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COMMON FIXED POINT THEOREMS FOR FOUR
MAPPINGS IN TVS-VALUED CONE METRIC SPACES

MUJAHID ABBAS, YEOL JE CHO AND TALAT NAZIR

Abstract. The existence of coincidence points and common fixed points for four mappings satis-
fying generalized contractive conditions without exploiting the notion of continuity of any map
involved therein, in a TVS-valued cone metric space is proved. These results extend, unify and
generalize several well known comparable results in the existing literature.

1. Introduction and preliminaries

Huang and Zhang [8] generalized the concept of a metric space, replacing the set of
real numbers by an ordered Banach space, and obtained some fixed point theorems for
nonlinear mappings satisfying different contractive conditions. Subsequently, Abbas
and Jungck [2] and Abbas and Rhoades [1] studied common fixed point theorems in
cone metric spaces (see also, [3], [5], [9], [13], [14] and the references mentioned
therein). Recently, Beg et al. [4] studied common fixed points of a pair of maps on
topological vector space (TVS) valued cone metric space which is a larger class than
that of introduced by Huang and Zhang [8]. Jungck [12] defined a pair of self-mappings
to be weakly compatible if they commute at their coincidence points. In this paper,
common fixed point theorems for two pairs of weakly compatible maps, which are
more general than R—weakly commuting and compatible mappings, are obtained in
the setting of cone metric spaces, without exploiting the notion of continuity. It is
worth mentioning that our results do not require the assumption that the cone is normal.
Our results extend and unify various comparable results in the literature ([2], [3], [6]
and [9]).

The following definitions and results will be needed in the sequel.

Let E be always a topological vector space (in shortly, TVS). A subset P of E is
called a cone if and only if

(a) P is closed, non-empty and P # {0};
(b) if a,b € R with a,b >0 and x,y € P, then ax+ by € P;
(©) PN (—P)={0}.
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For a given cone P C E, we define a partial ordering < with respect to P by
x <y if and only if y —x € P, where x < y means that y —x € int P (the interior of P).
A cone P is said to be normal if there is a number K > 0 such that

0<x<y = [lx| <K[yll, Vxy€E.

The least positive number satisfying the above inequality is called the normal con-
stant of P.

Recently, Rezapour and Hamlbarani [15] proved that there is no normal cone with
normal constant K < 1 and, for all £ > 1, there are cones with normal constants K > k.

DEFINITION 1.1. Let X be a non-empty set. Suppose that the mapping d : X X
X — E satisfies:

(d1) 0<d(x,y) forall x,y € X and d(x,y) =0 if and only if x =y;
(d2) d
d3) d

x,y) =d(y,x) forall x,y € X;

(x,y) =
(x,y) <d(x,z) +d(z,y) forall x,y,z€ X.
Then d is called a TVS-valued cone metric on X and (X,d) is called a TVS-valued

cone metric space.

DEFINITION 1.2. Let (X,d) be a TVS-valued cone metric space. Let {x,} be a
sequence in X and ¢ € E with 0 < c.

(1) The sequence {x,} is called a Cauchy sequence if there is an N such that
d(xp,xm) < ¢ forall n,m > N.

(2) The sequence {x,} is said to be convergent if there exist a positive integer N
and x € X such that d(x,,x) < ¢ forall n > N.

(3) A cone metric space X is said to be complete if every Cauchy sequence in X
is convergentin X.

Itis known that a sequence {x,} convergesto a point x € X if and only if d(x,,x) —
0 as n — oo. A subset A of X is closed if every Cauchy sequence in A has its limit
point in A.

DEFINITION 1.3. Let f and g be self-mappings on a set X. If w = fx = gx for
some x € X, then x is called a coincidence point of f and g, where w is called a point
of the coincidence of f and g.

DEFINITION 1.4. Let f and g be two self-mappings defined on a set X. Then f
and g are said to be weakly compatible if they commute at every coincidence point.

REMARK 1.1. Let E is a TVS-valued cone metric space with a cone P. Then we
have the following:

(1) f a< ha forall ac P and h € (0,1), then a =0.

(2) If 0 <u< ¢ forall 0 < ¢, then u=0.

(3) If a<b+c forall 0 < c, then a < b.

For more on the properties of the cone, we refer to [10].
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2. Common Fixed Point Results

The following Lemma not only improves, but also extends Lemma 1 of [11] to
TVS-valued cone metric spaces.

LEMMA 2.1. Let f, g, S and T be self-mappings on a TVS-valued cone metric
space X with a cone P having the non-empty interior satisfying f(X) C T(X) and
8(X) C S(X). Define the sequences {x,} and {y,} in X by

Yont1 = fXon = TXopy1,
Von42 = X1 = SXopq2, Vn 2= 0.

Suppose that there exists A € [0,1) such that

d(})na}’n-H) S/ld()’n—u)’n), Vn> 1. (21)

Then either

(1) the pairs {f,S}, {g, T} have coincidence points and the sequence {y,} con-
verges to a point in X or

(2) {yn} is a Cauchy sequence in X .

Moveover, if X is complete, then the sequence {y,} converges to a point z € X

and
n

jd()’o,yl), Vn > 1. (2.2)

d(yn,z) < 1

Proof. To prove part (1), suppose that there exists a positive integer n such that
Y2n = Y2n+1. Then, from the definition of {y,}, gx2,—1 = Sx2,, = fxon = Tx25+1 and
the mappings f and S have a coincidence point xy,, . Moreover, from (2.1), we have

dYon+1,Ym+2) S Ad(am,ym+1) =0

and SO Y241 = Yan42, i.€., fX2, = TXopy1 = gXony1 = Sx2,42 and the mappings g and
T have a coincidence point x,,,+1 . In addition, repeating the use of (2.1) yields y5, =y
for each m > 2n and hence the sequence {y,} converges to a point in X .

The same conclusion holds if y,,4+1 = y2,42 for some positive integer n.

For part (2), assume that y,, # y2,4+1 for all n > 1. Then, by (2.1), we have

d(yn,yn1) < A"d(yo,y1), Yn>1.

For any m,n > 1 with m > n, it follows that

m—1 m—1
A, ym) < Y, di,yiv1) < Y, A d(vo,y1)

m—n—1
= A"d(yo,y1) ., A (23)
j=0
An

< :
< 7=74001)
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Let 0 < ¢ be given. Choose a symmetric neighborhood V' of 0 such that c+V C
int P. Also, choose a positive integer N; such that

n

1-4

d(vo,y1) €V, Vn>=Ni.

n

A
Then ﬁd(yo,yl) < c for all n > Ny. Thus, for all m,n > Ny,

n

< =
d(Yn,ym) < 1—A

d(yo,y1) < ¢
and so the sequence {y,} is a Cauchy sequence in X. If X is complete, there exist a
point z € X such that {y,} convergesto z as m — oo. Choose a positive integer N,
such that d(yn,z) < ¢ for all m > N,. Thus it follows that

d(yn;z) < d(Yn,Ym) +d(ym;2)

n

T 7400.51) +d(ym.2)

<

n

A
< md()’O»yl)"—Cv

which yields (2.2) by using Remark 1 (3). This completes the proof. [J

The following theorem extends and improves Theorem 2.1 of Ilic and Rakocevic

[9].

THEOREM 2.2. Let f, g, S and T be self-mappings of a TVS-valued cone metric
space X with a cone P having the non-empty interior satisfying f(X) C T(X), g(X) C
S(X) and there exists h € (0,1) such that

d(fx7gy) ghu)@y(fag;SaT)a (24)

where

ux,y(f,g,S,T)
€ {d(sx.7y).d(/x.59).d(ey.Ty). d(fx Ty) +d(gy,5%)

2

Ifone of f(X)Ug(X) and S(X)UT(X) is complete, then the pairs {f,S} and {g,T}
have a unique point of coincidence in X. Moreover, if the pairs {f,S} and {g,T} are
weakly compatible, then the mapping f, g, S and T have a unique common fixed point
in X.

}7 Vx,y € X.

Proof. For any arbitrary point x in X, construct the sequences {x,} and {y,} in
X such that

fxon = TXxont1 = Yonst1,
8Xont1 = Sx2p12 = Yyms2, Yn=0.
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Then it follows from (2.4) that

d(yon+1,ym42) = d(fXon, 8%om11) S hute, x,  (f,8,8.T), Vnz=1,

where

U Kot (f:8,5.T)
€ {d(szn,Tx2n+1),d(fxzn,SXQn),d(gx2n+1,sz,,_H),

[d(fx2n, Txon41) +d(8X2n41,5%21)] }
2

d ) —"_d )
= {d()’2n,)’2n+1)7d()’zn+1’Y2n)7d()’2n+2,}’2n+1)7 [ (y2n+1 y2n+1)2 (y2n+2 y2n)}}

[d(on,y2n41) +d(Yan+1,Y2n+2)] }
3 )

= {d(yzn,yznﬂ),d(y2n+17y2n+2),

NOW? if ux2n’x2n+l (f7gas7 T) = d(y2n7y2n+l)a then d(y2n+17y2n+2) < hd(y2n7y2n+1) .
W, x,  (f,88,T)=d(yon+1,y2m+2), then d(y2ns1, y2n42) < hd(Vans1,y20+2) , Which
implies that d(y2n+17y2n+2) =0 and S0 y2;+1 = Y2n+2-

d(yon,yone1) +d(Yanst, yon
Ifu 21+1(f7g,5 T) = [d(y2n,y2n+1) + d(Vant1,Y2n+2)]

> , then we obtain

d(Yonr1,Y2n42) < 5[dV2n,Y2n41) +d(V2nt1,Y2042))

<

NIE‘I\JIE‘

1
d(yan,yont1) + 5 54 (Vant1,Y2m+2)5
which implies that

d()’2n+1,>’2n+2) hd(y2n7y2n+l) Vn 2 0.

Hence the condition (2.1) of Lemma 2.1 is satisfied.

Now, we show that the pairs {f,S} and {g,T} have coincidence points in X. In
fact, without loss of generality, we may assume that y, # v,y for any n > 1. If we
have the equality for some n, then, from (1) of Lemma 2.1, the pairs {f,S} and {g,T}
have coincidence points in X. Thus, from (2) of Lemma 1, the sequence {y,} is a
Cauchy sequence.

(I) Suppose that S(X)UT(X) is complete. Then there exists u € S(X)UT(X)
such that y, — u as n — eo. Further, the subsequences {Sx2,12} = {g¥2n+1} = {y2n+2}
and {Txont1} = {fxon} = {yans1} of {yu} also converge to the point u. Now, since
ueSX)UT(X),wehave uec S(X) orueT(X).

If u € S(X), then we can find v € X such that Sv = u and claim that fv = u. For
this, consider

d(fvvu) d(fvvgx2n+l) +d(gx2n+lau)
h

uv,x (f7g7S7T)+d(g-x2n+l7u)7

<
<
= 2n+1
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where
uv,x2n+1 (fagﬂga T)

€ {d(SV7 Tx2n+1)7d(fv7Sv)7d(gx2n+1,Tx2n+1),

d(fv, TX2n+1) + d(gxan , Sv) }

2
(2.5)

for each n > 1. Then, from (2.5), we have the following four cases:
Case (a) If u,x (f,8.5,T)=d(Sv,Txz,+1) forall k > 1, then we have

2np+1

(fv u) (SV Tx2nk+1) + d(gx2nk+17 )

and so, as k — oo, d(fv,u) < c.
Case (b) If Uy 41 (f,g,S,T) =d(fv,Sv), then we have

d(fv,u) < hd(fv,Sv)+d(gxom+1,u)
and so, as k — oo, d(fv,u) < c.
Case (¢) If Uy, ) (f,8,8,T) =d(gxop+1,TX2p,+1) , then we have
d(fvﬂd) < hd(gx2nk+17Tx2nk+l) +d(gx2nk+l7u)
and so, as k — oo, d(fv,u) < c.

T d
Case (d) If uy. . (f,g,5,T)= d(fv, Toxom41) + d(8%om41,5v)

2

d(fV, Tx2nk+1) + d(gXan+laSV)
2

h
d(f\), Txan+1) + Ed(ngnk+laSV) +d(g.)€2nk+1,u)

_ , the we have

d(fV,M) < h +d(gx2nk+1au)
h
g —
2
and so, as k — oo, d(fv,u) < c.

Therefore, from the cases (a)-(d), we have d(fv,u) < ¢ and so d(u, fv) < 2 and

— —d(u fv) € P forall m> 1. Since £ — 0 as m — oo and P is closed, it follows

that —d(u, fv) € P. But also d(u, fv) € P and so d(u, fv) = 0. Consequently, we have
fv=_S8v=u and so, since u € f(X) C T(X), there exists w € X such that Tw = u.
Now, we show that gw = u. In fact, consider

d(gw,u) < d(gW,f.in)+d(fX2n,u)
= d(fx2n,8w) +d(fx2n,u)
< huxzn,w(f7gaS7T) +d(fX2n,Lt),

where
uxzn,w(fagasa T)

€ {d(sz,,, Tw),d(fxon,Sxon),d(gw, Tw),

d(fxon, Tw) +d(gw,Sxo,) } (2.6)
2
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for each n > 1. Then, from (2.6), we have the following four cases:
Case (e) If Iy, w(f,8,8,T) =d(Sxz,,,Tw) for each k > 1, then we have
N

d(gw,u) < hd(Sxan,, Tw) +d(fxau,,u)

and so, as k — oo, d(gw,u) < c.
Case () If uy, w(f.8,8,T) =d(fxm,,Sx2,), then we have
nk’

d(gw,u) < hd(fxon,,Sxon,) +d(fx2n,,u)

and so, as k — oo, d(gw,u) < c.
Case (g) If uy, w(f,8S,T)=d(gw,Tw), then we have
nk’

d(gw,u) < hd(gw,Tw) +d(fxa,,u)
= hd(gw,u) +d(fxau,,u)

and so, as k — o0, d(gw,u) < c.

d(fXan,, Tw) +d(gw, Sxz
Case (W) If uy, (.8, T)= (fxan,, Tw) +d(gw, Sxan,)
nk’

2
d(fXan, TW) + d(gw, SXan)
2

h 1
< Ed(thlkau) + Ed(gwa Sxan) + d(fx2nk7u>

and so, as k — oo, d(gw,u) < c.

Therefore, from the cases (e)-(h), d(gw,u) < ¢ and so, following similar argu-
ments to those given above, we obtain gw = Tw = u. Thus the pairs {f,S} and {g,T}
have a common point of coincidence in X.

Now, if the pairs {f,S} and {g,T} are weakly compatible, fu = fSv = Sfv =
Su=w) (say) and gu=gTw = Tgw = Tu = w; (say). Now, we have

d(WlaWZ) = d(fuugu) < huu,u(f7gaS7T)7

, then we have

d(gw,u) < h +d(fxon,u)

where

d(fu,Tu)+d(gu,Su) }

uuu(f,8,8,T)) € {d(SmTu)7d(fu,Su)7d(gu7Tu)7 5

= {d(wl 7W2)}'

Therefore, d(wy,w;) < hd(wy,w;), which implies that w; = wy and hence fu = gu
= Su=Tu, i.e., the point u is a coincidence point of the pairs {f,S} and {g,T}.
Now, we show that u = gu. In fact, we have

d(u,gu) =d(fv,gu) < huyu(f.8,S.T),

where
w(f>,8.T) € Ld (Sv,Tu),d(fv,5v),d(gu, Tu),
= {d (u,gu)}.

d(fv, Tu)+d(gu7Sv)}
2
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Thus d(u,gu) < hd(u,gu), which implies that gu = u and hence u is a common fixed
point of the mappings f, g, S and T.

Finally, for the uniqueness of the point u, suppose that u* is also a common fixed
pointof f, g, S and T. From (2.4), it follows that

d(uau*) = d(fuygu*) < huu,u*(f7gaS7T)a

where

uu7u*(f7gaS7T)
e {a(suTa) d(fusu).d(gu 1), 2
= {d (u7u*)}v

which implies that u = u*.

(1) Suppose that f(X)Ug(X) is complete and u € T(X). Then proof lines are
similar to those of the completeness of S(X)UT(X) and u € T(X) and so we omit
here. This completes the proof. [J

(fu,Tu®) —|—d(gu*,Su)}
2

COROLLARY 2.3. Let f, g, S and T be self-mappings on a TVS-valued cone
metric space X with cone P having non-empty interior, satisfying f(X) C T(X), g(X) C
S(X) and, for some m,n > 1, there exists h € (0,1) such that

d(fmx7 gny) < hux7y(fm7gn,sm7 Tn)’ (27)
where
ux,y(fmagn;smaTn)

d(f™x, T" d(g"y,S™
& {a(s"T"y).d( ", 8" a(g"y. 77), LT LAY ST
If one of f(X)Ug(X) and S(X)UT(X) is complete subspace of X, then the pairs
{f,S} and {g,T} have a unique point of coincidence in X. Moreover, if the pairs
{f,S} and {g,T} are weakly compatible, then the mappings f, g, S and T have a

unique common fixed point in X .

Proof. Tt follows from Theorem 2.2 that {f™,S™} and {g",T"} have a unique
common fixed point p € X. Now, we have

f(p)=F(f"(p) = " (p) = 1" (f(P)):

S(p) = S(8"(p)) ="+ (p) = S"(S(p))

and so f(p) and S(p) are also fixed points for the mappings f™ and S™. Hence
f(p) =S(p) = p. By using the same argument in the proof of Theorem 2.2, we obtain
g(p) =T(p) = p. This completes the proof. [

}7 Vx,y € X.

The following corollary extends Fisher’s well-known result in [6] to TVS-valued
cone metric spaces:
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COROLLARY 2.4. Let f, g, S and T be self-mappings on a TVS-valued cone
metric space X with a cone P having the non-empty interior satisfying f(X) C T(X),
g(X) C S(X) and there exists h € (0,1) such that

d(fx,gy) <hd(Sx,Ty), Vx,y€X.

If one of f(X)Ug(X) and S(X)UT(X) is a complete subspace of X, then the pairs
{f,S} and {g,T} have a unique point of coincidence in X. Moreover, if the pairs
{f,S} and {g,T} are weakly compatible, then the mappings f, g, S and T have a
unique common fixed point in X .

COROLLARY 2.5. Let f, g and T be self-mappings on a TVS-valued cone metric
space X with a cone P having the non-empty interior satisfying f(X)Ug(X) C T(X)
and there exists h € (0,1) such that

d(fxagy) < hux7y(f7gvT)a

where

ux,y(f,g, T)
€ {d(Sx, Ty),d(fx,Tx),d(gy, Ty), d(fx,Ty) —de(gy7 Tx)

If one of f(X)Ug(X) or T(X) is a complete subspace of X, then the pairs {f,T}
and {g,T} have a unique point of coincidence in X. Moreover, if the pairs {f,T} and

{g,T} are weakly compatible, then the mappings f, g and T have a unique common
fixed point in X .

}, Vx,y € X.

COROLLARY 2.6. Let f and T be self-mappings on a TVS-valued cone metric
space X with a cone P having the non-empty interior satisfying f(X) C T(X) and
there exists h € (0,1) such that

d(fxafy) < huxvY(f7T>7

where

uxd’(fa T)
< {d<Tx, Ty),d(fx, ), d(f,Ty), 22T ; d(fy,Tx)

Ifone of f(X) or T(X) is a complete subspace of X, then a pair {f,T} have a unique
point of coincidence in X. Moreover, if a pair {f,T} is weakly compatible, then the
mappings  and T has a unique common fixed point in X .

}, Vx,y € X.

The following theorem extends and improves Theorem 2 of Arshad et al. [3]:

THEOREM 2.7. Let f, g, S and T be self mappings on a TVS-valued cone metric
space X with cone P having the nonempty interior satisfying f(X) C T(X), g(X) C
S(X) and

d(fx,gy)
< pd(Sx, Ty) + qd(fx,Sx) 4+ rd(gy, Ty) +t[d(fx,Ty) +d(gy,Sx)], Vx,y € X,
(2.8)
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where p,q,r,t € [0,1) satisfying p+q+r+2t <1. Ifone of f(X)Ug(X) and S(X)U
T(X) is a complete subspace of X, then the pairs {f,S} and {g,T} have a unique co-
incidence point in X. Moreover, if the pairs {f,S} and {g,T} are weakly compatible,
then the mappings f, g, S and T have a unique common fixed point in X .

Proof. For any arbitrary point xq in X, construct the sequences {x,} and {y,} in
X as in the proof of Theorem 2.2. Then we have

d(Yan+1,Y2n+2) = d(fxon,8%2n+1)
< pd(Sxan, Txony1) +qd(fx2n,Sx2n) +rd(gx2n 41, TX2n11)
+[d(fx2n, TX2n+1) + d(gX2n+1,5%24)]
= pd(Yan;Yan+1) +qd(Yan+1,Y20) +1d(Y2n+2,Y20+1)
+1[d(yan+1,Y20+1) +d(V2ns2,¥20)]
= (p+q+r+1)dyanr1,y2me2) +td(Yan, Yont1)s

which implies that
d(y2n+17y2n+2) < 5d()’2n,)’2n+1),

where § = % < 1. Thus, from Lemma 2.1, it follows that {y,} is a Cauchy

sequence.
Next, the proof lines of the theorem follow from those of Theorem 2.2. This

completes the proof.

Now, we give one example to validate Theorem 2.7:

EXAMPLE 2.1. Let E = (Cpp,R), P={¢p€E: 9 >0} CE, X =[0,1] and
d:X xX — E defined by d(x,y)(t) = (Jx—y|) €', where ¢’ € E. Then (X,d) is a cone
metric space. Consider four mappings f,g,7,S : X — X defined by

fx:%7 gx:1x_27 T)ng7 Sx:;—c, Vx e X.

Clearly, f(X) C T(X) and g(X) C S(X). Forall x,y € X,

a(rean 0= (|3 2[)e =3 ('_ 2
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and so
d(fx,gy)(t)
1 2y .
=z P31/
1xy,15x,15y,1‘xy yx|,
< (|22 (= (= (122 2 _Z
<5 (13 2>e+6<24>e+6(12 ¢+ (53l 3)e

= pd(Sx, Ty)(1) + qd(fx,5x) (1) + rd(gy, Ty)(t) +1[d(fx, Ty) (1) + d(gy,$x) (1)]-

5
Thus all the conditions of Theorem 2.7 are satisfied with p+qg+r+2t = 3 < 1. Note
that O is the unique common fixed point of the mappings f, g, S and T.

COROLLARY 2.8. Let f, g, S and T be self-mappings on a TVS-valued cone
metric space X with a cone P having the non-empty interior satisfying f(X) C T(X),
g(X) C S(X) and, for some m,n > 1,

d(f"x,&"y) < pd(S"x,T"y) +qd(f"x,8"x) +rd(g"y,T"y)
+e[d(f"x, T"y) +d(g"y,S"x)], Vx,y€X,

where p,q,r,t € [0,1] satisfying p+q+r+2t < 1. Ifone of f(X)Ug(X) and S(X)U
T(X) is complete subspace of X, then the pairs {f,S} and {g,T} have a unique point
of coincidence in X. Moreover, if the pairs {f,S} and {g,T} are weakly compatible,
then the mappings f, g, S and T have a unique common fixed point in X .

The following corollary extends and improves results in Abbas and Rhoades [2]:

COROLLARY 2.9. Let f, g and T be self-mappings on a TVS-valued cone metric
space X with a cone P having the non-empty interior satisfying f(X)Ug(X) C T(X)
and

d(fx,gy)
< pd(Tx,Ty) +qd(fx,Tx) +rd(gy,Ty) +t[d(fx,Ty) +d(gy,Tx)], Vx,y€X,

where p,q,r,t € [0,1] satisfying p+q+r+2t < 1. If one of f(X)Ug(X) and T(X)
is a complete subspace of X, then the pairs {f,T} and {g, T} have a unique point
of coincidence in X. Moreover, if the pairs {f,T} and {g,T} are weakly compatible,
then the mappings f, g and T have a unique common fixed point in X .

COROLLARY 2.10. Let f and T be self-mappings on a TVS-valued cone metric
space X with a cone P having the non-empty interior satisfying f(X) C T(X) and

d(f"x, f"y)
< pd(Tx,Ty) +qd(fx,Tx) +rd(fy, Ty) +t[d(fx,Ty) +d(fy,Tx)], Vx,y €X,

where p,q,r,t € [0,1] satisfying p+q—+r+2t < 1. Ifone of f(X) or T(X) is a com-
plete subspace of X, then a pair {f,T} has a unique point of coincidence in X. More-
over, if a pair {f,T} is weakly compatible, then the mappings f and T have a unique
common fixed point in X .
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Proof. By Theorem 2.7, we obtain v € X such that Tv = f"v = v. Then the result

follows from the fact that

d(fv,v)
=d(ff"v,f"v)
< pd(Tf™,Tv)+qd(ff™v,Tf™)+rd(fv,Tv)+t[d(ff"v,Tv)+d(fv,Tf"v)]
= qd(fv,v)+rd(fv,v) +t[d(fv,v) +d(fv,v)]
= (qg+r+20)d(fv,v).

Thus, by using (1) of Remark 1.1, we have fv = Tv =v. This completes the proof. [
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