1.7), we have

E, (Z) L D'fi(z) 1
1) Z“’(D"}@ ‘E)’

or, equivalently
i 2F( < D'fi()" | i,
e (1 Fo) ) _E [7an © 1] e’ +e”.

m
Subtracting and adding pcosA Z oy on the left hand side and then taking real
I=1

Re [e”L (1 + Z;j;g) -n cos)L]

= i oyRe [e“% —pcosk] ; (3.2)
=1 -

part, we have

where 7 is given by (3.1).
Integrating (3.2) and then using (3.1), we have

2n M
/ Re [6’7L (1 + ZF'/' (Z)> - T)cos)t] ‘d@
/ Fi(z)

Re [e"’L (%@) —pcos/l} ‘de. (3.3)
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Since fi(z) € R} (p) for 1 <1< n, we have

27 ’

/ Re {e"’l (%) —pcosl} ‘d@ < (1—p)kmcosA. (3.4)
1

0

Using (3.4) in (3.3), we obtain

27
0

Hence F,(z) € V} (n) with 7 is given by (3.1). O

Re [ (l—i— II;H(())) —ncos)t] lde < (1—=n)kmcosA.

If k=2 and n =0 in Theorem 3.1, we obtain the following new result.

COROLLORY 3.2. Let fi(z) € R} (p) for 1 <1 <m with 0< p < 1. Also let A
isreal with |A| <%, 0y >0, 1<I<m.If

0<(p-DY oy+1<1,
=1

then Fo(z) € V§ (n) with n = (p—1) Y, oy + 1.
=1

If n=0 and A =0 in Theorem 3.1, we obtain the following result proved in [15].

COROLLORY 3.3. Let fi(z) € RY(p) for 1 <1< m with 0< p < 1. Also let
>0, 1<i<m. If
m
0<(p-1)Yoy+1<1,
=1
m
then Fy(z) € VP (n) withn = (p—1) Y, oy +1.
=1
THEOREM 3.4. Let fi(z) €V} (p) for L <I<nwith0<p < 1.
Also let A is real with [A| < %, o4 >0, 1 <I<n. If

0<(B-1D)Ya+1<1,
=1

then F,(z )EV’l (n) withn=(p— l)ial—i-l and B is a root of (2.1).
=1

Proof. From (3.2), we have

Re [e"’l (1 + Z}fj/(g)) — ncosk] ’d@

a2(D"fi(2)'
|: W—pcosl} ’d67 (35)

27

/

0

-2

O\N
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where 7 is given by (3.1).
Since fi(z) € Vk’l p) for 1 <1< n, then by using Lemma 2.1, we have

2n
0

where f3 is a root of the equation (2.1). Using (3.6) in (3.5), we obtain

Re [ei’l%fl((;))/ —Bcosl} ’d@ < (1—=PB)kmcosA, (3.6)

27

[

n
Hence F,(z) €V} (n) with n = (B —1) Y oy +1 and B isarootof (2.1).
I=1
Setn=1,0,=1,00=---=0a, =0 and A =0 in Theorem 3.4, we obtain the
following result. [

"
Re [e"’l (1 +ZF" (Z)) - ncosk] ’d@ < (1—n)kmcosA.
Fa(2)

COROLLORY 3.5. Let f(z) € Vi (p). Then the Alexandar operator Fy(z), defined
in [1], belongs to the class V. (B), where B is given by

p=1[eo-n+ar—ap].

For p =0 and k£ =2 in Corollary 3.5, we have the well known result, that is,

f(z) €C(0) implies Fy(z) € C (%) .

REFERENCES

[1] I.W. ALEXANDER, Functions which map the interior of the unit circle upon simple regions, Ann. of
Math., 17 (1915), 12-22.
F. M. AL-OBOUDI, On univalent functions defined by a generalized Sdldgean operator, Int. J. Math.
Math. Sci., 25-28 (2004), 1429-1436.
D. BREAZ AND N. BREAZ, Two integral operator, Studia Universitatis Babes-Bolyai, Mathematica,
Clunj-Napoca, 3, (2002), 13-21.
D. BREAZ AND H. O. GUNEY, The integral operator on the classes Si, (b) and Cq (b), J. Math.
Ineq., 2, 1 (2008), 97-100.
[5] D. BREAZ, S. OWA AND N. BREAZ, A new integral univalent operator, Acta Univ. Apulensis Math.
Inform., 16 (2008), 11-16.
D. BREAZ AND V. PESCAR, Univalence conditions for some general integral operators, Banach J.
Math. Anal., 2, 1 (2008), 53-58.
[71 S.BULUT, A note on the paper of Breaz and Giiney, J. Math. Ineq., 2, 4 (2008), 549-553.
[8] S.BULUT, Some properties for an integral operator defined by Al-Oboudi differetial operator, J. Ineq.
Pure and Appl. Math., 9, 4(115) (2008), 1-5.
[91 B. A. FRASIN, Some sufficient conditions for certain integral operators, J. Math. Ineq., 2, 4 (2008),
527-535.
[10] B. A. FRASIN, Univalence of two general integral operator, Filomat, 23, 3 (2009), 223-228.
[11] S. S. MILLER AND P. T. MOCANU, Differential Subordinations, Theory and Applications, Marcel
Dekker, Inc., New York, Basel, 2000.

[2

—

[3

—_

[4

=

[6

=



600

[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]
[20]

[21]
[22]

K. I. NOOR, M. ARIF AND A. MUHAMMAD

E. J. MOULIS, Generalizations of the Robertson functions, Pacific J. Math., 81, 1 (1979), 167-174.
K. I. NOOR, Properties of certain analytic functions, J. Natural Geometry, 7, (1995), 11-20.

K. I. NOOR, On some subclassess of fuctions with bounded boundary and bounded radius rotation,
Pan. Amer. Math. J., 6, (1996), 75-81.

K.I.NOOR, M.ARIF AND W. UL-HAQ, Some properties of certain integral operators, Acta Univ.
Apulensis Math. Inform., 21 (2010), 89-95.

K.I.NOOR, W. UL-HAQ, M.ARIF AND S. MUSTAFA, On Bounded Boundary and Bounded Radius
Rotations, J. Inequ. Appl., vol. 2009, article ID 813687, pages 12.

V. PAATERO, Uber Gebiete von beschrankter Randdrehungn, Ann. Acad. Sci. Fenn. Ser. A, 37, 9
(1933), 20 pages.

K. PADMANABHAN AND R. PARVATHAM, Properties of a class of functions with bounded boundary
rotation, Ann. Polon. Math., 31 (1975), 311-323.

B. PINCHUK, Functions with bounded boundary rotation, Isr. J. Math., 10 (1971), 7-16.

M. S. ROBERTSON, Univalent functions f(z) for wich zf'(z) is spiral-like, Mich. Math. J., 16 (1969),
97-101.

L. SPACEK, Prispévek k teorii funkei prostych, Capopis Pest. Mat. Fys., 62 (1933), 12-19.

O. TAMMI, On the maximization of the coefficients of Schlicht and related functions, Ann. Acad. Sci.
Fenn. Ser. Al, Math. Phys., 114 (1952), 51 pages.

(Received April 17, 2010) Khalida Inayat Noor

Department of Mathematics

COMSATS Institute of Information Technology
Islamabad

Pakistan

e-mail: khalidanoor@hotmail.com

Muhammad Arif

Department of Mathematics

Abdul Wali Khan University Mardan Pakistan
e-mail: marifmaths@yahoo.com

Ali Muhammad

Department of Basic Sciences

University of Engineering and Technology
Peshawar

Pakistan

e-mail: ali7887@gmail.com

Journal of Mathematical Inequalities
www.ele-math.com

jmi@ele-math.com



