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GENERALIZATIONS OF CONVERSE JENSEN’S
INEQUALITY AND RELATED RESULTS

S. IVELIC AND J. PECARIC

(Communicated by A. Guessab)

Abstract. In this paper we prove generalizations of Converse Jensen’s inequality for convex
functions defined on convex hulls. As consequences we get generalizations of the Hermite-
Hadamard inequality for convex functions defined on k-simplices in R¥. We also present some
related results which generalize results in [8].

1. Introduction

Let U be a convex subset of R¥ and n € N. If f:U — R is a convex function,
xi,...,x, €U and py, ..., p, nonnegative real numbers with P, =Y p;, then the well
known Jensen’s inequality

1 & 1 &
= Ypixi | <= pif(x) (1.1)
Pni:l Pni:l

holds.
If the following conditions are satisfied

p1>0, p;<0 (i=2,..,n) P, >0,

1 n
— X € U,
P, ;pzxz
then Reversed Jensen’s inequality
1 1
=Y pixi | ==Y pif(x) (1.2)
hiS Lt

holds (see [14]).
The convex hull of vectors xi,...,x, € R¥ is represented by K = conv({x1,...,x,}).
Barycentric coordinates over K are continuous functions Ay, 4, ...,A, on K with
following properties:
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(1) A(x) =0, i=1,..n,

2) YAilx) =1,
i=1

3) x= i)ti(x)xi.

i=1

If x, —xy,...,x, — x; are linearly independent vectors, then each x € K can be
written in unique way as convex combination of xi,...,x, in the form (3).

We also consider k-simplex S = [vi,...,v41] in R* which is convex hull of its
vertices vy,vy, ...,V € R, Barycentric coordinates A,A,,..., x4 over S are non-
negative linear polynomials on S and have special form (see the third section).

The next variant of Jensen’s inequality was proved by A. Matkovi¢ and J. Pecarié

[8].

THEOREM A. Let U be a convex subset in R*, xy,...x, € U and yi,...,ym €
conv({xy,....x, }). If f is a convex function on U, then the inequality

n m n m
'Elpixi - ZIW Vi 'Elpif (x:) — ZIW if ()
1= j= = j=

< 1.3
f Pn - Wm Pn - Wm ( )

holds for all positive real numbers py,...,p, and wy,...,wy, satisfying the condition
pi=W, foralli=1,...,n,

where P, =Y pi and W, = 2;-":1Wj-

In the following, let E be a nonempty set and L be a linear class of functions
f: E — R having the properties:

(L) if f,geL then (af+bg)eL forall a,beR
(L2) 1 €L where 1(z) =1 forall € E.

We consider positive linear functionals A : L — R. That is, we assume:
(Al) A(af+Dbg)=aA(f)+bA(g) forall f,geL, a,beR (linearity)
(A2) if feL, f(t) >0 forallt € E then A(f) > 0 (positivity).

From (A1) we obtain

k k
(Al’) A (2a,~g,~> = Z a,-A (g,') for g1,--,8k € L, ap,...,ax € R (linearity).
i=1 i=1
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If in addition A(1) =1 is satisfied, we say that A is a positive normalized linear
functional.
With L we denote a linear class of functions g : E — R* defined by

g(t)=(g1(t),....8k(t)), g €L (i=1,....k).

We also consider linear operators A : LF — RF defined by

Ag) = (A(g1),--Algr))-

If A(1) =1 is satisfied, then using (A1) we also have

(A3) A(f(g)) = f(A(g)) for every linear function f on R¥.

Next we introduce the functional versions of Jensen’s inequality and some related
results which we generalize in sequel.

B. Jessen [14, p. 47] gave the following generalization of Jensen’s inequality for
positive linear functionals.

THEOREM B. (Jessen’s inequality) Let L satisfy properties L1, L2 on nonempty
set E and A be a positive normalized linear functional on L. Let f be a continuous
convex function on an interval I C R. Then for all g € L such that g(E) C I and
f(g) €L, we have A(g) € I and

f(A(g)) <A(f(g))- (1.4)

The next theorem, proved by J. Pecari¢ and P. R. Beesack, presents generalization
of Theorem Lah-Ribari¢ (see [10, p. 98], [14, p. 98]).

THEOREM C. (Converse Jessen’s inequality) Let L satisfy properties L1, L2 and
A be a positive normalized linear functional on L. Let f be a convex function on an
interval I = [m,M] CR (—eo <m <M < oo). Then for all g € L such that g(E) C I
and f(g) € L, we have

< M-Alg)

AU () < =B m) + ZE ), (15)

Using Theorem C, Beesack and Pecari¢ also proved the next result [14, p. 101].

THEOREM D. Let L, A and f be as in Theorem C. Let J be an interval in R
such that f(I) CJ. If F :J xJ — R is an increasing function in the first variable, then
forall g € L such that g(E) C I and f(g) € L, we have

M—x x—m
PAGE) ) < mox F (s )+ 320, 0))  (16)

= max F(0(m)+ (1= 0)f(M).f(6m + (1~ 0)0)).
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REMARK 1. If we choose F(x,y) =x—y, as a simple consequence of Theorem
D it follows

AL () = (A(g)) < ax [0(m) +(1—0)f(M) — f(Om +(1—O)M)). (17)

Choosing F(x,y) = )—C, it follows
y

A/(e)) 0f(m)+(1—-06)f(M)

F(A) S oty | Femt (1—0)m) (1:8)

It is obviously that the main results in [15], [16] and [17] can be obtained as direct
consequences of Theorem D published many years earlier.

Additional generalization of Jessen’s inequality (1.4) is proved by E. J. McShane
(see [9], [14, p. 48)).

THEOREM E. (McShane’s inequality) Ler L satisfy properties L1, L2, A be a
positive normalized linear functional on L and A = (A, ...,A) : LF — R* a linear oper-
ator. Let f be a continuous convex function on a closed convex set U C RX. Then for
all g € L* such that g(E) C U and f(g) € L, we have that A(g) € U and

f(A(g)) <A(f(g)). (1.9)

It is known that for a convex function f : [a,b] — R the Hermite -Hadamard in-
equality

b
b 1 b
f(“; )<b_a/f(x>dx<% (1.10)

holds.

In this paper, as our main results we present generalizations of Theorem C and
Theorem D for convex functions defined on convex hulls. As consequences, we obtain
generalizations of the Hermite-Hadamard inequality (1.10) for convex functions de-
fined on k-simplices in R*. Some related results can be found in [5], [6], [7]. We also
present related results which generalize results in [8].

2. Main results

For n € N we denote
n
A — {(Al,...,An) A =20, Vie{l,...,n}, YA= 1}.
i=1

The next theorem presents generalization of Theorem C.
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THEOREM 1. Let L satisfy properties L1, L2 on nonempty set E and A be a pos-
itive normalized linear functional on L. Let xy,...,x, € RF and K = conv({xy,...,x,}).
Let f be a convex function on K and Ay, ..., A, barycentric coordinates over K. Then
forall g € L¥ such that g (E) C K and f(g),Ai(g) €L (i=1,...,n) we have

A(f(8) < QA (Ai(g)) f (xi). 2.1)

1

o

L

Proof. Foreach t € E we have g(r) € K. Then there exist barycentric coordinates
Ai(g(t)) =0 (i=1,...,n) such that 3} ;A;(g(r)) =1 and

Since f is convex on K, then

flg) = f (i%(g(r))xi) < ili(g(t))f(xi%

Now, applying a functional A on the last inequality we get

i=1

A(f(g)) <A (i%(@f(m)) = ilA (i) f(x). O

REMARK 2. If all the assumptions of Theorem 1 are satisfied and in addition f is
continuous, then

FA(g)) <A(f(g)) < iA(xxg))f(xi)

The first inequality is consequence of Theorem E and the second of Theorem 1.

Using Theorem 1 we prove generalization of Theorem D.

THEOREM 2. Let L satisfy properties L1, L2 on nonempty set E, A be a positive
normalized linear functional on L and A = (A, ...,A) : L¥ — R¥ a linear operator.
Let x1,...,x, € R* and K = conv({x1,...,x,}). Let f be a convex function on K and
Al, .oy An barycentric coordinates over K. If J is an interval in R such that f(K) CJ
and F : J x J — R is an increasing function in the first variable, then for all g € LF
such that g(E) C K and f(g),Ai(g) €L (i=1,...,n) we have

F(AU(2).f(A(8))) < F (Zf‘ (ki(g))f(xi),f(g(g))> 22)

< max F (i/\,-f(x,-),f (zn:/\,‘x,)) .
ean j i=1

(Alw"sAn) i=1
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Proof. Foreach t € E we have g(r) € K. Then there exist barycentric coordinates
Ai(g(t)) =20 (i=1,...,n) such that 3, A;(g(r)) =1 and

Since A is a positive normalized linear functional on L and A= (A,...,A) a linear
operator on L¥, we have

where

and
YA (i(g)) = A (;Mg)) —A()=1.
Therefore, A (g) € K.

Since F :J xJ — R is an increasing function in the first variable, using (2.1) we
have

F(A(/(8)).£(A(g))) <F (Zf‘ <xi<g>>f<xi>,f<i<g>>> NG

By substitutions

it follows
n
= ZA,-x,-.
i=1

Now we have

F (if\ (Ai(#)) f(x:). f(A(g) ) (ZAf (i), (ZAm»
i=1
< max (ZAf x;) (z/\x,)). (2.4)

By combining (2.3) and (2.4) we get (2.2). O

REMARK 3. If we choose F(x,y) =x—y, as a simple consequence of Theorem 2
it follows

A(f(g))— f(A(g)) < max (ZAfxz (ZM@)) (2.5)

(Al ’ 7A)1)€An
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Choosing F(x,y) = )—C, it follows
y

8 < max = . (2.6)

The inequalities (2.5) and (2.6) present generalizations of (1.7) and (1.8).

Replacing F by —F in Theorem 2 we get the next theorem.

THEOREM 3. Let L satisfy properties L1, L2 on nonempty set E, A be a positive
normalized linear functional on L and A = (A, ...,A) : L¥ — R¥ a linear operator.
Let x1,...,x, € R* and K = conv({x1,...,x,}). Let f be a convex function on K and
Aly ...y An barycentric coordinates over K. If J is an interval in R such that f(K) CJ
and F : J xJ — R is an decreasing function in the first variable, then for all g € LF
such that g(E) CK and f(g),Ai(g) €L (i=1,...,n) we have

F(A(f(8)). f(A(g))) > F <2A @i(g))f(xi),f(éx‘(g)))

> min F (iAif(xi)j (i/\pﬁ)) .
j i=1

(AL M) EA" i=1

3. Convex functions on k-simplices in R*

In this section we give analogs to Theorem 1 and Theorem 2 for convex func-
tions defined on k-simplices in RX. As a consequence we obtain generalizations of the
Hermite-Hadamard inequality (1.10).

Let S = [vi,v2,...,V¢t1] be k-simplex in R* with vertices v 1,V2,.s Vil € Rk,
The barycentric coordinates Ay, ..., Ay over S are nonnegative linear polynomials that
satisfy Lagrange’s property:

1’ R
)L,‘(Vj)=5,'j={ 07 i#j .

Therefore, it is known that for each x € S the barycentric coordinates A;(x), ...,
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Ak+1(x) have the form

N Volk([x7v27...,vk+1})

A(x) = Vol ()
Vol ([vi,x,v3,..., Vi1 1))
Ma(x) = Vol () ’
A1 (x) = VOlk([th’vhxD, @3.1)

Vol (S)

where Vol denotes k-dimensional Lebesgue measure on S.

Here, for example, [v{,Xx,...,V;1] denotes the subsimplex obtained by replacing
v, by x, i.e. the subsimplex opposite to v, when adding x as a new vertex.

In other words, we see that the barycentric coordinates Ay, ...,A; 1 foreach x € §
can be presented as the ratios of the volume of subsimplex with one vertex in x and the
volume of S (see Picture 1).

V3

Vi

.26
Picture 1. 2-simplex S = [vi,vy,v3] in R? divided into 3 subsimplices.

The signed volume Vol (S) is given by (k+ 1) x (k+ 1) determinant

Vil V21 Vi1l
Vol (§) = a Viz V22 V12|,

Vik V2k * " Vi+1k

where vi = (Vi1,V12, V1K) oo Vit 1 = (Vis 115 Vit 12, -5 Vi 1) (see [18]).
Since vectors v, — vy,..., v, — v are linearly independent, then each x € § can
be written in unique way as convex combination of vy,...,v;; in the form

B Volk([x,v27...,vk+1}) VOlk([V17...,Vk,x])
= Voli(S) VI TS

Vi+1- (3.2)
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Now we present an analog of Theorem 1 for convex functions defines on k-
simplices in R¥.

THEOREM 4. Let L satisfy properties L1, L2 on nonempty set E, A be a positive
normalized linear functional on L and A = (A, ...,A) : L¥ — R* a linear operator.
Let f be a convex function on k-simplex S = [v{,v2,...,vg1] in R* and Alyees Aii1
barycentric coordinates over S. Then for all g € L* such that g(E) C S and f(g) € L
we have

k+1

A(f(g)) < Y A(Li(g) f(w) (3.3)

i=1
Vol ([Vl,VZ;-"ag(g)}
Vol (S)

Vol ({g(g),n, ...,kaD
B Vol (S)

fo)+..+ fier).

Proof. For each r € E we have g(¢) € S. Then there exist the barycentric coordi-
nates

1 1 - 1
1 &) var  visn
k| :
Vol ([g(2),v2, ..., Vi1 8r(t) vak -+ Viyik
?Ll(g(t)): ([ () + D — 7
Voli.(S) 1 1 -+ 1
1 Vi1 V21 Vi+11
k!
Vik V2k *** Vi+1k
1 -1 1
1|Vl Vi1 &1(2)
VOlk([Vl,-.-,Vk,g(t)D Vik =+ Vkk gk(t)
M (8(1)) = Vol (S) - 1 1 --- 1
1 (Vi1 V21 Vi+11
k!
Vik V2k = Vk+1k

k+1

k1
such that ¥ A;(g(t)) =1 and g(t) = Y Ai(g(t))vi.
i=1 i=1

Since f is convex on §, then
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Using the Laplace expansion of the determinant we can easily check that A;(g) € L for

alli=1,....k+1.

Now, applying A on the last inequality we have

A(f(8)

where

A (g)) =

A(Mi1(g)) =

By combining (3.4) and (3.5) we obtain (3.3).

Kt 1
) <A <Z7Li(g)f(vi)

i=1

1|A(g1) vai Vit

k!

k+1
)5
i=1

(%i(8)).f (vi),

A(gk) V2k oo karlk _ VOlk (|:A(g)7v2,...,"k+1:|>

1 1 --- 1
1|Vi1 V21 Vi+11
k!

Vik V2k **° Vk+1k

Lvit v Agr)

Vik - Vi A(gk)

oy (]

Vol (S)

vlv“'vvlﬁA(g)

)

1|Vi1 V21 Vi+11

Vik V2k = Vi+1k

O

Vol (S)

Using Theorem 4 we prove an analog of Theorem 2.

)

b

(34)

(3.5)

THEOREM 5. Let L satisfy properties L1, L2 on nonempty set E, A be a positive
normalized linear functional on L and A = (A, ...,A) : L¥ — R¥ a linear operator.
Let f be a convex function on k-simplex S = [v{,va,...,viy1] in RF and Aq,..., A1
barycentric coordinates over S. If J is an interval in R such that f(S) CJ and F :
J xJ — R an increasing function in the first variable, then for all g € L* such that
g(E)C S and f(g) € L we have

F(A((2)).£(A(8)))

Volk([x,vz,...’vk+l])

< maxF (
x€S

max

Vol (S)

F
(AL A1 JEARH

fvi)+..

k+1 k+1
<2A,~f(vi),f (2/\
i=1 i=1

-+

Vol ([v1y-., Vi, X])

Vol (S)

f("k+1)7f(x)>

(3.6)
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Proof. Since for each 1 € E we have g(t) € S, then it follows A(g) € S (see the
first part of proof of Theorem 2).

Since F :J xJ — R is an increasing function in the first variable, by Theorem 4
we have

F(A(f(8).£(A(g)))
ol ([A(g),v2,---, v ol (v, v
<F<V““@gg”“Dﬂm%%~+lﬂQ@ﬁFQDﬂWH)f@(»)
Vol ([x,va,..., v Vol ([vy,...,vk,
< max (MGl (o) + o QR ). S ()

The equality in (3.6) is simple consequence of substitutions

Vol ([vi, ..., vi,x])
Voli(S) '

Volk([x,v27...,vk+1})

A =
! Vol (S)

5 ..’AkJrl ==

and
k+1

X = ZA,'V,'. O

REMARK 4. Replacing F' by —F in Theorem 5 we can get an analog of Theorem
3 for convex functions defines on k-simplices in R.

REMARK 5. If all the assumptions of Theorem 4 are satisfied and in addition f is
continuous, then

f(A(g)) <A(f(8))
k+1

< Y A(Ai(g) f(v) (3.7)
i=1

Vol <[X(g),vQ7 ...,vk+1]>
- Vol (S)

Vol <[V1,~~~,VkaA(g)
VOlk(S)

fv)+...+

f(Vis1)-

The first inequality is consequence of Theorem E and the second of Theorem 4.

EXAMPLE 1. Let py,..., px+1 = 0 such that Zk 1 Pi = 1. We define the functional
A:L— R by
k+1

A(g) =Y pig(t).
i=1

It is obviously that A is positive normalized linear functional on L. Then the linear
operator A = (A,...,A) : L¥ — R¥ is defined by

k+1

=Y pig(t).
i=1
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We set g (t;) =v; forall i =1,....k+ 1. Let S = [v{,v2,..., ;1] be k-simplex in RF

and f be a continuous convex function on S such that f(g) € L. Then as a simple
consequence of (3.7) it follows

k+1 k+1
f (21’:“’:‘) <A(f(g) < Zpif(vi)~

i=1

Setting p; = ... = pgr1 = k4+1 we get

i=1

1 k+1
— i | <A <— i) -
f<k+12vl> (f(g)) k—l—l;f(vl)
Related results are obtained in [1], [20].
EXAMPLE 2. Let S = [v{,vy,...,v;1] be k-simplex in R¥ and f a continuous

convex function on S. Let L = (E,/,A) be a measure space with positive measure A.
We define the functional A : L — R by

Alg) = ﬁ [earo.

It is obviously that A is positive normalized linear functional on L. Then the linear
operator A = (A,...,A) : L¥ — R¥ is defined by

Ale) = 1755 L80)4R0).
We denote g = ﬁ/Eg(t)d/l (r). If g(E) C S and f(g) € L, then from (3.7) it follows
(@) <A(f(g) (3.8)

VOlk([E,VQ,...,VkJrlD VOlk([Vl,...,Vk,ED
g VOlk(S) f(V1)++ VOlk(S) f(vk+l)a

Related results are obtained as consequences of Choquet’s theory (see [4], [11], [12],
[13],[19]).

4. Related results

In this section we present generalizations of results in [8].
The next theorem generalizes Theorem A.

THEOREM 6. Let L satisfy properties L1, L2 on nonempty set E, A be a positive
linear functional on L and A = (A,...,A) : LK — R¥ g linear operator. Let xi,...,x, €
RF and K = conv({x1,...,x,}). Let f be a convex functionon K and Ay, ..., A, barycen-
tric coordinates over K. Then for all g € L¥ such that g (E) C K and f(g),Ai(g) € L
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(i=1,...,n) and positive real numbers pi, ..., pn, with P, =Y, p;, satisfying the con-
dition
pi=A(l) forall i=1,..,n, 4.1)

we have

Spx-A())  Spfxn)- TAGE)f(x)

i=1
N e=am | S P A(D)

3 pif (x) ~Af(8))
P,—A(1)

< (4.2)

Proof. Foreach t € E we have g(r) € K. Then there exist barycentric coordinates

Ai(g() =0 (i=1,....n) such that éxi(g(t)) — 1 and g(r) = éx,-(g(z))xi.

Since f is convex on K, then

Flg(t) < X (8(0))f(x). (43)

where
n

i=1 i=1

YA (k(g)) =A< xl-(g)) =A(1)

and
A(l)>2A(Ai(g)) =0 forall i=1,...,n.

Also we have

Now we can write

él’ixi —A(g) . ) )
R—A(l) ~ R—A(D) (Elpixi_izlA (li(g))x,-)
1
— Pn—A(l)El (pi—AMi(g)))xi
We have 1 )
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and

1 .
m (pl —A(Al(g))) 2 0 foralli= 1,...,71,

since

pi=A(l) > A(A(g)) forall i=1,....n.

n
. i 1PiXi—A . . .
Therefore, expression z:‘—l}li'if"(l)(g) is convex combination of vectors xi,...,x, and
n

belongs to K.
Since f is convex on K, we have

iglpixi —A (g) 1 n
"N r—an :f<mi2 (Pi—A(?ti(g)))xi>

3 pif (x) - A((g))

< .
b P,—A(1) =

COROLLARY 1. Let L satisfy properties L1, L2 on nonempty set E and A be a
positive normalized linear functional on L. Let f be a convex function on an interval
I=[mM] CR (—eo <m <M <oo). Then for all g € L such that g(E) C I and
f(g) € L, we have

Alg)—m M—Ag)
A )+ = f (M)

< f(m)+ f(M) = A(f(2))- (4.4)

f(m+M—A(g)) <

Proof. Foreach t € E we have g(t) € I = [m,M].
Since interval I = [m,M] is 1-simplex with vertices m and M, then the barycentric
coordinates have the special form:

M— _
Mg = 220 ana (g0 = S
Then applying a functional A we have
M—A Ag) —
Al (g) = A8 ana Aa(g)) = 2B @)
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Choosing n =2, py =pr =1, x; =m, x, =M from (4.2) it follows

Fm M = A(g)) < flom) + f(0) — | LA iy ALV
_Alg)—m o M—AG)
== f(m)+ M —m f(M)

REMARK 6. The inequalities in (4.4) are also obtained in [3]. Some related re-
sults are obtained in [2].

THEOREM 7. Let L satisfy properties L1, L2 on nonempty set E, A be a positive
linear functional on L and A = (A,...,A) : LF — R¥ a linear operator. Let xy,...,x, €
RF and K = conv({x1,...,x,}). Let f be a convex functionon K and Ay, ..., A, barycen-
tric coordinates over K. Then for all g € LF such that g (E) C K and f(g),Ai(g) € L
(i=1,...,n) and positive real numbers p, ..., p, satisfying the conditions P, —A (1) >
0, where B, =Y |pi, and

épz‘xi —A(g)
W €Kk, 4.6)

we have

Ermi@) e (gEpx) a0 (sirite)

N =e=am |7 PiA(D)

Buf (%ﬂ_glpixi) - 'glA (Ai(8)) f (xi)

P
P,—A(1)

“4.7)

Proof. Foreach t € E we have g(r) € K. Then there exist barycentric coordinates
Ai(g(t)) =20 (i=1,...,n) such that 3} A;(g(r)) =1 and

Also we have

We can easily see that
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since Lo 1
Hﬁ;Aw@»zlmd;@A%wﬁ/azzL n
Since f is convex on K, then
1 ~ 1 &
f (/WA (3>> < mgf\ (Xi(8)) f(xi)- 4.8)

Using first (1.2) and then (4.8) we have

P (4 8 pn ) a0 (it (0) >&dgimﬁ—mmmﬁﬂ@0

! A1) g P A1)

>

REMARK 7. If positive real numbers pj,...,p, satisfy the condition (4.1), then
the condition (4.6) is also satisfied since K is convex set. Then (4.2) can be extended
as follows

&4g@m)éyMwﬂmzw@ﬁmgﬂmMﬁmm
1= 1= < 1=

P—A(1) h P—A(1)
_;ilpixi —A(g)
e YN

n

S pif (x) ~ SA k() (x)

i=1

g Pn_A(l)
S pif (x) ~ Af(8))
ST RCAD -

COROLLARY 2. Let L satisfy properties L1, L2 on nonempty set E and A be a
positive normalized linear functional on L. Let f be a convex function on an interval
I=[mM] CR (—eo <m <M <oo). Then for all g € L such that g(E) C I and
f(g) € L, we have

M=) =27 ("5 ) s ale)

szrM> - {MM—jl(g)

o
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Proof. Choosing n =2, x; =m, x =M, p; = p, =1 and using (4.5), the
inequalities in (4.10) easily follows from (4.7). O

Next we give generalizations of Corollary 1 and Corollary 2 for convex functions

defined on k-simplices in R¥.

COROLLARY 3. Let L satisfy properties L1, L2 on nonempty set E, A be a posi-
tive normalized linear functional on L and A = (A, ...,A) : LF — R a linear operator.
Let f be a convex function on k-simplex S = [v{,v2,...,vg1] in RY and Ay, ..., x4
barycentric coordinates over S. Then for all g € L* such that g (E) C S and f(g) € L
we have

k+1 k+1
o 1)r (i ) - S e
k
@0 (i £w) - £l e)
k

<
kil
121 vi—A(g)
< —
f k

k+1

k+1
P (vi) — Elli(A(g))f (vi)

k
k+1
3 f(v) = A(/(8))

< . 4.11
T (4.11)

<

Proof. Since barycentric coordinates A1, ..., Ax 1 over k-simplex S in R* are non-
negative linear polynomials, then A (A;(g)) = A;(A(g)) forall i=1,....k+ 1.

Choosing x; =v; foralli=1,....,k+1 and p; = pp = ... = prr1 = 1, the inequal-
ities in (4.11) easily follow from (4.2) and (4.7). O
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