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NOTE ON AN INEQUALITY OF GAUSS

JosIP PECARIC AND KSENIJA SMOLJAK

Abstract. In this paper a functional defined as the difference between the left-hand and the right-
hand side of an extension of the Gauss inequality given in [H. Alzer, On an inequality of Gauss,
Rev. Mat. Complut. 4(2) (1991), 179-183.] is studied. Related analogous of the Lagrange and
the Cauchy mean value theorems are obtained. Furthermore, Gauss means are generated and
their monotonicity property is proven.

1. Introduction

Let us recall the inequality of Gauss (see, [8, p. 195]):
Let f:[0,00) — R be a decreasing function, then, for all real numbers k > 0,

kz/f(x)dx< —/xzf(x)dx. (L.1)

H. Alzer proved in 1991 (see [1]) that an application of the following theorem
leads to a new proof and to a converse of inequality (1.1):

THEOREM 1.1. Let g:[a,b] — R be strictly increasing, convex and differentiable,
andlet f:1— R be decreasing. Then

b 8(b) b
[ £seNgwar< [ fodr < [ fle(0)g @, (12)
a 8(a) a
where
) = 08D )4 g(a) (13)
and
t(x) = g'(x0)(x — x0) + g(x0), X0 € [a,b]. (1.4)

(I CR isan interval containing a,b,g(a),g(b),t(a) and t(b).)
If either g is convave (instead of convex) or f is increasing, then the reversed
inequalities hold.
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In this paper we study a functional defined as the difference between the left-hand
and the right-hand side of an extension of the Gauss inequality (given in [1]) and obtain
related analogous of the Lagrange and the Cauchy mean value theorems. Furthermore,
we define new Gauss means and prove their monotonicity property.

The paper is organized as follows. After this introduction, in Section 2 we prove
the Lagrange and the Cauchy-type mean value theorems and study exponential and
logarithmic convexity of the difference between the left-hand and the right-hand side
of the inequality (1.2). In Section 3 we introduce new Gauss means and prove their
monotonicity property.

First, let us recall some notions; log denotes the natural logarithm function, an
interval in R is any convex subset of R and by dx we denote the Lebesgue measure on
R.

Now, we introduce some necessary notation and recall some basic facts about con-
vex, log-convex functions (see e.g. [3], [7]) as well as exponentially convex functions
(see e.g [2], [5], [6D).

LEMMA 1.1. Let h: (a,b) — R. The following statements are equivalent:
(i) h is exponentially convex,

(ii) h is continuous and

n . .
2 t,‘tjh <XI —iz_xj) >0,

i,j=1
forevery neN, t; € R and every x; € (a,b), 1 <i<n.

Condition from Lemma 1.1, part (ii) is equivalent with positive semi-definitness

of matrices
Xi+Xxj "
h > - , foralln e N.

i,j=1

Let us recall two useful lemmas from the convexity and the log-convexity theory.

LEMMA 1.2. A function @ is log-convex on an interval 1, if and only if for all
a,b,cel, a<b<c, it holds

(@) < [@(a)) " [@(c)) .

LEMMA 1.3. Let f be log-convex on I C R and let ay,a>,b1,by € I be such that
a1 < by, ay < by and ay # ay, by # by. Then the following inequality is valid

[f(az)]

fay] S [ﬂbz)] =

f(b1)
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2. Mean value theorems

First, let us define linear functionals Ly,L, : C'(I) — R by

b 8(b)
L) = [ F6e)e (= [ rxja @1
a 8(a)
8(b) b
L= [ r@dx= [ £ @ 22
8(a) a

where g : [a,b] — R is strictly increasing, convex and differentiable function, s is de-
fined by (1.3), ¢ is defined by (1.4), and a,b,g(a),g(b),t(a),t(b) €.

Moreover, Li(f) > 0, L(f) > 0 for all increasing functions f and L;(f) <0,
L(f) <0 for all decreasing functions f.

Furthermore, we state and prove the Lagrange-type mean value theorems related
to L) and L,.

THEOREM 2.1. Let g:[a,b] — R be strictly increasing, convex and differentiable,
and s be defined by (1.3). Let I be compact interval such that a,b,g(a), g(b) €1,
hy : I — R be increasing and continuous, J = hy(I), and hy € C'(J). Then there exists
& € J such that

b g(b) b g(b)
[mta(st)g (e [ i(a)dx =11 &) | [a(s0)g (dr— [ halw)dx

8(a) 8(a)

(2.3)
holds, that is,

Ly (hy o hp) = Wy (&)L (ha),
where Ly is defined by (2.1).

Proof. Since h} is continuous on compact interval J there exist m = mi}lh’1 (x)
XE

and M = majxh’l (x) both real numbers. Now we consider functions ®;,®D; : J — R
xe
defined by
@) (x) = Mx — hy(x) and @, (x) = hy(x) — mx.

Since @, ®, € C'(J), we have @} (x) =M — i (x) > 0 and ®)(x) = hj(x) —m > 0.
Hence, functions ®; and ®, are increasing. Applying Theorem 1.1 on an increasing
function ®; o hy, we obtain

b g(b) b
[a(s)g' Wx— [ (o) <M | [ has)g' @dx— [ mas|

a g(a)
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thatis, Li(hyohy) < ML;(hy). Similarly, if we consider an increasing function ®; o i,
we obtain

g(b)

/ o (5(x))g (x)dx — / / i (o (s(x)))g (x)dx — / i (o (x))dlx,

g(a) g(a)
that is, Ly (hy ohy) = mL;(h;). Combining those two results we obtain
le (hz) < L1 (hl th) < ML1 (hz)
If Li(hy) =0, then Ly (h; ohy) =0, so (2.3) holds for all £ € J. Otherwise,

Li(hyohy) Li(hyohy)
mink)(x) =m < ———> IR
xeJ ( ) Ly (h2) L, (h2)

hy (&), so the proof is

<M = maxh|(x), s en(J).
xeJ

Since A/ is continuous there exists & € J such that L( (IOhZ)

completed. [

COROLLARY 2.1. Let g : [a,b] — R be strictly increasing, convex and differ-
entiable, and s be defined by (1.3). Let I be compact interval such that a,b,g(a),
g(b) €1, and hy € C'(I). Then there exists & € I such that

7 / £() ~ fa)
/hl(s(x))g/(x)dx— / hy (x)dx = h) (& /s xX)dx — —
g(a)

a

holds.

Proof. Apply Theorem 2.1 for hy(x) =x. O

THEOREM 2.2. Let g: [a,b] — R be strictly increasing, convex and differentiable,
and t be defined by (1.4). Let I be compact interval such that a,b,g(a),g(b),t(a),
t(b) €1, hy: I — R be increasing and continuous, J = hy(I), and hy € C'(J). Then
there exists & € J such that

Ly(hioha) = ki (€)La(h2),

where L, is defined by (2.2).
Proof. Similar to the proof of Theorem 2.1. [

COROLLARY 2.2. Let g: [a,b] — R be strictly increasing, convex and differen-
tiable, and t be defined by (1.4). Let I be compact interval such that a,b,g(a),g(b),
t(a), t(b) €1, and hy € C'(I). Then there exists & € I such that

b

/ X)dx — /hl (¥)dx = I, (&) M—/m)’

g(a)
holds.



NOTE ON AN INEQUALITY OF GAUSS 203

Proof. Apply Theorem 2.2 for hy(x) =x. O

We continue with the Cauchy-type mean value theorems related to L; and Lj;.

THEOREM 2.3. Let g:[a,b] — R be strictly increasing, convex and differentiable
Sunction, and s be defined by (1.3). Let I be compact interval such that a,b,g(a),
g(b) €1, hy : 1 — R be increasing and continuous, and J = hy(I). Let F,H € C'(J),
H'(x) # 0 for every x € J. Then there exists £ € J such that

g(b)
FE(a(s)g W — | F(ha(x))dx
a g(a) F' (if)

b 5(b) T HI(E) @h
{H(hz (s(x)))g’ (x)dx — ’(f) H (hy(x))dx

that is,
Li(Fohy) F'(§)

Li(Hohy) H'(E)
holds, where Ly is defined by (2.1).

Proof. Set ®(t) =F (t)Li(Hohy)—H(t)L(F ohy). Note that ®'(t) = F'(t)L;(H o
hy) — H'(t)Ly (F o hy). Obviously, Lj(® o hy) = 0. On the other hand, by Theorem 2.1
there exists £ € J such that

b g(b)
Li(®ohy) = @ (£) / o (5(x))g (x)dx — / ho(x)dx | .
a g(a)

Since L;(hy) # 0, we have that
(&) =F'(§)L1(H ohy) — H'(§)L1 (F o hy) =0.

By assumption H'(&) # 0, so Theorem 2.1 assures that L (H o h,) # 0. Hence (2.4)
follows. O

COROLLARY 2.3. Ler g : [a,b] — R be strictly increasing, convex and differ-
entiable function, and s be defined by (1.3). Let I be compact interval such that
a,b,g(a), g(b) €1. Let F,H € C'(I), H'(x) # O for every x € I. Then there exists
& €1 such that

b g(b)

JF(s(x))g (x)dx— [ F(x)dx )

a s(@) _F©) 2.5)
b 8(b) H'(&) '
JH(s(x))g' (x)dx — (f) H(x)dx

a gla

Proof. Apply Theorem 2.3 for hy(x) =x. O
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THEOREM 2.4. Let g:[a,b] — R be strictly increasing, convex and differentiable
Sunction, and t be defined by (1.4). Let I be compact interval such that a,b,g(a),g(b),
t(a), t(b) €1, hy: I — R be increasing and continuous, and J = hy(I). Let F,H €
CY(J), H'(x) # 0 for every x € J. Then there exists & € J such that

8(b) b
[ F(ha(x))dx — [ F(ha(t(x)))g (x)dx )
e : _FE) 06
g(b) b H'(&)’ ’
s H(hay(x))dx— [ H(hy((x)))g' (x)dx
g(a a

that is,
Ly(Fohy) F'(§)

Ly(Hohy)  H'(E)
holds, where L, is defined by (2.2).

Proof. Similar to the proof of Theorem 2.3. [

COROLLARY 2.4. Let g: [a,b] — R be strictly increasing, convex and differ-
entiable function, and t be defined by (1.4). Let I be compact interval such that
a,b,g(a),g(b),t(a), t(b) €I. Let F,H € C'(I), H'(x) # O for every x € 1. Then there
exists & €1 such that

g(b) b
[ F(x)dx— [F(t(x))g' (x)dx )
sla) a _ F'() 27)
) ; H(E) |
(f) H(x)dx— [H(t(x))g' (x)dx
g(a a

Proof. Apply Theorem 2.4 for hy(x) =x. O

COROLLARY 2.5. Let k>0, F,H € C'(R"), H'(x) #0 for every x € R*. Then
there exists £ € RY such that

k 2%
3 [X*F (x+k)dx —k* [ F(x)dx
0 k

P 7 = . (2.8)
3 [x*H(x+k)dx—k* [ H(x)dx
0 k

Proof. To prove (2.8) apply Theorem 2.3 with a=0, b=k, g(x) = k%x3 +k O
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COROLLARY 2.6. Let k>0, F,H € C'(R"), H'(x) #0 for every x € R*. Then
there exists £ € RY such that

27 X x—ém%2 rx)ax
K JF()dx—5 [ *F(x)d _FE) (2.9)
2 j‘oH(x)dx— %f)gH(x)dx H'(E)

P 0

Proof. To prove (2.9) apply Theorem 2.4 with a =0, xp = 21%, glx)= kizx3 +k,
b— e and g(b) —e. O

REMARK 2.1. Corollary 2.6 was also obtained in [4] but from different Cauchy-
type mean value theorem.

For u € R, let the function ¢, : RT™ — R be defined by

L u#0;
ou(x) = { u 7 (2.10)
logx, u=0.

Then ¢/, (x) = x*~! for all u € R, that is, ¢, is an increasing function on RT. If
we consider L;(@, o hy) with L; as in (2.1) or (2.2) and h, increasing, we have that
Li(@,0hy) >0 for i=1,2 and forall u € R.

Properties of the mapping u — L;(@, 0hy), i = 1,2 are given in the following
theorem:

THEOREM 2.5. For L; asin (2.1) and (2.2), hy increasing, and @, asin (2.10)
we have the following:

(i) the mapping u— L;i(@y 0 hy) is continuous on R,

(if) for every n € N and u; € R,u;j = @, i,j =1,2,...,n, the matrix [Li(@y; o

hz)]ﬁjzl is positive semi-definite, that is

det[Li(q)ul.j Ohg)}lr{jzl >0,

(iii) the mapping u v Li(Qy, o hy) is exponentially convex,
(iv) the mapping u — Li(@, 0 hy) is log-convex,
(v) foruie R i=1,23u; <up <us,

Li(uy 0 )]0 < [Liluy 0 )2 [Li( g o))"=,
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Proof.
(i) Notice that

b g(b)
% [{hg(s(x))g’(x)dx— ’(f) hg(x)dx] , u#0;
8(b)
Zlog(hz(s(x)))g’(x)dx— (f) log(ha(x))dx, u=0.

L ((Pu o h2) =

It is obviously continuous on R\ {0}. Suppose u — 0 :

b 8(b)
lim L1 (¢ 0 h2) = lim i / 14(5(x))g (x)dx — / B () dx .11
a 8(a)

from L'Hospital rule limit (2.11) is equal to L;(¢g o hy). Hence, the mapping
u— Ly (@, 0hy) is continuous.

Similarly, the mapping u — L (¢, o h,) is continuous.

(ii) LetneNandt €R,i=1,2,...,n, be arbitrary. Define the function #: RT — R
by

h(x) = Enl 1it  Quy; (X)-

ij=1
Then
2
’ < wi—1 < #i—1
h(x): ZZ,-tjx vl = ZZZ'X 2 >0,
ij=1 i=1

so h is an increasing function on R™. We can apply (1.2) on an increasing
function 4 o hy and obtain

b 8(b)
[nia(s)g x> [ niis (o)

a g(a)
that is,

n
2 t,‘thl ((puij ohz) > 0.
=1

So the matrix [Li(¢y; 0 h2)]};_; is positive semi-definite.

(iif), (iv) and (v) are consequences of (i), (ii) and definition of exponentially convex
and log-convex functions. [
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3. Gauss means

Theorem 2.3 enables us to define various types of means, because if F'/H' has
an inverse, from (2.4) we have

b 8(b)
as {F(hz(s(X)))g’(X)dx—g({)F(hz(X))dx
S = (ﬁ) b 2(b)
[ H(ha(s(x)))g' (x)dx — (f )H (ha(x))dx
a gla

Specially, if we take substitutions F(t) ="~ H(t) =t in (2.4) we consider
the following expression

1

b gb) | P—q
s(x))g’ (x)dx — x)dx
| [ (s(x))g' (x)d (f)hg (x)d
Mg s:abipa)= | 1= o SERY
R (s(x)g! (x)dx— [ B (x)dx
2 o 2
a g(a

where (p—q)(p—1)(¢—1) #0.
Notice that, (3.1) can be written as

1

Li(@p-10hy) \ 74
M h27g7S;a7b;p7q = (pi .
( ) Li(@g-10h2)
Moreover, we can extend these means to excluded cases. Taking a limit we can
define

b g(b) o ﬁ
JHs " (s(x)g' (x)dx— [ hy™ (x)dx
1 a g(a)

(gosabip ) = |

b g(b)
Jloghy(s(x))g'(x)dx — [ loghy(x)dx
a g(a)

=M(hy,8,83a,b;1,p), p#1

forp#1 M(hy,g,s:a,b;p,p) =

b gb) |
Sy (s(x))logha(s(x))g' (x)dx — (f )hé’ (x)log ha(x)dx |
a gla

exp b gb) Cp—1
Jhy ™ (s(x))g' (X)dx— [ hy~ (x)dx

g(a)
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b g(b)
J1og? hy(s(x))g (x)dx— [ log? hy(x)dx
a g(a)

b 8(b)
2 (floghz(s(x))g’(x)dx— J loghg(x)dx>

g(a)

M(hy,g,s;a,b;1,1) = exp

We continue with the following result.

THEOREM 3.1. M(hy,g,s;a,b;p,q) is monotonous in each argument, that is
M(h27ga5;aab;paq)<M(h27ga5;aab;r7t) (3.2)

holds for p,q,r,t € R, p<r, g<t.

Proof. From Theorem 2.5 we have that L, is log-convex, so we can apply Lemma
1.3for f=Li, p<rqg<t, p#q,r+#t todeduce that

1

e
<L1(<Pp10h2)>1’ ‘ <L1(<Pr—10h2)> —
Li(@g—10h2) S\ Li(@_10h) '

Since (p,q) — M(hy,g,s;a,b;p,q) is continuous we have (3.2) for p<r,g<t. O

Corollary 2.3 enables us to define various types of means, because if F’/H’ has
an inverse, from (2.5) we have

bF "(x)d g(b)F d
o ({ (s(x))g’(x) x—g({l) (x)dx
©= (ﬁ) b 2(b)
JH(s(x))g' (x)dx — (f) H(x)dx
a gla

Specially, if we take substitutions F(t) ="~ H(t) =t~ in (2.5) we consider
the following expression

1
b r—q
p—1 ’ _ gP(b)—gP(a)
g1 l{s (x)g'(x)dx >
Mig.ssa.bipa) = | =5 e , (33
1 g b)—gi(a
71 (@) (o) - L

where (p—q)(p—1)(g—1)pg#0.
Notice that, (3.3) can be written as

AN

M(g,s;a,b;p,q) = <L1(<p D
-
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Moreover, we can extend these means to excluded cases. Taking a limit we can
define

1

Li(@p—1)\ P T
M(&smim&h(%) =M(g,s;a,b;1,p), p#1

Li(@p-1)

1

P

=M(g,s;a,b;0,p), 0
L1(¢_1)> (g p) pP#

M(g,s;a,b;p,0) = (

forp#0,1 M(g,s:a,b;p,p) =

b
p—1 ’ _ pgP(b)logg(b)—pgP(a)logg(a)—gP(b)+g”(a)
!s (x)logs(x)g' (x)dx 7 |

exp ) oo

fbh§‘1<s<x>>g'<x>dx—g(f)hg"%x)dx ’
a g(a

M(g,s;a,b;1,1) =

1| Flog s(o)g! (x)dx — g(b) o ¢(b) + g(a) o g ()
exp =
fb logs(x)g'(x)dx — g(b)logg(b) + g(a)logg(a) + g(b) — g(a)
X exp g(b)logg(b) —g(a)logg(a) —g(b) +g(a)

af logs(x)g’(x)dx —g(b)logg(b) + g(a)logg(a) +g(b) —g(a)

¢/ logs() ;.

Ingg(b) - 10g2g(a) - s@)

[V e—=

M(g,s;a,0;0,0) =exp | 1 +

b
log%—fgs((x))dx

THEOREM 3.2. M(g,s;a,b;p,q) is monotonous in each argument, that is
M(g,s:a,b:p,q) < M(g,s:a,b;r,1)
holds for p,q,r,t €R, p<r, g<t.

Proof. Similar to the proof of Theorem 3.1. [

Corollary 2.5 enables us to define various types of means, because if F’/H’ has
an inverse, from (2.8) we have
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k 2%
1 [ 3/XPF(x+k)dx—K? [ F(x)dx
0 k

= ()

Specially, if we take substitutions F(t) ="~ H(t) =t~ in (2.8) we consider
the following expression

K 2k
3 [x2H (x+k)dx — k2 [ H(x)dx
0 k

1
ala+1)(g+2) k”+2(2”‘1p+p—2p+2+4>)"q
p(p+1)(l7+2) kq+2(2q71q—|—q_2q+2_|_4)

M(a,b;p,q) = ( , (3.4)

where (p—q)(p+1)(p+2)(g+1)(g+2)pg#0.

REMARK 3.1. Theorem 2.4, Corollary 2.4 and Corollary 2.6 enable us to define
various types of means, but here we omit the details.
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