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SOME GEOMETRIC INEQUALITIES INVOLVING
ANGLE BISECTORS AND MEDIANS OF A TRIANGLE

WEI-DONG JIANG AND MIHALY BENCZE

(Communicated by S. Segura Gomis)

Abstract. In the present paper some geometric inequalities concerning the angle bisectors and
the medians of a triangle are established.

1. Introduction

For a given triangle ABC we assume that A, B,C denote its angles, a,b,c denote
the lengths of its corresponding sides, wq, wp,w. and m,,m;,,m. denote respectively
the bisectors of angles A, B,C and the medians. Let R,r and s be the circumradius, the
inradius and the semi-perimeter of a triangle respectively, A denote the area of triangle
ABC.

The angle bisectors and the medians of triangles have many interesting properties.
In particular, inequalities for angle bisectors and medians are very attractive subject and
play an important role in the study of geometry. A large number of related results can
be found in the well-known monographs ([1]-[3]).

In [2, pp. 220], the following inequalities are given.

52 <Y mawa <3Q2R*+77) (1.1)

This is Janous’ s extension of a result from [4].
In [2, pp. 219], the following result is also given.

Mgy 13 r
— > ———. 1.2
Wq 4 2R (1.2)

The main aim of this paper is to establish some geometric inequalities involving
angle bisectors and medians of a triangle, as an application, some improvements of
(1.1) and (1.2) are given.
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2. Some lemmas
In order to prove our main results, we shall use the following results.
LEMMA 2.1. In triangle ABC, we have
A2
(b+c)?

m2w? =s*(s—a)® + (b—c). (2.1

Proof. By the formulas for median and angle bisector of triangle ABC: m2 =

%(2b2+2c2—a2) and wa:%s(;_a),one can easily get
m2 :s(s—a)+%(b—c)2, (2.2)
and
ey S(s—a) .
wo=s(s—a) = (b=, 23)
Based on (2.2) and (2.3), we have
v = [sts—a) + 30— [sts—a) - Loy
B 1s(s—a)(b—c)* s2(s—a)?
=s*(s— )2—1 e —|—Zs(s—a)(b—c)2— e (b—c)?
s(s—a)(b—c)?
=s?(s—a)’+ (4(b>4(—bc)2) [(b+c)* —4s(s—a)— (b—c)?]
:sz(s_a)2+s(s_“)(b_c)2 [(b+¢)?— (b+c+a)(b+c—a)—(b—c)?]
4(b+c)?
s(s—a)(b—c)?
=s*(s—a)’+ (4(b)+(bc)2) [@®—(b—c)?]
s(s—a)(b—c)?
=5 (s—a)’+ ( 4(b>—|(—bc)2 ) 4(s—b)(s—c)
= P(s—a)’+ S(S_"gl(f+_cl;;(s_c) (b—c)?
— 22 A? _ 2
s“(s—a) +(b—|—c)2(b c)’. O

LEMMA 2.2. In AABC, we have

3 (b+c)* s>+ 10Rr+r?
be 2Rr

(2.4)



SOME GEOMETRIC INEQUALITIES

Proof.

)2
D (b_;y—c) = i}:a(b—i—c)z: iZaQs—aV

1
—_— (4 2 _4 2 3
L ey a-asyas3a)
With known identities [2, pp. 52],
2512 =2(s* —4Rr—r?),
2513 = 2s(s> — 6Rr —3r?),

Za:2s,

abc = 4Rrs,

then we obtain (2.4) immediately. [

3. Main results

THEOREM 3.1. In AABC, we have

AZ

s(s—a) <mgw, SS(S—a)"‘W

Equality holds if and only if b= c.

Proof. By Lemma 2.1 one can easily have

m2w? > s%(s —a)?,
which leads to the left hand side of (3.1).
On the other hand, By Lemma 2.1, we have

AZ
mew? =s*(s—a)?* + m(b —c)?,

(b—c)>.

B Ab—c)? 1 A4 (b —c)*

B [s(s—a)—i— 25(s—a)(b+c)2} 42 (s—a)(b+c)¥
Ab—c)? 1

S [s(s—a)—i— 25(s—a)(b+c)2} '

this completes the proof of Theorem 3.1. [J

COROLLARY 3.1. In AABC, we have

1
mgwg < s(s —a)+ §(b —c)%

365

(3.1)

(3.2)
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Proof. By Theorem 3.1, we only need to prove

2
m < é (3.3)
which is equivalent to
4N —s(s—a)(b+c)* <
& s(s—a)[4(s— b)(s—c) (b+¢)*] <0
e s(s—a)[a®—(b—c)*—(b+¢)*] <0
ss(s—a)[(a+b+c)(a—b—c) —(b—c)z] <0
Since a < b+ c,so (3.3) holds. [J
By Corollary 3.1, we can immediately get the following result.
COROLLARY 3.2. In AABC, we have
Y mawa < s2—|—% [(a—b)z—l—(b—c)z—i-(c—a)z] . 3.4

Equality holds if and only if triangle ABC is equilateral.

REMARK 3.1. Using the known identities Y a? = 2(s> —4Rr — 1?),Y bc = s> +
4Rr+ 12, then (3.4) is equivalent to

5 3
Zmawa < Zsz —3Rr— Zrz. 3.5)

We can find that (3.5) is stronger than the right hand side of (1.1).
REMARK 3.2. In [5, pp. 275], Xiao-Guang Chu proved the following inequality
N mawa < s*+2Rr—4r°. (3.6)

(3.6) is stronger than the right hand side of (1.1) too, but (3.5) and (3.6) cannot be
compared between them.

Using Gerretsen’s inequality [1, pp. 50]: s> < 4R?+4Rr+3r% and (3.5), we have

COROLLARY 3.3.
N mawa < SR*+2Rr +3r%.

By Corollary 3.1, we can get
COROLLARY 3.4. In AABC, we have
N amawa < —s(s* + 18Rr+977). (3.7)

Equality holds if and only if triangle ABC is equilateral.
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By Corollary 3.1 and some known identities, we can get
COROLLARY 3.5. In AABC, we have

N (b4 c)mawa < %s(552 —22Rr—17/%). (3.8)
Equality holds if and only if NABC is equilateral.

THEOREM 3.2.

Ma s* + 10Rr + r*

we 8Rr '
Equality holds if and only if triangle ABC is equilateral.

(3.9)

Proof. By the left hand side of (3.1) and Lemma 2.2, we have

__zmawu
s(s—a s(s—a)(b+c)?
g g

Wa

_2 (b+c)* s+ 10Rr+r?

= O
4bc 8Rr

REMARK 3.3. From Gerretsen’s inequality [1, pp. 50]: s> > 16Rr — 51>, we can
get (1.2) easily from Theorem 3.2, so (3.9) is stronger than (1.2).

COROLLARY 3.6.

mg _ 5 852
— > = . 3.10
2 3 + 81Rr ( )

Wa

Equality holds if and only if triangle ABC is equilateral.

Proof. By Theorem 3.2, we only need to prove

2 2 2

s +18§r+r >§+881—st 3.11)
inequality (3.11) is equivalent to

175> > 270Rr — 8172, (3.12)
By Gerretsen’ s inequality

s > 16Rr — 5r2,
and Euler’ s inequality ([1, pp. 48])
R > 2r,
we can conclude that inequality (3.12) holds. [
In fact, (3.10) was a conjecture proposed by Hua-yan Yin in [5].
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THEOREM 3.3. In AABC, we have

Ma 3\/§+3(2—\/§)
a 2 2

RY
3 (bb o, (3.13)

C

Equality holds if and only if triangle ABC is equilateral.

Proof. (3.13) is equivalent to

i}:bcma>3\z/§+3( abcza _c
& Y bemg > 6V3Rrs+ 3(2_27\6) Na(b—c). (3.14)
By the know identity
Za(b —¢)? =2s(s* — 14Rr 4 1?),
One can get
S bemy > { (2= V3)s® + (16V3 — 28)Rr + (2 — V3)r? (3.15)

Notice that the following identity and inequality have been given in [5, pp. 242, pp.
244]:

2b202m§ =50 — 12Rrs* + Ps* + P> (12R? + 8Rr — r*) — P (4R +r)?, (3.16)

achambmc > 4Rrs? (s2 —TRr+ 5r2), (3.17)
By (3.16) and (3.17), we have
(X bemg)? > s° — s*(4Rr — 1?) + s*(—44R** + 48R — ') — P (4R +71)>.  (3.18)
In order to prove (3.13), by (3.18), we only need to prove
sO — s*(4Rr — r?) + s*(—44R*r* + 48Rr> — r*) — P (4R + r)?
> 9¢? [(2 —V3)s> + (16V/3 - 28)Rr+ (2 — \/§)r2] ’
& (36V3—62)s° +5* (1868 — 1080V3)Rr + (12V3 — 12577
45 [(8064\/§ — 14012)R%2 + (1920 — 1080V3)Rr + (36V/3 — 64)r4]
—rP(4R+r)* >0

o {B6vVi-62)st+ [(876 — 504V3)Rr+ (123 — 72/3)2 + (124 — 72\/5)% 2
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5
+4R + (384 —216V3)Rr + (1803 — 324)r* + (432V/3 — 742)%

ro 2 2 253
+(144\/§—248)E}- $* — 16Rr+4r7 + =

4
.
+ o5 (R=2r)- {(6080 —3456v/3)R* + (5420 — 3168v3)R’r

+ (288v/3 — 505)R%2 + (7192/3 — 1362)Rr + (144/3 — 248)/‘} >0.

Since s2 — 16Rr+ 412 + % > 0 (see [6]), R > 2r and the coefficients in parentheses
are non negative, this completes the proof of Theorem 3.3. [
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