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SOME PROPERTIES FOR A CLASS OF
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(Communicated by G. Toader)

Abstract. For x = (x1,x2,---,x,) € R, the symmetric function F,(x,r) is defined by

Zj-1%;
FH(XJ):F,,(x17x2,---7x,1;r): f,
1<y <ip-<ir<n i (I+x)

where r=1,2,---,n and iy,is,---,i, are positive integers. In this article, the Schur convexity,
Schur harmonic convexity and Schur multiplicative convexity of Fy,(x,r) are discussed. As
applications, some inequalities are established by use of the theory of majorization.

1. Introduction

Throughout the paper we use R” denote the n— dimensional Euclidean space, and
"= {(x1,%2, %) : X; > 0,i=1,2,---,n}. In particular, we use R to denote R!.
For x = (X1,X2,"' ,.Xn), y= (ylay2a"' ;yn) € Ri and o >0, let

x+y= (X1 +y1,X2 42, Xn +Yn),
xy = (X1y1,%252, "+, XnYn),
ox = (0oxy, 0xp, -+, 0xy),
X = (xl 7xgv 7xr?)v

logx = (logxy,logxy, -+, logx,)

and

e = (e, e, ).

Mathematics subject classification (2010): 05E0S5, 26B25.
Keywords and phrases: Symmetric function, Schur convex, Schur harmonic convex, Schur multiplica-
tively convex, theory of majorization.

This work was supported by NNSF Grant of China (No. 60850005) and the NSF Grant of Zhejiang Province
(No. D7080080, Y7080185, Y607128).

© ey, Zagreb 1

Paper IMI-05-01



2 Y.-M. CHU, W.-F. XIA AND T.-H. ZHAO

For x = (x1,x2,---,x,) € R%, r € N and r < n, the Hamy symmetric function
H,(x,r) is defined by T. Hara, M. Uchiyama and S. Takahasi [1] as follows:

1
r r
Hn(xar):Hn(x17x27”'axn;r): 2 ( xij) )
1

1<) <ip<--<ip<n \J=
where iy,i,--,i, €N.

Corresponding to this is the r—th order Hamy mean

(n—r)tr!

On(x,1) = Op(x1,x0, -+, Xn37) = H,(x,r).

n!

T. Hara, M. Uchiyama and S. Takahasi [1] established the following refinement of
the classical arithmetic and geometric means inequalities:

Gu(x) = oy(x,n) < 0p(x,n—1) < -+ < 0,(x,2) < Ou(x, 1) = A, (%),

1 . . .
where A,(x) = %227: 1xi and Gr(x) = (TTZ.;x;) denote the classical arithmetic and
geometric means of x, respectively.

The paper [2] by H. T. Ku, M. C. Ku and X. M. Zhang contains some interesting

inequalities including the fact that (o, (x, r))% is log-concave. More results can be
found in the book [3] by P. S. Bullen.

Recently, the Schur convexity of the Hamy symmetric function H,(x,r) was dis-
cussed and some analytic inequalities were established by K. Z. Guan [4].

The main purpose of this paper is to discuss the Schur convexity, Schur harmonic
convexity and Schur multiplicative convexity for the symmetric function

Fo(x,7) = Fu(x1,%2, -+, X37) = H M
n ) — 4tn ) ) bRdd (3] - .
1<i) <iz+<ir<n e (1 4xi))

(1.1

As applications, some inequalities are established by use of the theory of majoriza-
tion.

For the reader convenience, we recall several definitions.

DEFINITION 1.1. Let E C R” be a set, a real-valued function F on E is said to
be Schur convex if

F(xlaxla"'yxn) gF(ylay2a"'7yn)

for each pair of n-tuples x = (x1,---,x,) and y = (y1,---,y,) in E, such that x <y,
that is



SOME PROPERTIES FOR A CLASS OF SYMMETRIC FUNCTIONS AND APPLICATIONS 3

and

where x|;) denotes the ith largest componentin x. F is called Schur concave if —F is
Schur convex .

DEFINITION 1.2. Let E C R’ be a set, a real-valued function F on E is said to
be Schur multiplicatively convex if

F(xl,x27---,xn) g F(yl7y27"'7yn)

for each pair of n—tuples x = (x1,x2,---,x,) and y = (y1,y2,---,yn) in E, such that
logx < logy. F is called Schur multiplicatively concave if % is Schur multiplicatively
convex.

DEFINITION 1.3. Let E C R, be a set, a real-valued function F on E is said to
be Schur harmonic convex if

F(xlax27'“7xn) < F(ylayza“';yn) (12)

for each pair of n—tuples x = (x1,x2,--+,x,) and y = (y1,¥2,--+,¥n) in E, such that
% < é . F is called a Schur harmonic concave on E if inequality (1.2) is reversed.

The Schur convexity was introduced by I. Schur [5] in 1923, G. H. Hardy, J. E.
Littlewood and G. Pélya were also interested in some inequalities that are related to the
Schur convexity [6]. Recently, the Schur multiplicative convexity was introduced and
investigated in paper [7, 8].

Very recently, the Schur harmonic convexity was introduced by Y. M. Chu and Y.
P. Lv [9], and the Schur harmonic convexity for the Hamy Symmetric function H, (x,r)
was discussed. To investigate the Schur harmonic convexity for the symmetric function
F,(x,r) is one of the main purpose in this article.

2. Lemmas

In order to establish our main results we need several lemmas, which we present
in this section.

LEMMA 2.1. ([5]) Suppose that f: R — Ry is a continuous symmetric func-
tion. If f is differentiable in R", then f is Schur convex in R” if and only if

NI,
) (5250 ) 0 @

forall i,j=1,2,---,n and x = (x1,---,x,) € R'.. And f is Schur concave in R’ if
and only if inequality (2.1) is reversed. Here f is a symmetric function in R, which
means that f(Px) = f(x) for any x € R". and any n x n permutation matrix P.
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REMARK 2.1. Since f is symmetric, the Schur’s condition in Lemma 2.1, that is

(2.1) can be reduced to
af df
(x1 —x2) (a—xl - 8_x2) >0

LEMMA 2.2. ([7, 8]) Suppose that f: R’} — R, is a continuous symmtric func-
tion. If f is differentiable in R", then f is Schur multiplicatively convex in R", if and

only if
(logx; —logxy) <xla—f - 9_f> >0 (2.2)
8x1

X2
(9X2

forall x=(x1,x2,---,x,) € RL. And f is Schur multiplicatively concave in R’ if and
only if inequality (2.2) is reversed.

LEMMA 2.3. ([9]) Suppose that f: R — Ry is a continuous symmetric func-
tion. If f is differentiable in R'}, then f is Schur harmonic convex in R', if and only

if
af af
— 2L 2 > 2.
(x1 —x2) <x1 S x28x2> 0 2.3)
forall x = (x1,x2,---,x,) € R And f is Schur harmonic concave in R’ if and only

if inequality (2.3) is reversed.

LEMMA 2.4. ([4, 8, 10]) Suppose that x = (x1,x2,---,%,) € R and Y} x; =s.
If c > s, then

cC—X (C—X1 Cc— X2 c—x,,) ( )

. = N . N < (X1,X2, -, X,) = X.
nc nc ? nc ) ? nc ? ? ?

T_l T_l T_l T_l

LEMMA 2.5. ([10]) Suppose that x = (x1,x2,--,x,) € R and ¥}_ x; =s. If
c>0, then

c+x <c+x1 c+x c+x,

nc =\ ac ’ e " e <(x1,x2,~~~,xn):x.
e T\ T+1>

LEMMA 2.6. ([11]) Suppose that x = (x1,x2,---,x,) € R and ¥} x; =s. If
0< A <1, then

s—)Lx_(s—/lxl s—Axy s —Ax,

l’l—)‘ - n—l ’ l’l—)‘ P n—l >—<(x1,x2,---7xn):x.
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3. Main Results

THEOREM 3.1. Fy(x,r) is Schur concave in R,

Proof. The proof is divided into four cases.
Case 1. If r =1, then (1.1) leads to

n

Xi
Fn(x,l) :Fn(Xb.Xz’...,Xn;l) :ll;ll: l+xi (31)
and
dF,(x,1) JdF,(x,1) (x1 —x2)?(1 +x1 +x2)
_ — = — <0.
(v )Q)( o0xy 0xy xix(L+x1)(1+x2) Fal1) <0
Case 2. If r = n, then
F(x,n) = Fy(x1,%2,- -, Xp3n) = ﬁlf%) (3.2)
and
OF,(x,n) 0dF,(x,n)\
(XI )Q)( c9x1 8x2 =0
Case 3. If n >3 and r =2, then
Fn(X,Z) = Fn(xlaXZa"'7xn;2)
(x1 +22) [Tj—3(x1 +x;)
= I'p—1\X2,X 7"'7xn;2 il 33
12,5 M T T+ ()] )
+ " +x;
Ry (s 2) (x2 xl)l_[ilg(xz x;j)
[(1+x1) + (1 +22) TTj 5[ (1 +x2) + (1 +x;)]
and
JdF,(x,2) 0F,(x,2)
(XI )Q)( axl 8x2
4 X1 +x+2x;+2

(1= x2) Fi )j%(x1+xj)(xz+xj')(2+x1+xj)(2+x2+xj)

Case4.1f n>4 and 3 <r<n-—1,then

Fn(xar) = Fn(xl,xz,---7x,,;r)

I1 (¥ + X7 x;)

3<i<ip<-+<ip_1<n

= anl(x27x37"'7xn;r)

I [(14x1) + X2 (1 +x3,)]
3<i<ip<-+<ip_1<n
I (x1+x2+ X %))
3<i|<ip<-+<ip_p<n ’
X — (3.4)
I1 [(T+x1) + (1 +2x2) + 2527 (1 4]

3<i1<i2<~~<ir,2<n
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I (2 + X720 ;)

3<i<ip<-+<ip_1<n

I [(14x2) + 351 (1 +x3,)]

3<i<ip< <1<
r—2
I1 ()C2+X1—|-Zj:1x,‘j)
3<i<ip<-+<ip_p<n

I (L ox0) + (1 +22) + 22 (1+x)])

3<i<ip<-+<iyp_o<n

= Fp_1(x2,x3, -+, x037)

X

and

(m_mw?%ga_aﬁga)

r—1
r+x1 +x2+2§‘,j:1xij <0

= _r(xl_x2)2Fn(x7r) A XY,

3 <ip<-+<ip_1<n

where

r—1 r—1 r—1 r—1
A= (xl + Zx,-]) <x2—|— Zx,-]) <r+x1 + Zx,-]) <r+xz—|— Zx,-]) . 3.5
j=1 j=1 j=1 j=1

O

Therefore, Theorem 3.1 follows from Lemma 2.1 and Remark 2.1 together with
Cases 1-4.

THEOREM 3.2. F,(x,r) is Schur harmonic convex in R”_.

Proof. We divided the proof into four cases.
Case I. If r =1, then (3.1) leads to

dF,(x,1 dF,(x,1 —x)?
(xl—x2)<x% a(xxl )_x2 a(xxz )): (x1 —x2) Fu(x,1) > 0.

(14x1)(1+x2)
Case Il. 1If r =n, then (3.2) yields

aFn(xan) aFn(x7n) l’l(.X1 _x2)2(~x1 +.X2)
(xl x2) (xl 8x1 2 (9X2 [ ?:1(1 +Xi)]2 -

Case IlIl. If n > 3 and r =2, then (3.3) implies

OF,(x,2)  ,0F,(x,2)
_ 2 2
(XI X2) (xl axl e 8x2

1
=2(x; —x2)°F, 2) | —————
(1= x2)"Fal(x,2) [xl +x+2

n2x1X0 + 2x1x; + 2% + 2x1x0x +x1x§ + x2x§

+2

= (x1+x7) (2 +2x;) (2 4+x1 +x7)(2+x2+x;)
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CaselV. If n >4 and 3 <r <n—1,then from (3.4) we get

(x1 —x2) ( 2 OF(x,7) gaFn(x,r))

X —X
! axl 2 8x2

= r(x; —xz)an (x,r)

X1+ X3

X
—2 —2
L<i1<i2<...<i,2<n (1 +x2+ X527 x,) (r o +xo+ X2 X))

+ D —

3<i|<ip <+ <ip_1<n

20,

2
where © = (x; +x) <2;;{x,-j> +2x1x 2;;13% +r(xy +x2)2;;ix,-j +rx1xp and A is
defined as in (3.5).
Therefore, Theorem 3.2 follows from Lemma 2.3 and Cases I-1V. [l

Next, we denote by

Q,(t,r) = {(x1,x2, %) ER" 11 <x; < \/(r— 122+ r(r— 1)}

fort >0and 2<r<n—1.

For the Schur multiplicative convexity or concavity of the symmetric function
F,(x,r), we have the following Theorem 3.3.

THEOREM 3.3. (i) F,(x,1) is Schur multiplicatively concave in R ;

(i) Fu(x,n) is Schur multiplicatively convex in R} ;

(iid) If n >3 and 2 < r <n—1, then F,(x,r) is Schur multiplicatively convex in
Q,(t,r) forany t > 0.

Proof. (i) From (3.1) we clearly see that

(logx; —logxy) <X1 dFy(x,1) —x dF,(x, 1))
8x1

8x2

_ (x1—x2)(logx; —logxy)
ST ) (itm) el <O. (3.6)

Therefore, Theorem 3.3 (i) follows from (3.6) and Lemma 2.2.
(ii) Equation (3.2) leads to

B dF,(x,n)  dFy(x,n)
(logx; —logxs) (xl o X 9
[ (1+x3)]

Therefore, Theorem 3.3 (ii) follows from (3.7) and Lemma 2.2.
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(iii) We divided the proof into two cases.
Case A. If n > 3 and r =2, then (3.3) implies

OF,(x2) _OF, "("’2)) (3:8)

logx; —logxy) ( x
(logx; g2)<1 o 5%
1

X1 +x2)(x1 +x2+2)

= 2(x; —x2)(logx; —logxy)F,(x,2) {(

n x% +2x; —x1x%2
= (1 4 x5) (2 ;) (1 425+ 2) (%2 x5+ 2)

J

forany 7 > 0 and x = (x1,x2, -+ ,X,) € Qn(2,2).
Case B.If n >4 and 3 <r<n—1,then (3.4) yields

OF,(x,r) . dOF,(x, r))
8x2

I —1
(logx; —logxs) (xl o
= r(x; — x2)(logx; —logx; ) Fy(x,r)
1
x 2 r—2 r—2
3<<iy<izen<ipy<n (X1 F X2+ X270 (r+ o1 +x0+ Xy X))

E; lxl/ (Ei l'xlj) X1X2‘| >0

>

3<<i<ip <+ <ip_1<n

forany > 0 and x = (x1,x2,---,x,) € Q,(¢,r), where A is defined as in (3.5).
Therefore, Theorem 3.3 (iii) follows from Cases A and B together with Lemma
22. 0O

4. Applications

In this section, we establish some inequalities by use of Theorems 3.1-3.3 and the
theory of majorization.

The following Theorem 4.1 easily follows from Theorems 3.1 and 3.2 together
with Lemmas 2.4-2.6.

THEOREM 4.1. Suppose that x = (x1,x2,---,x,) € R and ¥ x;=s. If ¢; >
5,620, 0<A<1landre{l,2,---,n}, then

pn (1) on (220

&) fen) < (@)

<wam<a(%:LQ;

N
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1 241
4 F - >F 3 ) 5
W (er)>n(G5)

s—Ax
) R < B (S50

(6) Fn(lﬂ’) zF (%,r) .

X

For x = (x1,x2,---,x,) € R’ , if we denote H,(x) = ", then we clearly see

n

that i=1%;
(An(X),An(x),...,An(x)) < (x17X27...7xn) (41)

and | | 1 . 1
(Hn(x)7Hn(x)’m’Hn(x)) = (16_1’16_2”;,,) 4.2)

It follows from (1.1) and (4.1)-(4.2) together with Theorems 3.1-3.2 that the fol-
lowing Theorem 4.2 is obvious.

THEOREM 4.2. Suppose that x = (x1,X2,---,X,) € RL. If r € {1,2,---,n}, then

n!

(1) ] l.xlj |: }’l :l (n r)|;
1<y <io - <lr<nr+21 1Xz, An(l+x

n!

(2) H / 1 x, |: rl(n—r)!
1<i 1 <ip-<iy<n r+z] 1 x An 1 +x ’
j lxl r'(r:l—!r)'
® T S
1<i)<ip-- <1r§nr+2 XL 1+H

@ T et [ g

1<y <ip<ir<n r+ X1 X T L1+ Halx)
If we take » = 1 in Theorem 4.2(1), (3) and (4), respectively, then we get

COROLLARY 4.1. If x = (x1,X2,---,x,) € RY}, then

Gn(x) An(x) .

(1) Gn(1+x) S Ap(1+x)’

(2) Go(14x) = 14 Hy(x);
3) G,(x) H,(x)

Gy(1+x) 7 1+H,(x)

WV

REMARK 4.1. Inequality in Corollary 4.1(1) was proved by V. Govedarica and
M. V. Jovanovié in [12].
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REMARK 4.2. If we take Y ;x; =1 in Corollary 4.1(1), then we get the Weier-
strass inequality [13, p. 260]

[Te ' +1) = (1)

THEOREM 4.3. Let &/ = A|Ay---A,r1 be a n—dimensional simplex in R" and
P be an arbitrary point in the interior of <7 . If B; is the intersection point of straight
line A;P and hyperplane Y; = A1Ar---Ai—1Ai+1--Apy1,i = 1,2,--- ;n+ 1. Then for
re{l,2,---,n+1} we have

PB;.
r J (nt1)!
Jj=1 AijBij 1 rl(n—r+1)!
(1) H PB;. n+2 ’
1<iy<ip-<ip<n+1 V+Z;=l ﬁ
]
r PA; (n+1)!
j=1 Ai»Bi- n n—r+1)!
(2) H PA,~ 2n+1 ’
1<iy<ip-<ip<n+1 r+21 lA B
r IAJBJ | (n+1)!
j=1 PB;. n—+ ri(n—r+1)!
A8 7 \nt2 ’
1<iy <ip - <ip<n+1 r—|—2] 1 PB
r lA B (n41)!
J= PA n+ 1 rl(n—r+1)!
@ I >
A-.B,-. 2n+1
1<iy <ip-<ip<n+1 r-l,-zj 1 P/A /

Proof. 1tis easy to see that Y % =1and Y/ % = n, these identities imply

that
1 1 1 PB, PB PB,
) P = 17 27"'7 = (43)
n+1"n+1 n+1 AlBl A232 An+1Bn+1

PA; PA PA
“ 9 z PR -z < 17 27"'a nl . (44)
n+1' n+1 n+1 A1B1 AxBy Ant1Bni
Therefore, Theorem 4.3 follows from (4.3), (4.4), Theorem 3.1, Theorem 3.2 and
(1.1). O

and

REMARK 4.3. D. S. Mitrinovi¢, J E. Pecari¢ and V. Volenec [14, p. 473-479]

established a series of inequalities for £ vy B and f% ,i=1,2,---,n+ 1. Obviously, our

inequalities in Theorem 4.3 are different from theirs.
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