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ON AN INEQUALITY FOR CONVEX FUNCTIONS
WITH SOME APPLICATIONS ON FRACTIONAL
DERIVATIVES AND FRACTIONAL INTEGRALS

SAJID IQBAL, KRISTINA KRULIC AND JOSIP PECARIC

Abstract. The main goal of the paper is to state and prove the new general inequality for convex
and increasing functions. We introduce some new inequalities by involving some fractional inte-
grals and fractional derivatives of Riemman-Liouville, Canavati, Hadamard and Erdelyi-Kdber
type and apply our result to multidimensional setting to obtain new results involving mixed
Riemman-Liouville fractional integrals.

1. Introduction

Let (Q1,%1, ;1) and (Q,%5, Up) be measure spaces with positive o — finite mea-
sures, k : Q) x Q, — R be a non-negative function. Let U(f) denotes the class of
functions g : Q; — R with the representation

80 = [ k(xy)f ()dia(y), x € @,
Q)

where f is a measurable function on , and

K0 = [ Kry)dps (). (L1)

Q

We suppose K(x) >0 a.e. on ;. Our first approach is to prove the general
inequality for convex functions and increasing functions. Such type of results have
been proved in [11]. Now, we will generalize results for convex function and also
prove new inequalities by involving some fractional integrals and fractional deriva-
tives of Riemman-Liouville, Canavati, Hadamard, Erdelyi-Kéber and mixed Riemman-
Liouville type.

In [7] the following result is given.
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THEOREM 1.1. Let u be a weight function on Q1, k be a non-negative measur-

able function on Qy x Qp, and K be defined on Q by (1.1). Assume that the function

X — u()c)M is integrable on Q| for each fixed y € Q,. Define v on Qy by

K(x)
W(y) = / %dul (x) < oo.

Q

If ¢ : (0,00) — R is convex and increasing function, then the inequality
8(x)
o (|55

Q)

holds for all measurable functions f : Q; — R and for all functions g € U(f).

)dul () < [v0) (F0)D b,
Q

2

If we substitute k(x,y) by k(x,y)f2(y) and f by ?,Where fi:Q—R (i=1,2)

2
are measurable functions in Theorem 1.1 we obtain the following result.

THEOREM 1.2. Let f;: Qp — R be measurable functions, g; € U(f;), (i=1,2),
where g>(x) > 0 for every x € Q. Let u be a weight function on Q, k be a non-
negative measurable function on Qi x Q. Assume that the function x — u(x) MIE(”)

82(x)
is integrable on Q| for each fixed y € Q,. Define v on Q, by

u(x)k(x,y)

d oo, 1.2
g2(x) Mx) < (12

v(y) = fz(y)/
Q

If ¢ : (0,00) — R is convex and increasing function, then the inequality

g1(x) ) / ( fl(y)D
u(x dui(x) < [ v(y)o d ,
Jutoo (|5 Yamw < [vor0 (|22]) i)
Q Q)
holds.
REMARK 1.1. If ¢ is strictly convex and % is non-constant, then in Theorem

1.2 the inequality is strict.

REMARK 1.2. Asa special case of Theorem 1.2 for Q| = Q; = [a,b] and du, (x) =
dx, du (y) = dy we obtain the result in[10] (see also [11, p. 236]).

Throughout this paper, all measures are assumed to be positive, all functions are
assumed to be positive and measurable and expressions of the form 0- oo, = and % are
taken to be equal to zero. Moreover, by a weight u = u(x) we mean a non-negative
measurable function on the actual interval or more general set.
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This paper is organized in this way:
After introduction, in Section 2, we give the new general inequality for convex and
increasing functions and we give some new inequalities involving Riemann-Liouville
fractional integrals, Canavati-type fractional derivative, Caputo fractional derivative
and other fractional derivatives. We also apply our general result in multidimensional
settings and conclude this paper with a generalization of Theorem 1.2 for convex func-
tions of several variables.

2. New inequalities involving fractional integrals and derivatives

First, let us recall some facts about fractional derivatives needed in the sequel, for
more details see e.g. [1], [6], [12] and [13].

Let 0 < a < b <. By C"(|a,b]) we denote the space of all functions on [a,b]
which have continuous derivatives up to order m, and AC([a,b]) is the space of all
absolutely continuous functions on [a,b]. By AC™([a,b]) we denote the space of all
functions g € C"~!([a,b]) with g"~1) € AC([a,b]). For any o € R we denote by [o(]
the integral part of o/ (the integer k satisfying k < a < k+1) and [o] is the ceiling of
o (min{n € N,n > a.}). By Li(a,b) we denote the space of all functions integrable on
the interval (a,b), and by L.(a,b) the set of all functions measurable and essentially
bounded on (a,b). Clearly, Lo.(a,b) C Li(a,b).

Let us recall the well known definitions of the Riemann-Liouville fractional inte-
grals, see [9].

Let [a,b] be a finite interval on real axis R. The Riemann-Liouville fractional
integrals [% f and /) f of order o > 0 are defined by

116 = fgy [ FO)x=3)" . (>0
and .
B) = gy [ 10—y (r<)

respectively. Here I'(a) is the Gamma function. These integrals are called the left-
sided and the right-sided fractional integrals.
Some recent results involving Riemann-Liouville fractional integrals can be seen in e.g
[7] and [8].

As a special case of Theorem 1.2 we obtain the following result.

COROLLARY 2.1. Let u be a weight function on (a,b) and o > 0. I} g denotes
the right-sided Riemann-Liouville fractional integral of g. Define v on (a,b) by
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If ¢ : (0,00) — R is convex and increasing function, then the inequality

/bu(xm ( )dx < /bv(y>¢ ( Aib) ’) dy. @.1)

I fi(x)
I fo(x)

f©)

holds.

Proof. Similar to the proof of Corollary 2.4 in [8].
REMARK 2.1. The result involving the left-sided Riemann-Liouville fractional
integral is given in Corollary 2.4 in [8].

Next we give results with respect to the generalized Riemann-Liouville fractional
derivative. Let us recall the definition, for details see [2].

Let v >0 and n = [v]+ 1 where [] is the integral part and the generalized
Riemann-Liouville fractional derivative of f of order v by

da" 1 da"

va(s) = _In_vf(s) = F(I’l— V) W

= /()S(s—z)”“"lf(t)dt.

In addition, we stipulate
Df:=f=1% I1Vf:=D"fif v>0.

If veNthen DVf = ‘flt{ , the ordinary v-order derivative.

The space 1Y (L(0,x)) is defined as the set of all functions f on [0,x] of the form
f=1"p for some ¢ € L(0,x), [12, Chapter 1, Definition 2.3]. According to Theorem
2.31in [12, p. 43], the latter characterization is equivalent to the condition

1"V f € AC"[0,x], (2.2)

djl”"’ 0)=0, j=0,1 1
w f()_ ) J=U,1,...,n—1.

A function f € L(0,x) satisfying (2.2) is said to have an integrable fractional derivative
DV f, [12, Chapter 1, Definition 2.4].

The following lemma help us to prove the next result. For details see [2].
LEMMA 2.1. Let v>y >0, n=[v]+ 1, m=[y]+ 1. Identity
l s
DY f(s :7/ s—0)VIDVE(@)dr, s €[0,]. 2.3
1) = pgy =7 ) =0 DY) 0.4 3)

is valid if one of the following conditions holds:

() fel"(L(0,x)).
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(i) I""Vf € AC"[0,x] and DV *f(0) =0 for k=1,...n.

(iii) DV~*f € Cl0,x] for k=1,...,n, DV~ f € AC[0,x] and D"~*f(0) =0 for k =
1,...n.

(iv) f € AC"0,x], DVf € L(0,x), D'f € L(0,x), v—y ¢ N, D' Xf(0) =0 for
k=1,...,n and D" *f(0) =0 for k=1,...,m

(v) f€AC"0,x], DVf € L(0,x), DVf € L(0,x), v—y=1€N, DV*f(0) =0 for

k=1,...,1.
(vi) fe€AC"[0,x], DVfeL(0,x), D'f € L(0,x) and f(0) = f'(0)=---= f=2)(0) =
0.

(vii) f€AC"0,x], DVf € L(0,x), D'f € L(0,x), v ¢ N and DV~ f is bounded in a
neighbourhood of t =0

COROLLARY 2.2. Let u be a weight function on (a,b) and let the assumptions
in Lemma 2.1 be satisfied. Define v on (a,b) by

b
DVf2 ulx v y—1
d. oo
/ DVf2 T

y

If ¢ : (0,00) — R is convex and increasing function, then the inequality

/bu(x)q) ( )dx < /bv(y)(}) ( D'A) l) dy, 2.4)

DY f(y)

DY fi(x)
DY f>(x)

holds.

Proof. Similar to the proof of Corollary 2.7 in [8].

The definition of Canavati-type fractional derivative is given in [1] but we will use
the Canavati-type fractional derivative given in [3] with some new conditions. Now we
define Canavati-type fractional derivative (v—fractional derivative of f), for details
see [3]. We consider

Cv([0,1)) = {f € C"([0,1]) : ,_yf™ € C([0,1])},

v >0,n=[v],[] is the integral part,and v=v—n,0< v < 1.
For f € CY([0,1]), the Canavati- v fractional derivative of f is defined by

D'f =DI_zf"

where D =d/dx.



224 S.IQBAL, K. KRULIC AND J. PECARIC

LEMMA 2.2. Let v>y >0, n=[v], m=y]. Let f € CY([0,1]), be such that
fD0)=0,i=m,m+1,...n—1. Then

@ fecr(o1)

(i) (D' = g ] 0" (D) e
for every x € [a,b].

COROLLARY 2.3. Let u be a weight function on (a,b) and let assumptions in
Lemma 2.2 be satisfied. Define v(y) on (a,b) by
vaz b u V y—1
/ dx < oo
D7f2

y

If ¢ : (0,00) — R is convex and increasing, then the inequality

/bu(x)q) ( D'fi(x) )dx < /bv(y)q) (‘2:283 D dy (2.5)

DY f>(x)

holds.
Proof. Applying Theorem 1.2 with Q = Q;, = (a,b), du;(x) =dx, du; (y) = dy,
k(x,y) = { %’ ASYSH
and replacing f; by D" f;, i =1,2 we obtain (2.5).

Next, we define Caputo fractional derivative, for details see [1, p. 449]. The Ca-
puto fractional derivative is defined as:

Let >0, n=[a], g € AC"([a,b]). The Caputo fractional derivative is given by

Y A GI0))
D)= g | Gy

a

for all x € [a,b]. The above function exists almost everywhere for x € [a, b].

COROLLARY 2.4. Let u be a weight function on (a,b) and oo > 0. D% f denotes
the Caputo fractional derivative of f. Define v(y) on (a,b) by

b

CAP0) ) (x—y)re!
V(Y) = F(il — OC) \/ Dgaf2()€) dx < oo
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) dy (2.6)

If ¢ : (0,00) — R is convex and increasing, then the inequality

ju<x>¢ (\% )dx<jv(y>¢ ( A7)

AV)

holds.
Proof. Similar to the proof of Corollary 2.3.

We continue with the following lemma that is given in [4].

LEMMA 2.3. Let v>y 20, n=[v]+1, m=[y]+ 1 and f € AC"([a,b]). Sup-
pose that one of the following conditions hold:

(@) v,y €Ng and f(0) =0 fori=m,...n— 1.

(b) v € No,y €Ng and f/(0) =0 fori=m,....n—2.

(c) v Ny,y €Ny and fi(0)=0fori=m—1,...n— 1.
(d) veNo,y €Ny and f/(0) =0 fori=m—1,...n—2.
Then

X

— [a=" DOy

14 —
PLaf () =y

forall a <x<b.

COROLLARY 2.5. Let u be a weight function on (a,b) and let assumptions in
Lemma 2.3 be satisfied. Define v(y) on (a,b) by

b —1
v(y) /u f dx < oo
y *a 2(X

If ¢ : (0,00) — R is convex and increasing, then the inequality

Jon (s o () e

afZ(y)

DZafl (x)
DIafZ (x)

holds.
Proof. Similar to the proof of Corollary 2.3.
Now we continue with the definition of Hadamard-type fractional integrals.

Let [a,b] be finite or infinite interval of Ry and a > 0. The left and right-sided
Hadamard-type fractional integrals of order o > 0 are given by

U2 f)(x) = ﬁ / (lgy) f (yy)”’y, x>a
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and

b
d
g f / log SO y7 x<b
y

respectively.

COROLLARY 2.6. Let u be a weight function and o > 0. Jg:f denotes the left-
sided Hadamard-type fractional integral. Define

b
_ LW A\ < oo
V(y)‘yrm)y/ () (“’%) GRAICAAR

If ¢ : (0,00) — R is convex and increasing, then the inequality

/b u(x)9 ( ) dx < /b v(y)9 ( fil) D dy, 2.8)

£()

JE fi(x)
J& fa(x)

holds.

Proof. Similar to the proof of Corollary 2.3.

Similarly we obtain the following Corollary.

COROLLARY 2.7. Let u be aweight function and oo > 0. J;} f denotes the right-
sided Hadamard-type fractional integral. Define

b
=20 [ 0e2) T L gic e
v0) = F / e )" Gy <=

If ¢ : (0,00) — R is convex and increasing, then the inequality

/bu(x)q)< )dxéjv(y)q)(fl(y)‘)dy.

£2(y)

Jy filx)
Ji 2 (x)

holds.

Proof. Similar to the proof of Corollary 2.3.

Now will give the definition of Erdelyi-Kdéber type fractional integrals. For details
see [12] (also see [5, p, 154]).
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Let (a,b),(0 < a < b < ) be finite or infinite interval of R*. Let o > 0,6 > 0,
and 1 € R. The left and right-sided Erdelyi-Kéber type fractional integral of order
o > 0 are defined by

X

o B ox—olo+n) / t"”+"‘1f(t)dt
(Iu+;0';‘nf)(x) - F(OC) (xo- _ZO')I—O{ ’ ()C > Cl)
and ( :
o ~ oxO" /bt" I=n-a)=1 £()ar
(Ib,;cr;nf)(x) - F(O() 8 (to'—xo')lfa ) (x<b)
respectively.

COROLLARY 2.8. Let u be a weight function, Ig‘+;0;nf denotes the left-sided
Erdelyi-Kober type fractional integral of function f of order o« > 0. Define v on (a,b)
by

_LB) /h u(x)ox—o(ernyonto-1

] 7= T g2

dx < oo,

If ¢ : (0,00) — R is convex and increasing, then the inequality

/h u<x>¢< )dm /h V()0 ( f—(”Ddy, 29)

Iz?+;c;nfl (x)
Ig+;c;nf2 (x)

£()

holds.
Proof. Similar to the proof of Corollary 2.3.
Similarly we obtain the following Corollary.

COROLLARY 2.9. Let u be a weight function, Ilf‘i;cmf denotes the right-sided
Erdelyi-Kober type fractional integral of function f. Define v on (a,b) by

_ L0) /y u(x)oxonyot-a-n-1 .
(

d
yo _xc)l_a(li?,;a;nfz)(x) *

If ¢ : (0,00) — R be convex and increasing, then the inequality

/b u<x>¢< )dm /b o0 MD@,

) f()

I o f1(%)
I 5 2(%)

holds.
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Proof. Similar to the proof of Corollary 2.3.

In the previous corollaries we derived only inequalities over some subsets of R.
However, Theorem 1.2 covers much more general situations. We conclude this paper
with multidimensional fractional integrals. Such type of fractional integrals are usually
generalization of the corresponding one-dimensional fractional integral and fractional
derivative.

For x = (xq,...,x,) € R" and a = (ay, ..., &%), we use the following notations:

[(a) = (T(en)---T(ew)), [a,b] = [a1,b1] -+~ x [an, by,

and by X > a we mean x| > day,...,x, > a,.
We define the mixed Riemann-Liouville fractional integrals of order o > 0 as

0N = a7 [ [ FO=07 at (x>

and

by

(I f) 7 / FO(t—x)*"dt, (x <b).

COROLLARY 2.10. Let u be a weight function on (a,b) and o > 0. I3 f de-
notes the mixed Riemann-Liouville fractional integral of f. Define v on (a,b) by

_hly) o (x—y) !
)= Ty ) ) 0 fm <

If ¢ : (0,00) — R is convex and increasing, then the inequality

// ( ) // (‘—i)dy, (2.10)

X

holds.

Proof. Similar to the proof of Corollary 2.3.
Similarly we obtain the following result.

COROLLARY 2.11. Let u be a weight function on (a,b) and oo > 0. I f de-
notes the mixed Riemann-Liouville fractional integral of f. Define v on (a,b) by

fz y) /yl /y" (y—x)*"
= ———dX < oo,
IO‘ f2 )




INEQUALITY FOR CONVEX FUNCTIONS 229
If ¢ : (0,00) — R is convex and increasing, then the inequality

[ oo (&)< [ o ()

X
Iafzx

holds.

Note that Theorem 1.2 can be generalized for convex functions of several vari-
ables. We conclude this paper with the following result.

THEOREM 2.1. Let g; € U(fi), (i =1,2,3), where g2(x) > 0 for every x € Q.

Let u be a weight function on Q1, k be a non-negative measurable function on Q1 X
Q). Let v be defined by (1.2). If ¢ : (0,00) — R is convex and increasing function,

then the inequality
Jamt < [voe (|2
Q

ux gl(X)
4 (>¢(

g2(x)
holds.

1(y)
2(0) |

»6)
L)

g3(x)
" 82(x)

|)du o). @11

REMARK 2.2. Apply Theorem 2.1 with Q| = Q; = [a,b] and dy,(x) = dx,

dy(y) = dy. Then
) = o0y [ g,
and (2.11) reduces to
81(x)

/ubu(x)¢ ( 0| )dx< /ahv(y)q) (

This result is given in [10] (see also [11, p. 236]).

g3(x)
g2(x)

f©)

1 20)

fl(Y)'

H0) D dy
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