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SOME EXTENSIONS OF HILBERT’S INTEGRAL INEQUALITY

L. E. AZAR

(Communicated by I. Franjic)

Abstract. In this paper we introduce a new extension of Hilbert’s integral inequality with a best
constant factor involving the hypergeometric function. The equivalent form and some examples
will be given.

1. Introduction

If p>1, l%+$=l,f(x),g(x)>0,0<ff1’(x)dx<oo,andO<fg‘1(x)dx<oo,
0 0

then we have the following two equivalent inequalities as (see[1])
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0/ 0/ Ty ddy < 0/ S (x)dx 0/ g% (x)dx (1.1

sin (7)

f(x)
0/ 5 )Txydx = sinz%> O/fp(x)dx (1.2)

p

where the constant factors —Z—~ and z are the best possible in (1.1) and
sin(%) sin(%)

(1.2) respectively. Inequality (1.1) is called Hardy-Hilbert’s integral inequality. During
the last decade inequality (1.1) and (1.2) were generalized in many different ways, see
for an example [2],[3]. In [4] the authors obtained the following extension of (1.1) and
(1.2)
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//f(x)g());)dxdy < B(1— pAs, A+ pAs—1) /‘quAlflfp(x)dx
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oo oo p oo
/yp_pzAZ_l L)Adx dy < [B(1 — pAz, A + pAr—1)]P /quAl_lfp(x)dx
o o Y 5
(1.4)
where B(1— pA,,A + pA,—1) and [B(1— pA,,A + pA,—1)]" are the best possible
constants (B(x,y) is the Beta function), A > 0, A; € (%, }1), A € (%, 11—7) and
pAs+qA; =2 — A. Recently, in [5], M. Krini¢ obtained a Hilbert’s type inequality
with a best constant factor involving the hypergeometric function.
In this paper we continue the research on Hilbert’s inequality by giving a new in-
equality with a best constant factor involving the Beta and the hypergeometric functions
and from which inequalities (1.3) and (1.4) can be deduced.

2. Preliminaries and Lemmas

Recall that the hypergeometric function F(c, ;y;x) is defined by (see [6])

Flo, i) = 3 WP d

iy 2.1
r=0 (Y)r r! ( )

where (o), is the Pochhammer symbol defined by

(oc),:oc(oc—kl)---(oc—i—r—l):%.

As it is known the series (2.1) converges for |x| < 1 and diverges for |x| > 1. For
x =1 the series converges if y > o+ f8 and in this case we have

L(y)(y—B—a)
L(y—a)l(y—B)

The hypergeometric function satisfies the integral representation

F(a,B;y:1) =

2.2)

1

) — I'(y) B=1/1 _ \y—B—1/1 o=l -
F(a,ﬁ,y,x)—r(ﬁ)r(y_ﬁ)o/t (1)1 (1 —x)*dr, if y> B >0,
and the transformation
F(o,Bsv:x) = (1—x)"“F (OW—B;Y;)%) (2.3)

We will need the following definition of the Beta function

1
B(x,y) = /zH(l — iy,
0
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and the Legendre duplication formula

225—1 1
'26) = ror(éd+=|. 24
28)= = —royr (5+5) @)
In this paper we will assume the following:a,c > 0, b* <ac, A >0, p>1,
+ é =1, u and v are differentiable nonnegative strictly increasing function on (a,b)

1
p
(—oo < a < b <o) and they satisfy the following conditions: hm u(t) = hm v(t)=0,

t—at t—at

and hm u(t) = 11m v(t) = oo. For abbreviation we set ky; (u(x),v(y)) := (au®(x) +

Zbu( ) ( )+ev? (y))’l
LEMMA 2.1. Suppose that a,c > 0,b*> < ac, 0 < o < 2A. Then we have

/ 1 _ax=a i 2.5)
5 (ax +2bx+c)
where s
a a 1 b
C=B(a,2A - a)F (E”l_i At gl - ac). (2.6)

Proof. Using the substitutions ¢ = f X+ —= C, @u = ; respectively and then
applying the binomial Theorem, we obtain

= a—1
X
= / dx
2
0 . -

a4 oo 1
= a_%c%_7L <%>1_7 2 M (1 _ @)’/(1 _u)a*1u2/l+2r—oc—1du
0

b2 4 T(4) b
_ —g @y (ac A= & F(A‘i"’) _ _ac "
=a 2¢c2 <b2> 'Z%)ir()t) B(Ot,2/1+2r OC) <1 b2>
g gy a\A S STA+ND(@T2A+2r—a) (1 acyr
— R R e (w)
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Using Legendre duplication formula (2.4) in the last sum, we get

e o ; T2A—a)T() <ac> ——il"(/l—%—kr)l“()t g‘+1+r) (A+%) <1_% r

Il=aZc?
@ e r2h)  \B2) A TA-Or(A-$+5)rA+1+r) b?
_a a_ ac\ =% & (A—%$)(A—5+3), ac

=a 2c¢2 ABOCZ)L o <ﬁ> 2 2(1_’_%)3 2 (1 b2>
=a Tc?*B(a,24 — a( ) F()L—%,)L—%+%,A+%;1—%)
1

« g b?
—a 7c¢7*B(a,2 F —1—— .
a2c (a,2A — ) Z)L 2/1—|—2, ”

In the last equation we used the transformation (2.3). The Lemma is proved. [

LEMMA 2.2. For 0 < a < 2A, the following relation holds

B(Z )_g
B(ot,21 — olF) (%,A—%,Mr%;l) = % 2.7)

Proof. Using (2.2) and definition of the Beta function, we get

a 1 )z Ma)l2A—a) TA+HIE)

(04
B(a,2A —o)F | =, A — —,A+=;1 )
(o, o) (27 K +2 '(2A) F(%-l—%)f‘(l—%—l—%)

By the Legendre duplication formula (2.3) we have TG 7%_ ;) = 22%\;;71 (A — %), and

T(A+4 1-22 .
A7) _ 2 2VE Gince I'(3) =v/7 we obtain

T(22) (1)
o (LA ka) s glE o8 T
B(o,24 a)F(Z,?L 27/1+2’1>—2 vz T(A) Tr(2+1
ITA-9T§) _BGA-%)
2 (A 2

LEMMA 2.3. The weight coefficients w(x) and w(y), defined respectively by

b
P a0 ()
o) = | L

b
_ / ) () ' x)
Koy, ((x), v(y))u(x) 4

satisfies the following relations

u(x)1*2l+P(A1*A2)
u' (x)p—1

B v(y)1—2k +q(Ay—Ay)

o(y) = o L. (2.9)

Ly, (2.8)

o(x) =
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1—pAy )L p/\2

where Ly = a2 (1 —pAy,2A+pA,—1)F (1—§A27;L_1—pA2 /H_l. bi)

gA;—1 1- qu 2

and Ly=a > ¢ 2 *B(1—qA1,2A+qA;—1)F(F2L A 1204 Q4 L by,

Proof. Setting v(y) = u(x)t then by using Lemma 2.1 we get

b
Arp -r
o [ W) )
2 (u(x),v(y))v(y)Piz
1 22+pA1—4Ay) G PAs
_ u(x) / t _dy
/ (a+2bt+ ct2)*
1-2A+p(A,—Ay)
_ ) L.
w'(x)p-1
o 1-24+¢(Ay—Ay)
Similarly, we have @(y) = % p. O
3. Main Results
)1-24-+p(A] ~A7)
THEOREM 3.1. If f,g > 0 such that 0 < fﬁfp(x)dx <o and 0 <
b A _
fv ) MAZ il g9(y)dy < o, then
b b
Do // f(x)g(y) dxdy
J | e (ule) v )
1 L
11 bu(x)l—27L+p(A1—A2) P bv 1-2A4q(Ay—A})
< Ll L2 / u/(x)p,1 fp(x)dx / gq(y)dx )
3.1
b P
/ p(y) A= Dp-1)p(A1-42),, / oo @
2 27L
b
L 1)P (u(x))l—zler(Al—Az)
Prqa P
< {Ll Lz} / T I (3.2)

Here, A € (%, é) and A, € (%, %) Inequalities (3.1) and (3.2) are equivalent.
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Proof. By Holder’s inequality, taking into account Lemma 2.1 and Lemma 2.3,
we get

b u(x)Alv’(y)% v(y)Azu/(x)%
b= / ko, (u éf (x) %g(y)dxdy

F W)
//kzz V) vO)pd 1 )y
/ o)), ‘
. / o 70 Ty )
I 1-22 1 p(A1—Ay) 7 b ()1~ 2A+q(Ar-A1) a
<LfLé’{/ - <>f 1 f"<x>dx} {/ NG g‘f<y>dx} -

Let us show that (3.1) and (3.2) are equivalent. Putting

p—1
80) = v(y) DDl / ax|
kzx

using (3.1) we get

/—/H

hv 1-2A+q(Ay—Ay)
/ g1 (v)dx

P
B v(y)PA-Dp=D+p(Ai-A2) f(x) .
_/ v (y)~1 </ ko, (u(x), (Y))d )
f(x)g()
‘/ / O

1
b P b
% 1 u(x)172k+p(A17A2) v(y)172l+q(A27Al)
<L L;{ T R ) R UL

a

S

from which we get (3.2).0On the other hand, by Holder’s inequality
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D:/b/hsz(xﬂdxdy

b b
L)y f(x) .
—a/ 0) v / B ). )

1-24+g(Ay—A1)

() V) Teg(y)dy
b b P :l
y(y)PA-Dp=1)+p(A1-42) f(x)
< d d
) / O / CACTERYE) il B

v (y)a!

1
b q
1-2A4+q(A2—A))
X { / vo) g1(y)dy

By (3.2) we obtain (3.1). O

THEOREM 3.2. Under the conditions in Theorem 3.1, if the equation pA,+qA| =
2 —2A holds, then (3.1) and (3.2) can be rewritten as

==

7 u(x)PaAi—1 v Ar—1 4
b=t / %JC P (x)dx / %gq(y)dy . (33
/ 2 / f(x) ! : u(x)pati—1
/v(y)l’—p A1y (y) /mdx dy < {L*}p/WfP(X)dx.

(3.4)

In this case the constant factors in (3.3) and (3.4) are the best possible, where L* is
given by

Aj—1  pAy—1 1—pA 1—pA 1 b?
L'=a " Bl pAr,2h+pAs—V)F [ —L22 ) 27 PR2 5 7).
2 2 2 ac

Proof. If the constant factor L* is not the best possible, then there exists a positive
constant K with K < L*for which (3.3) is still valid if we replace L* by K. For
1 <6 <1+p(l—gAy), setting fg and gg as fy(x) =0 for x € (a,a1), fo(x) =

1-6 1—

u(x) 7~/ (x) for x € [a1,b); go(y) =0 on (a,@2), go(y) =v(y) T "V/(y) on
[a2,b), where a; and ap are such that u(a;) =1 and v(az) = 1. Then we have(let
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1
b P b

1 1
oo oo q
=K /G’Bdcr /’L’ %dr =81 (3.5)
1 1
On the other hand, we find(let u(x) = ov(y) and T =v(y))
[ 1) P @) T )
D :// dxdy
kaj (u(x),v(y))
ap aj
= s 50 ga,
= /1*9/ 26 ’ Ad(m’r
/ e (ao?+2bo+c)
oo oo 1/t 1-6
) 9t
:/T / 6’ dc—/ 9’ Adc dt
/ ) (462 +2bo +¢)* o (ac®+2bo+c)
1 7 1/ J_qu
= — [L*+0(1) /r o / —do | dt
0—-1 / (ac?+2bo+c)

T

1 .
> ﬁ[mo(l)}—/r—@ /0 Fotgg | ar
1

[ +o(1)] = 0(1).

Therefore, we get 7 [L*+0(1)] — O(1) < g5 or
[L*+0(1)]—(6—-1)0(1) < K.

For 6 — 17, it follows that L* < K which contradicts the fact that K < L*. Hence the
constant factor L* in (3.3) is the best possible. Since (3.4) is equivalent to (3.3) then the
constant factor in (3.4) is also the best possible.It remains to prove that the inequalities
(3.3) and (3.4) are strict. If (3.3) takes the form of equality, then there exists constants
M and N which are not all zero such that

MfP(x)  u@P(y)  Ngf(y) v (x)
kay, (u(x),v(y)) v(y)PA2u (x)P=1 Koz (u(x),v(y)) u(x) a4y ()4t

Hence, there exists a constant k£ such that

a.e.in (a,b)x (a,b).
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u(x)qun
u'(x)P

v A2
8/)();7; gl(y) =kae. in (a,b) x (a,b).

We claim that M = 0. In fact if M # 0, then

fPx) =

ux)Pqu 1 () =
T T Mg

b
. . pq
which contradicts the fact that 0 < [ "I(:f pl .
a

P(x)dx < oo. Thus, the theorem is

proved. [

4. Some Examples

In this section we shall consider the case for which the constant factor is the best
possible, namely inequality (3.3).

L. If u(x) = x*, v(y) = yP where o, > 0, then

/ / S8 —dxdy
oo (ax?@ + 2bxyP + cy25)

oo P q
% P

< % /xo‘quler(l_o‘)_lfp(x)dx /yﬁqu2+q(l—B)—lgq(y)dy . @)
oif3r

In particular, from (4.1) we get the following particular cases:
(i) If ¢ = B = 1, then we obtain the following inequality

Q=

/ / —dxdy <L' / PP () / Yl gd(y)dy
00 (ax +2bxy—|—cy) 5

i) If a=p= %, a=c=1, b=0, then by using Lemma 2.2 we can obtain
inequality (1.3).

(iii) If e==1, A=1, A;=Ap="L . we have L* =B (% 5) F <2p, Ll )
then

dxdy

= \/ ax? +2bxy—|—cy

n 11 T
Fl— — 1;1—— P( a(y)d
< S (2p’2 ) /f /g (v)dy

0
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2. Let u(x

~—

=1Inx, v(y) =Iny. We have

/ f()e(y) dxdy
1 (aln2x+2blnxlny—|— clnzy)}L

g

=7 PqAr—1

r (Inx))Pari—1 (Iny)
pd [ fr(wya / L—
1

le
1

3. Let u(x) = tanx, v(y) = tany. We have
w/2m/2

/ / f)e(y) _dxdy
o o (atan®x+2btanxtany+ctan’y)

1
P ( m/2

7T
(tanx)PaAi—1 (tany)Pad2—1
/ 8602 p-l “ectayr 1/ ) / qu(y)dy

e,

4. Let u(x) = e, v(y) = ¢’. We have

[ [ [0
/ / 2x X 29\ dXdy
) (ae* +2be*e’ 4 ce¥)

1 1

" Ar—1 T ey paar-1
/ () / %gq(y)dy

<
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