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BOUNDEDNESS FOR MULTILINEAR COMMUTATORS

OF INTEGRAL OPERATORS IN HARDY AND

HERZ–HARDY SPACES ON HOMOGENEOUS SPACES

CHEN XIANYI AND LIU LANZHE

(Communicated by Sergey K. Vodop’yanov)

Abstract. In this paper, we shall study the Hardy-boundedness for the multilinear commuta-
tors related to the singular integral operators on the space of homogeneous type. By using the
Hölder’s inequalities and the Lq(1 < q < ∞) boundedness for the singular integral operators on
the space of homogeneous type, we obtain the (Hp

�b
,Lp) and (HK̇α,p

q,�b
,K̇α,p

q ) type boundedness

for the multilinear commutators on the space of homogeneous type.

1. Introduction

As the development of singular integral operators, their commutators have been
well studied. Let b∈ BMO(X) and T be the Calderón-Zygmund operator, the commu-
tator [b,T ] generated by b and T is defined by

[b,T ]( f )(x) = b(x)T ( f )(x)−T (b f )(x).

A classical result of Coifman, Rochberb and Weiss(see [8]) proved that the commutator
[b,T ] is bounded on Lp(Rn) (1 < p < ∞). However, it was observed that the [b,T ]
is not bounded, in general, from Hp(Rn) to Lp(Rn) . But if Hp(Rn) is replaced by a
suitable atomic space HP

�b
(Rn) and HK̇α ,p

q,�b
(Rn) , then [b,T ] maps continuously HP

�b
(Rn)

into Lp(Rn) and HK̇α ,p
q,�b

(Rn) into K̇α ,p
q (Rn) . The main purpose of this paper is to

consider the continuity of the multilinear commutators associated with the singular
integral operator and BMO(X) functions in certain Hardy and Herz-Hardy spaces on
spaces of homogeneous type.
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2. Definitions and Results

Let us first introduce some definitions (see [1-7]). Give a set X , a function d :
X ×X → R+ is called a quasi-distance on X if the following conditions are satisfied:
(i) for every x and y in X , d(x,y) � 0 and d(x,y) = 0 if and only if x = y ,
(ii) for every x and y in X , d(x,y) = d(y,x) ,
(iii) there exists a constant k � 1 such that

d(x,y) � k(d(x,z)+d(z,y)) (1)

for every x,y and z in X .
Let μ be a positive measure on the σ -algebra of subsets of X which contains the

r -balls B(x,r) = {y : d(x,y) < r} . We assume that μ satisfies a doubling condition,
that is, there exists a constant A1 > 1such that

0 < μ(B(x,2r)) � A1μ(B(x,r)) < ∞ (2)

holds for all x ∈ X and r > 0.
A structure (X ,d,μ) , with d and μ as above, is called a space of homogeneous

type. The constants k and A1 in (1) and (2) will be called the constants of the space.
From (2), we can say that there exists a constant n0 > 1 such that A1 � 2n0 , in

other words, there exists a constant n0 > 1 such that μ(B(x,2r)) � 2n0μ(B(x,r)) . This
condition is very useful in the proofs of Theorem 1 and Theorem 2.

We say that (X ,d,μ) satisfies a reverse doubling condition , that is, there exists a
constant A2 > 1 such that

0 < A2μ(B(x,r)) � μ(B(x,2r)) < ∞ (3)

holds for all x ∈ X and r > 0.It can be proved that, under some general additional ge-
ometric assumptions on the space (X ,d) , (3) is actually a consequence of the doubling
condition on μ (see [11]). In this paper, the homogeneous spaces which we discussing
are satisfied the reverse doubling condition.

In this paper, B will denote a ball of X , and for a ball B let fB = μ(B)−1 ∫
B f (x)dμ(x)

and the sharp function of f is defined by

f #(x) = sup
B�x

1
μ(B)

∫
B
| f (y)− fB|dμ(y).

It is well-known that (see [10])

f #(x) ≈ sup
B�x

inf c∈C
1

μ(B)

∫
B
| f (y)− c|dμ(y).

We say that b belongs to BMO(X) if b# belongs to L∞(X) and define ||b||BMO =
||b#||L∞ . It has been known that(see [10])

||b−b2kB||BMO � Ck||b||BMO.
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Given a positive integer m and 1 � j � m , we denote by Cm
j the family of all finite

subsets σ = {σ(1), · · ·,σ( j)} of {1, · · ·,m} of j different elements. For σ ∈Cm
j , set

σ c = {1, · · ·,m} \σ . For �b = (b1, · · ·,bm) and σ = {σ(1), · · ·,σ( j)} ∈ Cm
j , set �bσ =

(bσ(1), · · ·,bσ( j)) , bσ = bσ(1) · · ·bσ( j) and ||�bσ ||BMO = ||bσ(1)||BMO · · · ||bσ( j)||BMO .

DEFINITION 1. Let bi (i = 1, · · · ,m) be a locally integrable functions and 0 <

p � 1. A bounded measurable function a(x) on X is called a (p,�b) atom, if
(1) supp a ⊂ B = B(x0,r) ,
(2) ||a||L∞ � μ(B)−1/p ,
(3)

∫
B a(y)dμ(y) =

∫
B a(y)∏l∈σ bl(y)dμ(y) = 0 for any σ ∈Cm

j ,1 � j � m .
A temperate distribution (see [9][12-13]) f is said to belong to Hp

�b
(X) , if, in the

Schwartz distribution sense, it can be written as

f (x) =
∞

∑
j=1

λ ja j(x),

where a j are (p,�b) atoms, λ j ∈C and ∑∞
j=1 |λ j|p < ∞ .

Moreover, || f ||Hp
�b

= inf(∑∞
j=1 |λ j|p)1/p , where the infimum are taken over all the

decompositions of f as above.

DEFINITION 2. Let α ∈ R , 0 < p < ∞ and 1 � q < ∞ . For k ∈ Z and x0 ∈ X ,
set Bk = {x ∈ X : d(x0,x) � 2k} and Ck = Bk \Bk−1 . Denote by χk the characteristic
function of Ck and χ0 the characteristic function of B0 .

(1) The homogeneous Herz space is defined by

K̇α ,p
q (X) =

{
f ∈ Lq

loc(X \ {x0}) : || f ||K̇α,p
q

< ∞
}

,

where

|| f ||K̇α,p
q

=

(
∞

∑
k=−∞

μ(Bk)α p|| f χk||pLq

)1/p

.

(2) The nonhomogeneous Herz space is defined by

Kα ,p
q (X) =

{
f ∈ Lq

loc(X) : || f ||Kα,p
q

< ∞
}

,

where

|| f ||Kα,p
q

=

[
∞

∑
k=1

μ(Bk)α p|| f χk||pLq + || f χ0||pLq

]1/p

.

DEFINITION 3. Let bi (i = 1, · · · ,m) be locally integrable functions, 1 < q <

∞, α � 1−1/q. A function a is called a central (α,q,�b) -atom (or a central (α,q,�b)-
atom of restrict type), if

(1) supp a ⊂ B = B(x0,r) (or for some r � 1),
(2) ||a||Lq � μ(B)−α ,
(3)

∫
B a(x)dμ(x) =

∫
B a(x)∏i∈σ bi(x)dμ(x) = 0 for any σ ∈Cm

j , 1 � j � m.
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A function f is said to belong to homogeneous HK̇α ,p

q,�b
(X) (or nonhomogeneous

HKα ,p

q,�b
(X)) , if it can be written as f = ∑∞

j=−∞λ ja j(x) (or f = ∑∞
j=0λ ja j(x)) , where

a j is a central (α,q,�b)-atom(or a central (α,q,�b)-atom of restrict type) supported on
B(x0,2 j) and ∑∞

j=−∞ |λ j|p <∞ (or ∑∞
j=0 |λ j|p < ∞). Moreover,

|| f ||HK̇α,p
q,�b

= inf(
∞

∑
j=−∞

|λ j|p)1/p (or inf(
∞

∑
j=0

|λ j|p)1/p),

where the infimum are taken over all the decompositions of f as above.

REMARK 1. Using atoms, Coifman and Weiss (see [5]) defined the Hardy space
Hp(X) as a subspace of the dual of Lipα(X) and they proved that Lipα(X) is the dual
of Hp(X) . In [5], Lipα (X) was regarded as the space of functions modulo constants.
Therefore, we denote by (Hp(X))∗ = Lipα(X)/℘ and ℘ is the space of all constant
functions.

DEFINITION 4. Suppose b j ( j = 1, · · · ,m) are the fixed locally integrable func-
tions on X . Let T be the singular integral operator as

T ( f )(x) =
∫

X
K(x,y) f (y)dμ(y),

where K is a locally integrable function on X × X\{(x,y)| x = y} and satisfies the
following properties:

(1) |K(x,y)| � C
μ(B(x,d(x,y))) ,

(2) there exists a p0,1 < p0 � ∞ , such that T is bounded on Lp0(X) ,

(3) |K(x,y)−K(x,y′)|+ |K(y,x)−K(y′,x)| � C
d(y,y′)δ

μ(B(y,d(x,y)))d(x,y)δ
,

when d(x,y) � 2d(y,y′) , with some δ ∈ (0,1] .
The multilinear commutator of the singular integral operator is defined by

T�b( f )(x) =
∫

X

m

∏
j=1

(b j(x)−b j(y))K(x,y) f (y)dμ(y).

Note that when b1 = · · · = bm , T�b is just the m order commutators. It is well
known that commutators are of great interest in harmonic analysis and have been widely
studied by many authors (see [1-4][6-7]).

Now we state our theorems as following.

THEOREM 1. Let 1 < q < ∞ , bi ∈ BMO(X) , 1 � i � m, �b = (b1, · · · ,bm) ,
n0/(n0 + δ ) < p � 1 , Then the multilinear commutator T�b is bounded from Hp

�b
(X)

to Lp(X).

THEOREM 2. Let 1 < q < ∞ , bi ∈ BMO(X) , 1 � i � m, �b = (b1, · · · ,bm) ,
0 < p < ∞ and 1−1/q � α < 1−1/q+ δ/n0 . Then the multilinear commutator T�b
is bounded from HK̇α ,p

q,�b
(X) to K̇α ,p

q (X).
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3. Proof of Theorems

We begin with two preliminary lemmas.

LEMMA 1.. ([10]) Let 1 < r < ∞ , b j ∈ BMO(X) for j = 1, · · · ,k and k ∈ N .
Then

1
μ(B)

∫
B

k

∏
j=1

|b j(y)− (b j)B|dμ(y) � C
k

∏
j=1

||b j||BMO

and (
1

μ(B)

∫
B

k

∏
j=1

|b j(y)− (b j)B|rdμ(y)

)1/r

� C
k

∏
j=1

||b j||BMO.

LEMMA 2. ([10]) Let 1 < q < p0 , then T and T�b are bounded on Lq(X) .

Proof of Theorem 1. It suffices to show that there exist a constant C > 0, such that
for every (p,�b) atom a ,

||T�b(a)||Lp � C.

Let a be a (p,�b) atom supported on a ball B = B(x0,r) . We write

∫
X
|T�b(a)(x)|pdμ(x) =

∫
2B
|T�b(a)(x)|pdμ(x)+

∫
(2B)c

|T�b(a)(x)|pdμ(x) = I + II.

For I , taking q > 1, by Hölder’s inequality and the Lq− boundedness of T�b , we
have

I �
(∫

2B
|T�b(a)(x)|qdμ(x)

)p/q

·μ(2B)1−p/q

� C||T�b(a)||pLq ·μ(2B)1−p/q

� C||�b||pBMO||a||pLqμ(B)1−p/q

� C||�b||pBMO||a||pL∞μ(B)p/qμ(B)1−p/q

� C||�b||pBMO.

For II , when m = 1, by the Hölder’s inequality and the vanishing moment of atom
a , we get, for x ∈ (2B)c ,

|Tb1(a)(x)| �
∫

B
|K(x,y)−K(x,x0)||b1(x)−b1(y)||a(y)|dμ(y)

� C
∫

B

d(x0,y)δ

d(x,x0)δ μ(B(x0,d(x,x0)))
(|b1(x)−(b1)B|+|(b1)B−b1(y)|)dμ(y)||a||L∞

� C
rδ

d(x,x0)δ μ(B(x0,d(x,x0)))
(|b1(x)− (b1)B|+ ||b1||BMO)μ(B)1−1/p,
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so

II � C
∫

(2B)c

[
rδ

d(x,x0)δ μ(B(x0,d(x,x0)))
(|b1(x)−(b1)B|+||b1||BMO)μ(B)1−1/p

]p

dμ(x)

� C
∞

∑
k=1

∫
2k+1B\2kB

rpδ

d(x,x0)pδ μ(B(x0,d(x,x0)))p

×(|b1(x)− (b1)B|+ ||b1||BMO)pdμ(x)μ(B)p−1

� C
∞

∑
k=1

rpδ

(2kr)pδ μ(2kB)p
μ(B)p−1

[∫
2k+1B

|b1(x)− (b1)B|pdμ(x)+ ||b1||pBMOμ(2k+1B)
]

� C
∞

∑
k=1

2−kpδ μ(2kB)−pμ(B)p−1
[
μ(2k+1B)1−p

(∫
2k+1B

|b1(x)− (b1)B|dμ(x)
)p

+||b1||pBMOμ(2k+1B)
]

� C
∞

∑
k=1

2−kpδ μ(2kB)1−pμ(B)p−1(kp||b1||pBMO + ||b1||pBMO)

� C||b1||pBMO

∞

∑
k=1

(kp +1)2−kpδ+n0k(1−p)

� C||b1||pBMO.

This finishes the proof of the case of m = 1.
When m > 1, denoting�bB = ((b1)B, · · · ,(bm)B) , where

(bi)B = μ(B)−1
∫

B(x0,r)
bi(x)dμ(x), 1 � i � m,

by Hölder’s inequality and the vanishing moment of a , noting that x∈ 2k+1B\2kB , we
get

T�b(a)(x) =
∫

B

m

∏
j=1

|b j(x)−b j(y)|K(x,y)a(y)dμ(y)

� C
∫

B
|K(x,y)−K(x,x0)|

m

∏
j=1

|b j(x)−b j(y)||a(y)|dμ(y)

� C
∫

B

d(y,x0)δ

d(x,x0)δ μ(B(x0,d(x,x0)))

m

∏
j=1

|b j(x)−b j(y)||a(y)|dμ(y)

� C
rδ

d(x,x0)δ μ(B(x0,d(x,x0)))

∫
B

m

∏
j=1

|b j(x)−b j(y)||a(y)|dμ(y),

so
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II � C
∞

∑
k=1

∫
2k+1B\2kB

|T�b(a)(x)|pdμ(x)

� C
∞

∑
k=1

μ(2k+1B)1−p
(∫

2k+1B\2kB
|T�b(a)(x)|dμ(x)

)p

� C
∞

∑
k=1

μ(2k+1B)1−p
(∫

2k+1B\2kB

rδ

d(x,x0)δ μ(B(x0,d(x,x0)))

×
(∫

B

m

∏
j=1

|b j(x)−b j(y)||a(y)|dμ(y)
)

dμ(x)
)p

� C
∞

∑
k=1

μ(2k+1B)1−prpδ

(2kr)pδ μ(2kB)p

( m

∑
j=0

∑
σ∈Cm

j

∫
2k+1B

|(�b(x)−�bB)σ |dμ(x)

×
∫

B
|(�b(y)−�bB)σ c ||a(y)|dμ(y)

)p

� C
∞

∑
k=1

2−kpδ μ(2k+1B)1−p

μ(2kB)p

m

∑
j=0

∑
σ∈Cm

j

(∫
2k+1B

|(�b(x)−�bB)σ |dμ(x)
)p

×
(∫

B
|(�b(y)−�bB)σ c ||a(y)|dμ(y)

)p

� C
∞

∑
k=1

2−kpδkpμ(2k+1B)1−p
m

∑
j=0

∑
σ∈Cm

j

||a||pL∞
(∫

B
|(�b(y)−�bB)σ c |dμ(y)

)p

||�bσ ||pBMO

� C
∞

∑
k=1

2−kpδkpμ(2k+1B)1−pμ(B)p−1||�b||pBMO

� C||�b||pBMO

m

∑
j=0

kp2−kpδ+n0k(1−p)

� C||�b||pBMO.

This completes the proof of Theorem 1. �

Proof of Theorem 2. Let f ∈HK̇α ,p
q,�b

(X) and f (x) =∑∞
j=−∞λ ja j(x) be the atomic

decomposition for f as in Definition 3, we write

||T�b( f )(x)||K̇α,p
q

=

(
∞

∑
k=−∞

μ(B)α p||T�b( f )χk||pLq

)1/p

� C

[
∞

∑
k=−∞

μ(B)α p
( ∞

∑
j=−∞

|λ j|||T�b(a j)χk||Lq

)p
]1/p
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� C

[
∞

∑
k=−∞

μ(B)α p
( k−3

∑
j=−∞

|λ j|||T�b(a j)χk||Lq

)p
]1/p

+C

[
∞

∑
k=−∞

μ(B)α p
( ∞

∑
j=k−2

|λ j|||T�b(a j)χk||Lq

)p
]1/p

= J + JJ.

For JJ , by the boundedness of T�b on Lq(X) and the Hölder’s inequality, we have

JJ � C

[
∞

∑
k=−∞

μ(Bk)α p

(
∞

∑
j=k−2

|λ j|||T�b(a j)χk||Lq

)p]1/p

� C

[ ∞

∑
k=−∞

μ(Bk)α p
( ∞

∑
j=k−2

|λ j|||a jχk||Lq

)p]1/p

� C

[ ∞

∑
k=−∞

μ(Bk)α p
( ∞

∑
j=k−2

|λ j|μ(Bj)−α
)p]1/p

� C

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

[ ∞

∑
j=−∞

|λ j|p
j+2

∑
k=−∞

(
μ(Bk)
μ(Bj)

)α p]1/p

, 0 < p � 1

[ ∞

∑
j=−∞

|λ j|p
( j+2

∑
k=−∞

(
μ(Bk)
μ(Bj)

)α p/2)( j+2

∑
k=−∞

(
μ(Bk)
μ(Bj)

)α p′/2)p/p′]1/p

,

1 < p < ∞

� C

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[ ∞

∑
j=−∞

|λ j|p
j+2

∑
k=−∞

A2
(k− j)α p

]1/p

, 0 < p � 1

[ ∞

∑
j=−∞

|λ j|p(
j+2

∑
k=−∞

A2
(k− j)α p/2)(

j+2

∑
k=−∞

A2
(k− j)α p′/2)p/p′

]1/p

, 1 < p < ∞

� C

(
∞

∑
j=−∞

|λ j|p
)1/p

� C|| f ||HK̇α,p
q,�b

.

For J , let Ck = Bk\Bk−1 , χk = χCk , bi
j = μ(Bj)−1 ∫

Bj
bi(x)dμ(x) , 1 � i � m,�bBj =

(b1
j , · · · ,bm

j ) . By the Hölder’s inequality, the vanishing moment of atom a, the reverse

doubling condition, we get, for x ∈ 2k+1B\ 2kB and u ∈ B ,

|Tb1(a j)(x)|
= |

∫
Bj

K(x,y)(b1(x)−b1(y))a j(y)dμ(y)|

� C
∫

Bj

|K(x,y)−K(x,u)||b1(x)−b1(y)||a j(y)|dμ(y)
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� C
∫

Bj

d(u,y)δ

d(x,u)δ μ(B(u,d(x,u)))
(|b1(x)−b1(y)|)|a j(y)|dμ(y)

� C
rj
δ

d(x,u)δ μ(B(u,d(x,u)))

∫
Bj

(|b1(x)−b1(y)|)|a j(y)|dμ(y)

� C
rj
δ

d(x,u)δ μ(B(u,d(x,u)))

(∫
Bj

|a j(y)||b1(x)−b1
j |dμ(y)+

∫
Bj

|a j(y)||b1(y)−b1
j |dμ(y)

)

� C
rj
δ

d(x,u)δ μ(B(u,d(x,u)))

(|b1(x)−b1
j |||a j||Lqμ(Bj)1−1/q+||a j||Lqμ(Bj)1−1/q||b1||BMO

)

� C
rj
δ

d(x,u)δ μ(B(u,d(x,u)))
μ(Bj)1−1/q−α(|b1(x)−b1

j |+ ||b1||BMO),

then

||Tb1(a j)(x)χk||Lq � Crj
δ μ(Bj)1−1/q−α

[∫
Bk\Bk−1

(|b1(x)−b1
j|+ ||b1||BMO

)q
d(x,u)−qδ

×μ(B(u,d(x,u)))−qdμ(x)
]1/q

� Crj
δ μ(Bj)1−1/q−αrk−1

−δ μ(Bk−1)−1

×
[(∫

Bk

|b1(x)−b1
j|qdμ(x)

)1/q

+ ||b1||BMOμ(Bk)1/q
]

� C2( j−k+1)δ μ(Bj)1−1/q−αμ(Bk)−1+1/q||b1||BMO

� C||b1||BMO2( j−k)δ μ(Bj)1−1/q−αμ(Bk)−1+1/q,

thus

J = C

[ ∞

∑
k=−∞

μ(Bk)α p
( k−3

∑
j=−∞

|λ j|||Tb1(a j)χk||Lq

)p]1/p

� C||b1||BMO

[ ∞

∑
k=−∞

μ(Bk)α p
( k−3

∑
j=−∞

|λ j|2( j−k)δ μ(Bj)1−1/q−αμ(Bk)−(1−1/q)
)p]1/p

� C||b1||BMO

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
∞

∑
k=−∞

μ(Bk)α p
k−3

∑
j=−∞

|λ j|p2( j−k)δ pμ(Bj)(1−1/q−α)pμ(Bk)−(1−1/q)p

]1/p

,

0 < p � 1[
∞

∑
k=−∞

μ(Bk)α p
( k−3

∑
j=−∞

|λ j|p2( j−k)δ p/2μ(Bj)(1−1/q−α)p/2

×μ(Bk)−(1−1/q)p/2

)

×
(

k−3

∑
j=−∞

2( j−k)δ p′/2μ(Bj)(1−1/q−α)p′/2μ(Bk)−(1−1/q)p′/2

)p/p′
⎤
⎦

1/p

,

1 < p < ∞
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� C||b1||BMO

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
∞

∑
j=−∞

|λ j|p
∞

∑
k= j+3

2( j−k)δ p2( j−k)n0(1−1/q−α)p

]1/p

, 0 < p � 1[
∞

∑
j=−∞

|λ j|p
(

∞

∑
k= j+3

2( j−k)δ p/22( j−k)n0(1−1/q−α)p/2

)

×
(

∞

∑
k= j+3

2( j−k)δ p′/22( j−k)n0(1−1/q−α)p′/2

)p/p′
⎤
⎦

1/p

, 1 < p < ∞

� C||b1||BMO

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
∞

∑
j=−∞

|λ j|p
∞

∑
k= j+3

2( j−k)n0(1−1/q+δ/n0−α)p

]1/p

, 0 < p � 1[
∞

∑
j=−∞

|λ j|p
(

∞

∑
k= j+3

2( j−k)n0(1−1/q+δ/n0−α)p/2

)

×
(

∞

∑
k= j+3

2( j−k)n0(1−1/q+δ/n0−α)p′/2

)p/p′
⎤
⎦

1/p

, 1 < p < ∞

� C||b1||BMO

(
∞

∑
j=−∞

|λ j|p
)1/p

� C|| f ||HK̇α,p
q,b1

.

When m > 1, let bi
j = μ(Bj)−1 ∫

Bj
bi(x)dμ(x), 1 � i � m,�bBj = (b1

j , · · · ,bm
j ). We have

|T�b(a j)(x)| = |
∫

Bj

m

∏
i=1

(bi(x)−bi(y))K(x,y)a j(y)dμ(y)|

� C
∫

Bj

m

∏
i=1

|(bi(x)−bi(y))||K(x,y)−K(x,u)||a j(y)|dμ(y)

� C
∫

Bj

d(u,y)δ

d(x,u)δ μ(B(u,d(x,u)))

m

∏
i=1

|(bi(x)−bi(y))||a j(y)|dμ(y)

� C
rj
δ

d(x,u)δ μ(B(u,d(x,u)))

∫
Bj

m

∏
i=1

|(bi(x)−bi(y))||a j(y)|dμ(y)

� C
rj
δ

d(x,u)δ μ(B(u,d(x,u)))

m

∑
i=0

∑
σ∈Cm

i

|(�b(x)−�bBj)σ |

×
∫

Bj

|a j(y)||(�b(y)−�bBj)σc |dμ(y)

� C
rj
δ

d(x,u)δ μ(B(u,d(x,u)))

m

∑
i=0

∑
σ∈Cm

i

|(�b(x)−�bBj)σ |||a j||Lq

×
(∫

Bj

|(�b(y)−�bBj)
q′
σc |dμ(y)

)1/q′
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� C
rj
δ

d(x,u)δ μ(B(u,d(x,u)))

m

∑
i=0

∑
σ∈Cm

i

|(�b(x)−�bBj)σ |μ(Bj)1−1/q−α ||�bσ c||BMO

� C
rj
δ μ(Bj)1−1/q−α

d(x,u)δ μ(B(u,d(x,u)))

m

∑
i=0

∑
σ∈Cm

i

|(�b(x)−�bBj)σ |||�bσ c||BMO,

so

||T�b(a j)χk||Lq � Crδj μ(Bj)1−1/q−α ||�bσ c ||BMO

×
⎛
⎝∫

Bj

1

d(x,u)qδ μ(B(u,d(x,u)))q

m

∑
i=0

∑
σ∈Cm

i

|(�b(x)−�bBj)σ |qdμ(x)

⎞
⎠

1/q

� Crδj μ(Bj)1−1/q−α ||�bσ c ||BMOr−δk μ(Bk)−1+1/q||�bσ ||BMO

� C||�b||BMO2( j−k)δ μ(Bj)1−1/q−αμ(Bk)−1+1/q

and

J = C

[ ∞

∑
k=−∞

μ(Bk)α p
( k−3

∑
j=−∞

|λ j|||T�b(a j)χk||Lq

)p]1/p

� C||�b||BMO

[ ∞

∑
k=−∞

μ(Bk)α p
( k−3

∑
j=−∞

|λ j|2( j−k)δ μ(Bj)1−1/q−αμ(Bk)−(1−1/q)
)p]1/p

� C||�b||BMO

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
∞

∑
k=−∞

μ(Bk)α p
k−3

∑
j=−∞

|λ j|p2( j−k)δ pμ(Bj)(1−1/q−α)pμ(Bk)−(1−1/q)p

]1/p

,

0 < p � 1[ ∞

∑
k=−∞

μ(Bk)α p
( k−3

∑
j=−∞

|λ j|p2( j−k)δ p/2μ(Bj)(1−1/q−α)p/2

×μ(Bk)−(1−1/q)p/2

)

×
( k−3

∑
j=−∞

2( j−k)δ p′/2μ(Bj)(1−1/q−α)p′/2μ(Bk)−(1−1/q)p′/2
)p/p′]1/p

,

1 < p < ∞

� C||�b||BMO

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
∞

∑
j=−∞

|λ j|p
∞

∑
k= j+3

2( j−k)δ p2( j−k)n0(1−1/q−α)p

]1/p

, 0 < p � 1[
∞

∑
j=−∞

|λ j|p
(

∞

∑
k= j+3

2( j−k)δ p/22( j−k)n0(1−1/q−α)p/2

)

×
(

∞

∑
k= j+3

2( j−k)δ p′/22( j−k)n0(1−1/q−α)p′/2

)p/p′
⎤
⎦

1/p

, 1 < p <∞
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� C||�b||BMO

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
∞

∑
j=−∞

|λ j|p
∞

∑
k= j+3

2( j−k)n0(1−1/q+δ/n0−α)p

]1/p

, 0 < p � 1[
∞

∑
j=−∞

|λ j|p
(

∞

∑
k= j+3

2( j−k)n0(1−1/q+δ/n0−α)p/2

)

×
(

∞

∑
k= j+3

2( j−k)n0(1−1/q+δ/n0−α)p′/2

)p/p′
⎤
⎦

1/p

, 1 < p < ∞

� C||�b||BMO

(
∞

∑
j=−∞

|λ j|p
)1/p

� C|| f ||HK̇α,p
q,�b

.

This completes the proof of Theorem 2. �

REMARK 2. Theorem 2 also holds for nonhomogeneous Herz-type spaces, we
omit the details.
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