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ESTIMATING THE NORMALIZED JENSEN FUNCTIONAL

FLAVIA CORINA MITROI

(Communicated by S. Abramovich)

Abstract. We establish upper and lower bounds for the normalized Jensen functional in the con-
text of

(
M[ϕ],A

)
-convexity. In connection with these results, a refinement of the triangle in-

equality is proved.

1. Introduction

The normalized Jensen functional for convex functions f is defined by

Jn ( f ,p,x) =
n

∑
i=1

pi f (xi)− f

(
n

∑
i=1

pixi

)
.

The aim of this paper is to estimate the normalized Jensen functional in the framework
of
(
M[ϕ],A

)
-convex functions and to state some results related to the lower and upper

bounds for it (for details see [4]). We give the analogue bounds for the integral case
also. In the last section some resources helpful when dealing with norm inequalities
can be found.

For the convenience of the reader, before stating the results, we establish the nota-
tion and we briefly recall some basic notions related to our goal:

Throughout the paper I ⊆ R and J ⊆ R are intervals.

DEFINITION 1. Let ϕ : I → J a continuous, increasing and bijective function. The
weighted quasi-arithmetic mean M[ϕ] of a nonempty set of data x = (x1,x2, ...,xn) ∈
In with weights p = (p1, p2, ..., pn) , where pi � 0, ∑n

i=1 pi = 1, is defined by the
formula

M[ϕ] (x;p) = ϕ−1

(
n

∑
i=1

piϕ (xi)

)
.

Particularly the weighted arithmetic mean A(x;p)=∑n
i=1 pixi corresponds to ϕ (x)

= x , and the weighted geometric mean G(x;p)=∏n
i=1 xpi

i corresponds to ϕ (x)= logx .
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DEFINITION 2. Suppose that we have two continuous, bijective and increasing
functions ϕ : I → I,ψ : J → J . A function f : I → J is called (M[ϕ],M[ψ]) - convex if
for every two points a,b ∈ I and all λ ∈ [0,1]

f
(
ϕ−1 ((1−λ )ϕ (a)+λϕ (b))

)
� ψ−1 ((1−λ )ψ ( f (a))+λψ ( f (b))) .

The function is called strictly (M[ϕ],M[ψ]) - convex if the inequality is strict for all a �= b
and λ ∈ (0,1) .

According to the definition, we observe some particular cases, depending on which
type of mean, arithmetic (A) or geometric (G), it is given on its domain and codomain
(see also C. P. Niculescu [8]):

• (A,A)-convex functions (the usual convex functions)

• (A,G)-convex functions (the log-convex functions)

• (G,A)-convex functions

• (G,G)-convex functions (the multiplicatively convex functions).

A basic result concerning the convex functions is Jensen’s inequality. Its formal
statement is as follows:

PROPOSITION 1. (Jensen’s inequality) A real valued function f defined on I is
convex if and only if for all x1,x2, ...,xn ∈ I and p1, p2, ..., pn ∈ (0,1) with ∑n

i=1 pi = 1
we have

f

(
n

∑
i=1

pixi

)
�

n

∑
i=1

pi f (xi) .

If f is strictly convex then the equality holds if and only if x1 = ... = xn.

If we restate it as
n

∑
i=1

pi f (xi)− f

(
n

∑
i=1

pixi

)
� 0

we can see that the lower bound zero depends only on f and the interval I .
We introduce now a generalization of the Jensen functional defined above, namely:

DEFINITION 3. The normalized Jensen functional is defined by

T ( f ,p,x) =
n

∑
i=1

pi f (xi)−
(
f ◦ϕ−1)( n

∑
i=1

piϕ (xi)

)
,

where f is a
(
M[ϕ],A

)
-convex function.

The following results will be extended in later sections.
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THEOREM 1. For i = 1, ...,n, suppose that xi ∈ I, pi > 0 with ∑n
i=1 pi = 1 and

qi > 0 with ∑n
i=1 qi = 1. Then

min
i=1..n

{
pi

qi

}
T ( f ,q,x) � T ( f ,p,x) � max

i=1..n

{
pi

qi

}
T ( f ,q,x)

for all f which are
(
M[ϕ],A

)−convex functions.
If f is strictly

(
M[ϕ],A

)−convex then both sides of the inequality are equalities
if and only if x1 = ... = xn or pi = qi for all i = 1, ...,n.

See [7] for the details of the proof. An interesting proof is also developed for the
particular case f (x) = x and ϕ (x) = logx by J. M. Aldaz [2].

Theorem 1 corresponds in the context of
(
M[ϕ],A

)
-convex functions to a result

proved by S. S. Dragomir for convex functions (see [4, Theorem 1]). By the substitution
ϕ (xi) = zi Theorem 1 is [4, Theorem 1] for the convex function f ◦ϕ−1 .

We generalize this result also for the continuous case as follows.

THEOREM 2. (Integral analogue of Theorem 1) Let p(x)dx and q(x)dx be two
absolutely continuous measures, where p,q : [a,b] → (0,∞) are increasing such that∫ b
a p(x)dx = 1 and

∫ b
a q(x)dx = 1. Define

T ( f , p) :=
∫ b

a
f (x) p(x)dx− ( f ◦ϕ−1)(∫ b

a
ϕ (x) p(x)dx

)
.

Then the following inequalities hold

inf
t,s∈[a,b];s �=t

{∫ t
s p(x)dx∫ t
s q(x)dx

}
T ( f ,q) � T ( f , p) � sup

t,s∈[a,b];s �=t

{∫ t
s p(x)dx∫ t
s q(x)dx

}
T ( f ,q) ,

for every f : [a,b]→ R a
(
M[ϕ],A

)
-convex function.

Theorem2 (see its proof in Section 2.2) corresponds in the framework of
(
M[ϕ],A

)
-

convex functions to a result due to J. Barić, M. Matić and J. Pecarić [3].

2. Main results

Motivated by the above results, we introduce in the present paper a more general
functional and we establish its bounds. The techniques of the proofs are similar to the
technique used in [1, Theorem 6, Theorem 7].

2.1. The discrete case

DEFINITION 4. Assume that we have a real valued function f defined on an inter-
val I, the real numbers pi j, i = 1, ...,k and j = 1, ...,ni such that pi j > 0, ∑ni

j=1 pi j = 1
for all i = 1, ...,k (we denote pi = (pi1, pi2, ..., pini) ), xi = (xi1,xi2, ...,xini) ∈ Ini for
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all i = 1, ...,k and q = (q1,q2, ...,qk) , qi > 0 such that ∑k
i=1 qi = 1. We define the

generalized Jensen functional by

Jk ( f ,p1, ...,pk,q,x1, ...,xk) :=
n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk f

(
k

∑
i=1

qixi ji

)

− f

(
k

∑
i=1

qi

ni

∑
j=1

pi jxi j

)
.

First of all observe that, by Jensen’s inequality, the functional Jk is nonnegative.
We will need the following lemma.

LEMMA 1. Let pi, xi, q be as in Definition 4. Then

n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

k

∑
i=1

qixi ji =
k

∑
i=1

qi

ni

∑
j=1

pi jxi j. (2.1)

Proof. The proof is straightforward, by a simple computation we get the claimed
result:

n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

k

∑
i=1

qixi ji

= q1

n1

∑
j1=1

p1 j1x1 j1

n2,...,nk

∑
j2,..., jk=1

p2 j2 ...pk jk + ...

+qk

nk

∑
jk=1

pk jkxk jk

n1,...,nk−1

∑
j1,..., jk−1=1

p1 j1 ...p(k−1) jk−1

= q1

n1

∑
j1=1

p1 j1x1 j1 + ...+qk

nk

∑
jk=1

pk jk xk jk =
k

∑
i=1

qi

ni

∑
j=1

pi jxi j. �

The following theorem is a generalization of Theorem 1, for ϕ(x) = x.

THEOREM 3. Let f , pi, xi and q be as in Definition 4 and the positive real
numbers ri j, i = 1, ...,k and j = 1, ...,ni such that ∑ni

j=1 ri j = 1 for all i = 1, ...,k. We
denote

ri = (ri1,ri2, ...,rini) for all i = 1, ...,k,

m = min
1� j1�n1

...
1� jk�nk

{
p1 j1 ...pk jk

r1 j1 ...rk jk

}
,

M = max
1� j1�n1

...
1� jk�nk

{
p1 j1 ...pk jk

r1 j1 ...rk jk

}
.
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If f is a convex function then we have

mJk ( f ,r1, ...,rk,q,x1, ...,xk)
� Jk ( f ,p1, ...,pk,q,x1, ...,xk) � MJk ( f ,r1, ...,rk,q,x1, ...,xk) .

Proof. If m � 1 then

p1 j1 ...pk jk − r1 j1 ...rk jk � p1 j1 ...pk jk −mr1 j1 ...rk jk � 0,

1 � ji � ni, 1 � i � k. On the other hand

n1,...,nk

∑
j1,..., jk=1

(
p1 j1 ...pk jk − r1 j1 ...rk jk

)
= 0.

Therefore p1 j1 ...pk jk = r1 j1 ...rk jk , 1 � ji � ni, 1 � i � k that is pi = ri, for all i =
1, ...,k and

Jk ( f ,p1, ...,pk,q,x1, ...,xk) = Jk ( f ,r1, ...,rk,q,x1, ...,xk) .

It remains to consider the case m < 1.

We prove the first inequality. Indeed, applying twice the equality (2.1) we get the
desired result:

n1,...,nk

∑
j1,..., jk=1

(
p1 j1 ...pk jk −mr1 j1 ...rk jk

)
f

(
k

∑
i=1

qixi ji

)
+mf

(
k

∑
i=1

qi

ni

∑
j=1

ri jxi j

)

� f

(
n1,...,nk

∑
j1,..., jk=1

(
p1 j1 ...pk jk −mr1 j1 ...rk jk

) k

∑
i=1

qixi ji +m
k

∑
i=1

qi

ni

∑
j=1

ri jxi j

)

= f

(
k

∑
i=1

qi

ni

∑
j=1

pi jxi j

)
.

The proof of the other inequality goes likewise and we omit the details. �

The following particular case is of interest: p1 = ... =pk =p and x1 = ... = xk = x.
Then we have Jk ( f ,p1, ...,pk,q,x1, ...,xk) = Jk ( f ,p,q,x) , where

Jk ( f ,p,q,x) :=
n

∑
i1,...,ik=1

pi1 ...pik f

(
k

∑
j=1

q jxi j

)
− f

(
n

∑
i=1

pixi

)
.

For this particular case we get the following result:

COROLLARY 1. Assume that we have x = (x1,x2, ...,xn)∈ In, p = (p1, p2, ..., pn)
such that pi > 0 , i = 1, ...,n, ∑n

i=1 pi = 1, q = (q1,q2, ...,qk) such that qi > 0 , i =
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1, ...,n, ∑k
i=1 qi = 1 (1 � k � n) and r = (r1,r2, ...,rn) such that ri > 0 , i = 1, ...,n,

∑n
i=1 ri = 1 . If f is a convex function then we have

min
1�i1,...,ik�n

{
pi1 ...pik

ri1 ...rik

}
Jk ( f ,r,q,x)

� Jk ( f ,p,q,x) � max
1�i1,...,ik�n

{
pi1 ...pik

ri1 ...rik

}
Jk ( f ,r,q,x) .

Proof. It is a special case of Theorem 3 for p1 = ... = pk = p and x1 = ... = xk =
x . �

Corollary 1 is a result due to S. Abramovich and S. S. Dragomir (see [1]).

We denote in the sequel

J f (a,b) = max
p,q

{p f (a)+q f (b)− f (pa+qb); p,q > 0, p+q = 1} .

The right side of Proposition 2 appears in [9] and earlier as an immediate consequence
of theorems proved in the paper [6] by A. Matković and J. Pečarić:

PROPOSITION 2. Assume that x = (x1,x2, ...,xn) ∈ In, p = (p1, p2, ..., pn) are
such that pi > 0 , ∑n

i=1 pi = 1. Let f be a convex function on [a,b] . Then

J ( f ,p,x) � J f (a,b) � f (a)+ f (b)−2 f

(
a+b

2

)
.

Our next result reads as follows.

THEOREM 4. Let pi, xi and q be as in Definition 4. If f is a real valued convex
function on I = [a,b] , then

Jk ( f ,p1, ...,pk,q,x1, ...,xk) � J f (a,b) .

Proof. Since xi j ∈ [a,b] , i = 1, ...,k , j = 1, ...,ni, we may consider λi j ∈ [0,1] such
that

xi j = (1−λi j)a+λi jb

for all i = 1, ...,k and j = 1, ...,ni.
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By Jensen’s inequality we have

Jk ( f ,p1, ...,pk,q,x1, ...,xk)

=
n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk f

(
k

∑
i=1

qi [(1−λi ji)a+λi jib]

)

− f

(
k

∑
i=1

qi

ni

∑
j=1

pi j [(1−λi j)a+λi jb]

)

�
n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

k

∑
i=1

qi [(1−λi ji) f (a)+λi ji f (b)]

− f

(
a

k

∑
i=1

qi

ni

∑
j=1

pi j (1−λi j)+b
k

∑
i=1

qi

ni

∑
j=1

pi jλi j

)

= f (a)

(
1−

n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

k

∑
i=1

qiλi ji

)
+ f (b)

n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

k

∑
i=1

qiλi ji

− f

(
a

(
1−

k

∑
i=1

qi

ni

∑
j=1

pi jλi j

)
+b

k

∑
i=1

qi

ni

∑
j=1

pi jλi j

)
.

Since
n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

k

∑
i=1

qiλi ji =
k

∑
i=1

qi

ni

∑
j=1

pi jλi j

we finally get

Jk ( f ,p1, ...,pk,q,x1, ...,xk) � f (a) p+ f (b)q− f (pa+qb),

where p = 1−∑k
i=1

(
qi∑ni

j=1 pi jλi j

)
, q = ∑k

i=1

(
qi∑ni

j=1 pi jλi j

)
.

Obviously we have

0 � min
i, j

{
λi j
}

�
k

∑
i=1

qi

ni

∑
j=1

pi jλi j � max
i, j

{
λi j
}

� 1.

Then 0 � p,q � 1, p+q = 1 and we conclude that the first inequality is valid. �

The theorem above can be used to infer the following corollary:

COROLLARY 2. Assume that x = (x1,x2, ...,xn) ∈ [a,b]n , p = (p1, p2, ..., pn) are
such that pi > 0 , ∑n

i=1 pi = 1 and q = (q1,q2, ...,qk) such that qi > 0 , ∑k
i=1 qi = 1 .

If f is a convex real valued function defined on [a,b] then

Jk ( f ,p,q,x) � J f (a,b) � f (a)+ f (b)−2 f

(
a+b

2

)
.
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Proof. The first inequality is a special case of Theorem 4 for p1 = ... = pk = p
and x1 = ... = xk = x . �

For k = 1 we state as an immediate consequence that Proposition 2 holds.

REMARK 1. Let pi, xi and q be as in Definition 4. Let f be
(
M[ϕ],A

)−convex
and define the functional

Tk ( f ,p1, ...,pk,q,x1, ...,xk) :=
n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

(
f ◦ϕ−1)( k

∑
i=1

qiϕ (xi ji)

)

−( f ◦ϕ−1)( k

∑
i=1

qi

ni

∑
j=1

pi jϕ (xi j)

)
.

We can easily obtain analogues results for Tk, simply by substituting Jk by Tk, the
function f by f ◦ϕ−1 (obviously it is convex) and x by ϕ (x) .

The following propositionwas stated for the case of convex functions by L. Horváth
at the Conference on Inequalities and Applications ’10, Hajdúszoboszló, Hungary (Septem-
ber 19-25, 2010). We give the statement for

(
M[ϕ],A

)
- convex functions and we prove

it:

PROPOSITION 3. Let pi, xi and q be as in Definition 4. If f is
(
M[ϕ],A

)
- convex

function then

(
f ◦ϕ−1)( k

∑
i=1

qi

ni

∑
j=1

pi jϕ (xi j)

)

�
n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

(
f ◦ϕ−1)( k

∑
i=1

qiϕ (xi ji)

)
�

k

∑
i=1

(
qi

ni

∑
j=1

pi j f (xi j)

)
.

Proof. The first inequality can be proved taking into account that

k

∏
i=1

(pi1 + ...+ pini) =
n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk = 1.

Since f is
(
M[ϕ],A

)
- convex, we have

(
f ◦ϕ−1)( n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

k

∑
i=1

qiϕ (xi ji)

)

�
n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

(
f ◦ϕ−1)( k

∑
i=1

qiϕ (xi ji)

)
.

Combining this inequality with Lemma 1, we may conclude that the first inequality
holds.
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The second inequality also follows from the convexity of f ◦ϕ−1 and from Lemma 1:

n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

(
f ◦ϕ−1)( k

∑
i=1

qiϕ (xi ji)

)

�
n1,...,nk

∑
j1,..., jk=1

p1 j1 ...pk jk

k

∑
j=1

q j f (xi ji) =
k

∑
i=1

(
qi

ni

∑
j=1

pi j f (xi j)

)
.

This concludes the proof. �

COROLLARY 3. Assume that f is a real valued function defined on an interval
I, x = (x1,x2, ...,xn) ∈ In, p = (p1, p2, ..., pn) such that pi > 0 , ∑n

i=1 pi = 1 and q =
(q1,q2, ...,qk) such that qi > 0 , ∑k

i=1 qi = 1 (1 � k � n) . If f is
(
M[ϕ],A

)
- convex then

we have

(
f ◦ϕ−1)( n

∑
i=1

piϕ (xi)

)
�

n

∑
i1,...,ik=1

pi1 ...pik

(
f ◦ϕ−1)( k

∑
j=1

q jϕ
(
xi j

))

�
n

∑
i=1

pi f (xi) .

Proof. It follows immediately from Proposition 3 considering p1 = ... = pk = p
and x1 = ... = xk = x . �

If k = 1 and f is a convex function then Corollary 3 reduces to Jensen’s inequality.
If f : I ⊂ (0,∞)→ (0,∞) is a

(
M[ϕ],M[ψ]

)−convex function, then g :=ψ ◦ f ◦ϕ−1

is convex. This means that from results obtained for Jk for convex functions one can
derive results related to

(
M[ϕ],M[ψ]

)−convex functions.

2.2. The integral case

In what follows we shall concentrate on the integral analogue of the results from
the previous sections.

Proof. [Proof of Theorem 2] We will prove the first inequality. We denote

m = inf
t,s∈[a,b],s �=t

{∫ t
s p(x)dx∫ t
s q(x)dx

}
> 0.

If m � 1 then ∫ t

s
(p(x)−q(x))dx �

∫ t

s
(p(x)−mq(x))dx � 0,

s �= t. As
∫ b
a (p(x)−q(x))dx = 0, this implies

∫ t

s
p(x)dx =

∫ t

s
q(x)dx,
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for s �= t, that is p = q.
It remains to consider the case m < 1. Since the function f ◦ϕ−1 is convex, we

deduce that the required inequality holds:∫ b

a
f (x)(p(x)−mq(x))dx+m

(
f ◦ϕ−1)(∫ b

a
ϕ (x)q(x)dx

)

�
∫ b

a
(p(x)−mq(x))dx

·( f ◦ϕ−1)( 1∫ b
a (p(x)−mq(x))dx

∫ b

a
ϕ (x)(p(x)−mq(x))dx

)

+m
(
f ◦ϕ−1)(∫ b

a
ϕ (x)q(x)dx

)

= (1−m)
(
f ◦ϕ−1)( 1

1−m

∫ b

a
ϕ (x) (p(x)−mq(x))dx

)

+m
(
f ◦ϕ−1)(∫ b

a
ϕ (x)q(x)dx

)

�
(
f ◦ϕ−1)(∫ b

a
ϕ (x) p(x)dx

)
.

The proof of the second inequality goes likewise and has been omitted. �
We consider pi (x)dx and ri (x)dx, i = 1, ...,k, to be absolutely continuous mea-

sures, where pi, ri : [a,b] → (0,∞) are increasing functions such that
∫ b
a pi (x)dx = 1,∫ b

a ri (x)dx = 1. We also consider q = (q1,q2, ...,qk) , qi > 0 with ∑k
i=1 qi = 1. We

denote

Jk ( f , p1, ..., pk,q) :=
∫

[a,b]k
f

(
k

∑
i=1

qixi

)
k

∏
i=1

(pi (xi)dxi)

− f

(
k

∑
i=1

qi

∫ b

a
xpi (x)dx

)
(� 0) .

THEOREM 5. (Integral analogue of Theorem 3) If f is convex then we have

inf
t,s∈[a,b],s �=t

{∫
[t,s]k ∏

k
i=1 (pi (xi)dxi)∫

[t,s]k ∏
k
i=1 (ri (xi)dxi)

}
Jk ( f ,r1, ...,rk,q)

� Jk ( f , p1, ..., pk,q)

� sup
t,s∈[a,b],s �=t

{∫
[t,s]k ∏

k
i=1 (pi (xi)dxi)∫

[t,s]k ∏
k
i=1 (ri (xi)dxi)

}
Jk ( f ,r1, ...,rk,q) .

Proof. We will prove the first inequality. We denote

m = inf
t,s∈[a,b],s �=t

{∫
[t,s]k ∏

k
i=1 (pi (xi)dxi)∫

[t,s]k ∏
k
i=1 (ri (xi)dxi)

}
> 0.
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If m � 1 then

∫
[t,s]k

(
k

∏
i=1

pi (xi)−
k

∏
i=1

ri (xi)

)
k

∏
i=1

dxi

�
∫

[t,s]k

(
k

∏
i=1

pi (xi)−m
k

∏
i=1

ri (xi)

)
k

∏
i=1

dxi � 0,

s �= t. As
∫
[a,b]k

(
∏k

i=1 pi (xi)−∏k
i=1 ri (xi)

)
∏k

i=1 dxi = 0, this implies

∫
[t,s]k

k

∏
i=1

(pi (xi)dxi) =
∫

[t,s]k

k

∏
i=1

(ri (xi)dxi) ,

s �= t, that is pi = ri, for all i = 1, ...,k and

Jk ( f , p1, ..., pk,q) = Jk ( f ,r1, ...,rk,q) .

It remains to consider the case m < 1. Since we have∫
[a,b]k

k

∑
i=1

qixi

k

∏
i=1

pi (xi)dxi =
k

∑
i=1

qi

∫ b

a
xpi (x)dx

and the function f is convex we deduce that the required inequality holds:

∫
[a,b]k

f

(
k

∑
i=1

qixi

)(
k

∏
i=1

pi (xi)−m
k

∏
i=1

ri (xi)

)
k

∏
i=1

dxi +mf

(
k

∑
i=1

qi

∫ b

a
xri (x)dx

)

�
∫

[a,b]k

(
k

∏
i=1

pi (xi)−m
k

∏
i=1

ri (xi)

)
k

∏
i=1

dxi

· f
(∫

[a,b]k ∑
k
i=1 qixi

(
∏k

i=1 pi (xi)−m∏k
i=1 ri (xi)

)
∏k

i=1 dxi∫
[a,b]k

(
∏k

i=1 pi (xi)−m∏k
i=1 ri (xi)

)
∏k

i=1 dxi

)

+mf

(
k

∑
i=1

qi

∫ b

a
xri (x)dx

)

= (1−m) f

⎛
⎝∑k

i=1 qi

(∫ b
a x(pi (x)−mri (x))dx

)
1−m

⎞
⎠+mf

(
k

∑
i=1

qi

∫ b

a
xri (x)dx

)

� f

(
k

∑
i=1

qi

∫ b

a
xpi (x)dx

)
.

The proof of the second inequality goes likewise and has been omitted. �
If p1 = ... = pk = p then we have Jk ( f , p1, ..., pk,q) = Jk ( f , p,q) , where

Jk ( f , p,q) :=
∫

[a,b]k
f

(
k

∑
i=1

qixi

)
k

∏
i=1

(p(xi)dxi)− f

(∫ b

a
xp(x)dx

)
.
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COROLLARY 4. (Integral analogue of Corollary 1) Let p(x)dx, and r (x)dx be
absolutely continuous measures, where p, r : [a,b] → (0,∞) are increasing functions
such that

∫ b
a p(x)dx = 1 ,

∫ b
a r (x)dx = 1. Then, under the assumptions of Corollary 5,

we have

inf
t,s∈[a,b];s �=t

{∫
[t,s]k ∏

k
i=1 (p(xi)dxi)∫

[t,s]k ∏
k
i=1 (r (xi)dxi)

}
Jk ( f ,r,q)

� Jk ( f , p,q) � sup
t,s∈[a,b];s �=t

{∫
[t,s]k ∏

k
i=1 (p(xi)dxi)∫

[t,s]k ∏
k
i=1 (r (xi)dxi)

}
Jk ( f ,r,q) .

Proof. It follows immediately from Theorem 5, with p1 = ... = pk = p. �
If k = 1, since we have Jk ( f , p,q) = J ( f , p) , this corollary reduces to a result

due to J. Barić, M. Matić and J. Pecarić (see [3]).

REMARK 2. Consider that f is
(
M[ϕ],A

)−convex and define the functional

Tk ( f , p1, ..., pk,q) : =
∫

[a,b]k

(
f ◦ϕ−1)( k

∑
i=1

qiϕ (xi)

)
k

∏
i=1

(pi (xi)dxi)

−( f ◦ϕ−1)( k

∑
i=1

qi

∫ b

a
ϕ (x) pi (x)dx

)
(� 0) .

Then we can easily obtain similar results for Tk, simply by substituting Jk by Tk,
the function f by f ◦ϕ−1 (obviously it is convex) and x by ϕ (x) .

PROPOSITION 4. (Integral analogue of Proposition 3) Let pi (x)dx, i = 1, ...,k, be
absolutely continuous measures, pi : [a,b] → (0,∞) increasing functions such that∫ b
a pi (x)dx = 1 . Suppose that we have q = (q1,q2, ...,qk) such that qi > 0 , ∑k

i=1 qi = 1
(1 � k ) .

If f is
(
M[ϕ],A

)
- convex then we have

(
f ◦ϕ−1)( k

∑
i=1

qi

∫ b

a
ϕ (x) pi (x)dx

)

�
∫

[a,b]k

(
f ◦ϕ−1)( k

∑
i=1

qiϕ (xi)

)
k

∏
i=1

(pi (xi)dxi) �
k

∑
i=1

qi

∫ b

a
f (x) pi (x)dx

for all positive integers k .

Proof. The first inequality is proved taking into account that

∫ b

a
pi (x)dx = 1, for all i = 1, ...,k.
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Since f is
(
M[ϕ],A

)
- convex we have

(
f ◦ϕ−1)(∫

[a,b]k

k

∑
i=1

qiϕ (xi)
k

∏
i=1

(pi (xi)dxi)

)

�
∫

[a,b]k

(
f ◦ϕ−1)( k

∑
i=1

qiϕ (xi)

)
k

∏
i=1

(pi (xi)dxi) .

Combining this inequality with the following result

∫
[a,b]k

k

∑
i=1

qiϕ (xi)
k

∏
i=1

(pi (xi)dxi) =
k

∑
i=1

qi

∫ b

a
ϕ (x) pi (x)dx

we obtain the conclusion.
The second inequality follows by applying the same technique:

∫
[a,b]k

(
f ◦ϕ−1)( k

∑
i=1

qiϕ (xi)

)
k

∏
i=1

(pi (xi)dxi)

�
∫

[a,b]k

k

∑
i=1

qi f (xi)
k

∏
i=1

(pi (xi)dxi) =
k

∑
i=1

qi

∫ b

a
f (x) pi (x)dx. �

COROLLARY 5. (Integral analogue of Corollary 3) Let p(x)dx be an absolutely
continuous measure, p : [a,b] → (0,∞) increasing such that

∫ b
a p(x)dx = 1 . Suppose

that we have q = (q1,q2, ...,qk) such that qi > 0 , ∑k
i=1 qi = 1 (k � 1 ) .

If f is
(
M[ϕ],A

)
-convex then we have

(
f ◦ϕ−1)(∫ b

a
ϕ (x) p(x)dx

)
�
∫

[a,b]k

(
f ◦ϕ−1)( k

∑
i=1

qiϕ (xi)

)
k

∏
i=1

(p(xi)dxi)

�
∫ b

a
f (x) p(x)dx

for all positive integers k .

Proof. It follows immediately from Proposition 4, with p1 = ... = pk = p. �

3. Applications for norm inequalities

Let (X ;‖.‖) be a normed linear space, x = (x1, ...,xn) an n -tuple in Xn ; p =
(p1, p2, ..., pn) such that pi > 0, ∑n

i=1 pi = 1, q = (q1,q2, ...,qk) such that qi > 0,
∑k

i=1 qi = 1 (1 � k � n ) and r = (r1,r2, ...,rn) such that ri > 0, ∑n
i=1 ri = 1 are proba-

bility distributions.
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Then we have

min
1�i1,...,ik�n

{
pi1 ...pik

ri1 ...rik

}
Tk (‖.‖ ,r,q,x)

� Tk (‖.‖ ,p,q,x) � max
1�i1,...,ik�n

{
pi1 ...pik

ri1 ...rik

}
Tk (‖.‖ ,r,q,x) ,

where

Tk (‖.‖ ,p,q,x) :=
n

∑
i1,...,ik=1

pi1 ...pik

∥∥∥∥∥
k

∑
j=1

q jxi j

∥∥∥∥∥−
∥∥∥∥∥

n

∑
i=1

pixi

∥∥∥∥∥ .

In particular, considering r to be the uniform distribution,

min
1�i1,...,ik�n

{
pi1 ...pik

}( n

∑
i1,...,ik=1

∥∥∥∥∥
k

∑
j=1

q jxi j

∥∥∥∥∥−nk−1

∥∥∥∥∥
n

∑
i=1

xi

∥∥∥∥∥
)

� Tk (‖.‖ ,p,q,x)

� max
1�i1,...,ik�n

{
pi1 ...pik

}( n

∑
i1,...,ik=1

∥∥∥∥∥
k

∑
j=1

q jxi j

∥∥∥∥∥−nk−1

∥∥∥∥∥
n

∑
i=1

xi

∥∥∥∥∥
)

.

If we take xi �= 0, i = 1, ...,n and

pi =
1

‖xi‖
∑n

j=1
1

‖x j‖
by rearranging the inequality, we get

min
1�i1,...,ik�n

{‖xi1‖ · ... ·
∥∥xik

∥∥}

·
⎡
⎣ n

∑
i1,...,ik=1

1

‖xi1‖ · ... ·
∥∥xik

∥∥
∥∥∥∥∥

k

∑
j=1

q jxi j

∥∥∥∥∥−
(

n

∑
j=1

1∥∥x j
∥∥
)k−1∥∥∥∥∥

n

∑
i=1

xi

‖xi‖

∥∥∥∥∥
⎤
⎦

�
n

∑
i1,...,ik=1

∥∥∥∥∥
k

∑
j=1

q jxi j

∥∥∥∥∥−nk−1

∥∥∥∥∥
n

∑
i=1

xi

∥∥∥∥∥
� max

1�i1,...,ik�n

{‖xi1‖ · ... ·
∥∥xik

∥∥}

·
⎡
⎣ n

∑
i1,...,ik=1

1

‖xi1‖ · ... ·
∥∥xik

∥∥
∥∥∥∥∥

k

∑
j=1

q jxi j

∥∥∥∥∥−
(

n

∑
j=1

1∥∥x j
∥∥
)k−1∥∥∥∥∥

n

∑
i=1

xi

‖xi‖

∥∥∥∥∥
⎤
⎦ ,

(a refinement of the triangle inequality).
If ‖x1‖ = ... = ‖xn‖ then it becomes an equality.
We conclude this discussion by stressing that for k = 1 we easily infer a particular

result that appeared in a paper of M. Kato et al. [5]:
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min
1�i�n

{‖xi‖} ·
(

n−
∥∥∥∥∥

n

∑
i=1

xi

‖xi‖

∥∥∥∥∥
)

�
n

∑
i=1

‖xi‖−
∥∥∥∥∥

n

∑
i=1

xi

∥∥∥∥∥
� max

1�i�n
{‖xi‖} ·

(
n−
∥∥∥∥∥

n

∑
i=1

xi

‖xi‖

∥∥∥∥∥
)

.
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