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GENERALIZATIONS AND REFINEMENTS FOR NESBITT’S INEQUALITY

MIHALY BENCZE AND OVIDIU T. PoP

(Communicated by J. Pecaric)

Abstract. In this paper we present a new generalizations and refinements for Nesbitt’s inequality
(see [5]). In every section, we give example of inequalities by particularization.

1. Introduction

We consider the set N=1{1,2,...}. In this paper we prove a general inequalities.
By particularization we obtain the Nesbitt’s inequality and refinements of this inequal-

1ty.

2. A general inequality obtained by using the inequality of convex functions

THEOREM 2.1. If n €N, n 22, o € (—o0,0]U[1,00), x>0, px €[0,1], k €
n
{1,2,...,n} suchthat Y, py =1, then
k=1

n o
( > kak)
k=1
n

kz pr(x14+xo+ . X F X+ X)
=1

n

o
<y Prti . @2.1)
o XXt X X X

Proof. Let f:(0,1) — R be a function defined by f(x)
By calculus we obtain that

% forany x € (0,1).

a-2((r o — o)y _
Py =% (o —1)(a 2)(1_1313(06 2)x+a(a 1))7

for any x € (0,1) and let g4 : (0,1) — R be a function defined by gu(x) = (o —
1)(a—2)x* —2a(a—2)x+a(o—1) forany x € (0,1). On verifies immediately that
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for o € {0,1,2} we have gy (x) > 0 for any x € (0,1). If o < 0, then the function

ga have a minimum in the point x, = %7 € (0,1) and gg(x,) = 5% > 0,50 ga(x) >

0 for any x € (0,1). If a € (1,2), then g4 is an increasing function on (0,1), so

g(x) > lin(}ga(x) =o(ae—1)>0 forany x € (0,1). If oc > 2, then g4 is a decreasing
x>0

function on (0,1), so gg(x) > linll ga(x) =2>0 forany x € (0,1). From the remarks

x<1

above it results that g (x) > 0 for any x € (0,1), so f”(x) >0 for x € (0,1). Then
n n

f is a convex function on (0, 1) and the inequality f ( > pkxk) < Y pif(xx) holds.
k=1 k=1

Choosing x; by ke {l,2,...,n}, we obtain the inequaﬁty 2.1). O

Xk
xptx+.tx,
COROLLARY 2.1. IfneN, n>2, a € (—,0]U[l,e0), x4 >0, k€ {1,2,...,n},
then
2—o

a—1 o
. <2xk> <y i (22)

n—1 = k:1x1+x2—|—...—|—xk,1+xk+1—|—...+xk'

Proof. In Theorem 2.1 wetake py =py =...=p, = % O

COROLLARY 2.2. Ifn €N, x>0, k€ {1,2,...,n}, then

n -xk

St nt Aottt x

"< 2.3)
n—1

Proof. In Corollary 2.1 we take o =1. [

REMARK 2.1. For n = 3 in Corollary 2.2, we obtain the “classical” Nesbitt’s
inequality

3 X X X
e e e 2.4)
2 Txo4x3 x3t+x1 xi+x

for any x1,x2,x3 > 0, so the results from Theorem 2.1, Corollary 2.1 and Corollary 2.2
are the generalizations of Nesbitt’s inequality.

3. The refinement of Nesbitt’s inequality and applications

THEOREM 3.1. If x,y,z > 0 and we note m = minA, M = maxA, where

[ 2049y 26@ky) 2 264y)
y+z 2x+y+z'zH+x  2y+z+xx+y 2z+x+y[’

then

X
Y L >M>m>

=t > G.D
y+z zZ+x x-+Yy

N W
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Proof. We prove that + HLX + £ is last great or equal then any element of

y+z x+y
A and any element of A is last great or equal then 3 . By example the inequality

2
Tty 2yt Z)C(Jy;fr)z is equivalent after calculus with the following true

2(y+2)
+ 2x+y+z

y+z
inequality (y —z)*(x+y+z) = 0. The inequality %
(2x —y—2)? > 0, which is a true inequality. [J

e > % is equivalent with

REMARK 3.1. The inequalities from (3.1) are the refinement of Nesbitt’s inequal-
ity.

THEOREM 3.2. If x,y,z > 0, then

3 x—y \* X 3 1 (x—y)?
~ 42 <7) <Y <t Y (32)

Proof. We have
2 (G975
- (22;1) i z<yx_+xz>) i <2<yz_+zx> * 2(Zy_+yx>>
" (2(Zx_+xy> ! zé‘f»)
_y P

o z+x (z+y)"

NN R ITGRAR
But 2(z+x)(z+y) > 2-2y/zx-2,/zy = 8z2\/xy, 2(z+x)(z+y) <2 3 =

2
% and then, from remarks above it results the inequalities from (3.2). [

REMARK 3.2. The inequalities from (3.2) are the refinement of Nesbitt’s inequal-
ity.

Let the triangle ABC with the sides AB = ¢, BC = a, CA = b, the measure of
angles A, B,C, s the semiperimeter, R the circumradius, r the inradius and T the area.

COROLLARY 3.1. The following inequalities are true

_+ 2 a—b 2<2(52—r2—Rr)
a+b+2c) T S2+r242Rr

cyclic

2

+ 2 f
2 cyclzc ab

(3.3)
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and 5 ., )
3 a—>b s“+r*—8Rr 3 1 (a—0)
=42 ( ) < <S+=—=) . (3.4
2 evelic a+b 4Rr 2 8T evlic VS—¢

Proof. In Theorem 3.2 we consider respectively (x,,2) € {(a,b,c), (s—a,s—
2(s>—r2>—Rr)

b,s—c)} and taking into accountthat ¥ 7% = S5——p" .

cyclic

4. A general inequality obtained by using Chebyshev’s inequality

THEOREM41 IfneN, x>0, a,b,c € R suchthat an+c—b>0, x; >0 and
(a ﬁ) Zxk—bxk>0f0ranyk6{1,2,...,n},then
k=1

o+1 n 1

u X L1 A0
kzl(a+5>(kzlxk)—bxk L >kzl<a+;>(§lxk)bxk

nl—oc (ki xk)
> =1 7 4.1)

an+c—>b

Proof. We suppose that x; < x3 < ... <x,. Then x¢ ™ <x§ < ... <x%1 and
1 1 < 1

2 ¢ n = c n

=1 (a+€) <k§1)€k> —bx;  (a+%) (kglxk) —bxy

1

(a—|—§) (i xk) — bx,
k=1

<.

<

Using Chebyshev’s inequality we have

z": XI?H (2 oc+1> 1
k=1 (a+ ;—1) <k§1xk) —bxk (a—l— ;—1) (kEj:l)Ck) — bxy,

so we obtain the first inequality from (4.1). Applying Jensen’s inequality we have

o1
n 2 Xk
%kg x,‘f“ > and applying Cauchy-Schwarz’s inequality we have

~
HM:
—_

2 2
n n
>

2 (w%)(kélxk) Y () P Wy gy
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n a+1
n > Xk )
Then 1 ( D x‘”l) y — 1 > ":}i —® ___ from where,
k=1 (a+ )(z xk) —bxy, (qucfh)klek

the second inequality from (4.1) results. [

COROLLARY 4.1. IfneN, n>2, o« 20 and x; >0, k€ {1,2,...,n}, then

oc+1

. Xk
2‘ X1+x+. X1+ X1t X

En: o+1 En: 1
= Mk Exi X X

n_1< ) (4.2)

Proof. For a=>b =1 and ¢ =0 in Theorem 4.1, the inequality (4.2) results. [J

:l’—‘

Mx

REMARK 4.1. The inequality from (4.2) is a refinement of inequality (2.2), so the
inequality (4.1) is a generalization and a refinement of Nesbitt’s inequality.

COROLLARY 4.2. If x,y,z >0, then

X 1 1 1 1 3
2 s ity b >72. 4.3)
y+z z4+x x+y 3 y+z z4+x x+y 2

Proof. We take n =3 and o =0 in Corollary 4.1. [

REMARK 4.2. The inequality (4.3) is a refinement of Nesbitt’s inequality.

COROLLARY 4.3. The following inequalities are true

2_ 2 2,2
’ s 2(s*—r*—Rr) > 55+ r-+4Rr >§ @.4)
s2+r2+2Rr 7 3(s2+r*+2Rr) ” 2
and
s+ —8Rr _ s?+r+4Rr 3 “.5)

4Rr - 12Rr -

Proof. From a < b+c, itresults that a+b+c < 2(b+c), equivalent with ;- <

2a a b c
pre andthen -+ -+ 55 <2.
On the other hand, in Corollary 4.2 we consider respectively (x,y,z) € {(a,b,c), (s—

a,s—b,s—c)}. O
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5. “Linear” inequalities

THEOREM 5.1. If oy €R, o >0, k€ {2,3,...,n} and y >0, ke {1,2,...,n},
then

oy1+0y2+ ...+ Qpyn n o1y2 + 0y3 + ...+ 0y1

Y1 Y2

oy + 0y + ...+ Oy y,—
g I zyly "Il S n(on+ 0+ + ). (5.1)
n

+...

Proof. We have
oy + 00y + ...+ Ouyn n oy2 +0y3+ ...+ 0gy1 n

Y1 y2
4 % oyt A Oy
Yn
:na1+(y—2+y—3+...+y—1)oc2+<y—3+y—4+...+y—2>a3+...
Yooy Yn Yooy Yn
+<y—”+>1+...+y”_l>an
Yooy n
andbecause 2 + 2 . 43 >p, BBy pR>p . gy +vn1 >n

the inequality from (5.1) resu'its D

REMARK 5.1. In Theorem 5.1 we take yy = x1 +x2+ ...+ x5 + X301+ ...+ X5,
where x; >0, k€ {1,2,...,n} and n € N, n > 2. Then we have

z (p+03+... +0t)x1+(0g+0os+ ... +0p)x2+ ... + (0 + 00+ ... +04—1)Xy
Xy +x34+...4+x,

cyclic

>n(og+op+...+ o).

Now, we put op + 03 + .. +Otn =1l,q4+0m+...40,=0,...,00+0+...+
0,1 =0, from where o) = 2 1 , 0 =03=...= 0= ﬁ . Then, from the inequal-
ity above we obtain the inequahty (2.3), so the inequality (5.1) is a generalization a
Nesbitt’s inequality.

THEOREM 5.2. If neN, n>2, oy € R, o4 >0, k€ {2,3,...,n}, x,br € R,
Yk = Bixg + Baxr1 + Baxiao + -+ Buek 1% + Bu—ky2X1 + Bu—i3x2 + .- A Buxk—1 >
0, where k€ {1,2,...,n} and yy = o4y 1 + 0 fn+ 3Bu—1+ ...+ s, Vo =12+
0P+ Bt 0P, Y =B+ 0B+ B2+ ... + 0B, then

& ViXk 4 YoXiq1 + - VX1
Y >

nlap+on+...4+ o). (5.2)
k=1 Yk

Proof. InTheorem 5.1 we take y; = Bix; + Poxps 1+ ...+ Buxi—1, k€ {1,2,...,n}.

In the following we give an example.
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COROLLARY 5.1. If v1, 2, V3, B1, B2, B3, x, ¥, z € R such that Bix+ oy +
Bsz >0, Biy+Boz+ PBsx >0, Piz+ Pox+ Py >0, A£0, >0, >0, where

Bi 1 B Bi Bs 1 Bi Bs Bz
Ay =B 72 B3|, A3 = |B2 B1 V2| and A= |By B1 B3|, then
Bs vs B Bs B2 13 Bs B2 B

NIX+ny+vz  Yiy+ni+yx o izt x4+ vy
Bix+ By +Bsz  Biy+ Bzt Bsx - Biz+Pox+ Bay
S 3(n+r+y)

T BB+ Bs

(5.3)

Proof. Because A = B + 5 + B3 —3B1B2B3 = (Bi + o+ B3) (BE + B + BF —
BB — B3 —ﬁ3B1) and A # 0, it results that §; + 8, + B3 # 0 or B12 —|—ﬁ22 +B32 -
B1B> — B3 — B3P1 # 0. From the last relation, it results that f;,[,, B3 cannot be
simultaneously equal.

In Theorem 5.2 we consider n = 3 and we determine o, 0,03 from the system

a1+ ofs+ b =1
of equations § 1+ B+ Bz =12
o1 B3+ oafr + s = 13-

A
o = KI
The solution of this system is ¢ op = % and summing the equations of the system
A
O3 = f

we have (a; + 0+ )1+ B2+ B3) =1+ 12+ y3, from where o + 0 + 03 =
% . Because the conditions from Theorem 5.2 are verified, it results that in-

equality (5.3)is true. O

COROLLARY 5.2. If a,b,c are the sides of a triangle, then

a+2b+3¢c b+2c+3a c—|—2a+3b>18. (5.4)
—a+b+c —b+c+a —ct+a+b

PVOOf ‘We take ')/1:1, ')/2:2, ')/3:3, BIZ—l,B2:ﬁ3:1 andx:a,y:b’
z=c in Corollary 5.1. O

REMARK 5.2. If 1 =1, =13 =0, B =0, B, = p3 = 1, then the conditions
from Corollary 5.1 are verified. In this case the inequality (5.4) becomes the Nesbitt’s
inequality.
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