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ESTIMATING THE NORMALIZED JENSEN FUNCTIONAL

FLAVIA CORINA MITROI

(Communicated by S. Abramovich)

Abstract. We establish upper and lower bounds for the normalized Jensen functional in the con-
text of (M[WA) -convexity. In connection with these results, a refinement of the triangle in-
equality is proved.

1. Introduction

The normalized Jensen functional for convex functions f is defined by

f (f,p;X) szf X;) szxz

The aim of this paper is to estimate the normalized Jensen functional in the framework
of (M[(p] ,A) -convex functions and to state some results related to the lower and upper
bounds for it (for details see [4]). We give the analogue bounds for the integral case
also. In the last section some resources helpful when dealing with norm inequalities
can be found.

For the convenience of the reader, before stating the results, we establish the nota-
tion and we briefly recall some basic notions related to our goal:

Throughout the paper I C R and J C R are intervals.

DEFINITION 1. Let ¢ : I — J acontinuous, increasing and bijective function. The
weighted quasi-arithmetic mean M, of a nonempty set of data X = (x,x2,...,%) €
I" with weights p = (p1,p2,....,pn), Where p; > 0, Y7 | p; =1, is defined by the
formula

M) (x;p) = 2 Pio (xi)
Particularly the weighted arithmetic mean A (X' p) =7 | pix; correspondsto ¢ (x)
=x, and the weighted geometric mean G (x;p) =[]}, x/ corresponds to ¢ (x) =logx.
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DEFINITION 2. Suppose that we have two continuous, bijective and increasing
functions @ : 1 — I,y :J — J. Afunction f:1—J is called (M4, M}y) - convex if
for every two points a,b € I and all A € [0, 1]

floT (1=2)e(@) +rp (1) <w ' (1=2)w(f (@) +Aw(f (D).

The function is called strictly (M|q),M|y) - convex if the inequality is strict for all @ # b
and A € (0,1).

According to the definition, we observe some particular cases, depending on which
type of mean, arithmetic (A) or geometric (G), it is given on its domain and codomain
(see also C. P. Niculescu [8]):

) -convex functions (the usual convex functions)

° -convex functions (the log-convex functions)

. -convex functions

(4,4)
(4,6)
(G,A)-
* (G,G)

G)-convex functions (the multiplicatively convex functions).

A basic result concerning the convex functions is Jensen’s inequality. Its formal
statement is as follows:

PROPOSITION 1. (Jensen’s inequality) A real valued function f defined on I is
convex if and only if for all x1,xy,....,x, € I and py,p2,...,pn € (0,1) with ¥ pi=1
we have

n n
f (Z Pixi> <Y pif (xi).
i=1 i=1
If f is strictly convex then the equality holds if and only if x; = ... = x,.

If we restate it as
sz xl (2 Pz%) >

we can see that the lower bound zero depends only on f and the interval 1.
We introduce now a generalization of the Jensen functional defined above, namely:

DEFINITION 3. The normalized Jensen functional is defined by

T (f,p:x) = Enlpif(xz') —(foo™) (imﬂ%)) ;
i=1 i=1

where f isa (M,),A)-convex function.

The following results will be extended in later sections.
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THEOREM 1. For i =1,...,n, suppose that x; € I, p; >0 with ¥ pi =1 and
qi >0 with Y qi=1. Then

mm{ql} (f,9,%) < 7 (f,p,x) < max {q,} (f.9,x)

i=1..n

forall f which are (M[(p] 7A) — convex functions.

If f is strictly (M[(p] ,A) —convex then both sides of the inequality are equalities
ifandonlyif x) =...=x, or pi=gq; foralli=1,...n

See [7] for the details of the proof. An interesting proof is also developed for the
particular case f(x) =x and ¢ (x) = logx by J. M. Aldaz [2].

Theorem 1 corresponds in the context of (M[(p],A) -convex functions to a result
proved by S. S. Dragomir for convex functions (see [4, Theorem 1]). By the substitution
¢ (x;) = z; Theorem 1 is [4, Theorem 1] for the convex function f o q)‘l .

We generalize this result also for the continuous case as follows.

THEOREM 2. (Integral analogue of Theorem 1) Let p (x)dx and q(x)dx be two
absolutely continuous measures, where p,q : [a,b] — (0,e0) are increasing such that
ffp(x)dxz 1 and ffq(x)dxz L. Define

/f dx—fo<p1</<p )

Then the following inequalities hold

- {ftp(X)

Ji p(x)dx
sclansz | [Tq(x)d }9(f7q)<<7(f7p)< sup { }ﬂ(f,q),

t,s€la,bl;s#t fst q (x) dx
forevery f:la,b] =R a (M[(p],A) -convex function.
Theorem 2 (see its proof in Section 2.2) corresponds in the framework of (M (] 7A) -

convex functions to a result due to J. Bari¢, M. Mati¢ and J. Pecari¢ [3].

2. Main results

Motivated by the above results, we introduce in the present paper a more general
functional and we establish its bounds. The techniques of the proofs are similar to the
technique used in [1, Theorem 6, Theorem 7].

2.1. The discrete case

DEFINITION 4. Assume that we have a real valued function f defined on an inter-
val I, the real numbers p;;, i=1,...,k and j=1,...,n; suchthat p;; >0, Z?i:lp,-j =1
forall i=1,....,k (we denote p; = (pi1,Pizs--s Pin;))> Xi = (Xi1,Xi2, ..., %in;) € I" for
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all i=1,...,k and q = (q1,92,---,qgx), ¢i > 0 such that Zf-‘zlqi = 1. We define the
generalized Jensen functional by

Ny g

k
fk(f7pl7"‘7pk7q7xla”'7xk) = ) 2 p1j1~~~pkjkf (2611')61'/',-)

i=1

k n;

—f (2%21%,’%,’) .
=1 j=1

First of all observe that, by Jensen’s inequality, the functional _#} is nonnegative.
We will need the following lemma.

LEMMA 1. Let p;, X;, q be as in Definition 4. Then

k n;i
2 pljl pk/kz%xz/, N 4 Y pijxij. 2.1
=1 j=1

Proof. The proof is straightforward, by a simple computation we get the claimed
result:

2 Diji- pkuquxm

Jlseesk=1
np N
=aq 2 P1j X1 2 P2jy-+-Phjp T -
Jj1=1 J2sedk=1
k Ay 5eensll—]
T4k Z PRk, X Pliv-PlUenj
Ji=1 Jlseesdk—1=1
ny g i
=4q1 2 P1jX1j, -+ qk 2 PikjpXkj, = 2%‘ zpijxij~ U
Ji=1 Jie=1 i=1 j=1

The following theorem is a generalization of Theorem 1, for ¢(x) = x.

THEOREM 3. Let f, pi, Xi and q be as in Definition 4 and the positive real
numbers rij, i=1,....k and j=1,...,n; such that Z?i:lr,-j =1forali=1,... k. We
denote

r; = (Fi1, 72, Fin;) foralli=1,...k,

. DP1ji---Pkji
min J1 Jk ,
1<j1<n T1jy Tk

m =
1<k <ng
P1j;---Pkj
M = max P PRk .
1</ 1<y Tljy--Tkj

1<k <ng
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If f is a convex function then we have

m/k (f;rh-~-,1'kaq’X1;-~-an)
< j/{ (f»P1»~~~apk»(l»X17~-~7Xk) < Mjk (f71'1»-~-7rk7q7X1»-~-7Xk)~

Proof. If m > 1 then

pljl"'pkjk — V]jl...rkjk 2 pljl"'pkjk —mrljl...rkjk 2 07
1 < ji; <m;, 1 <i< k. Onthe other hand

Ayl

(pljl"'pkjk — rljl"'rkjk) =0.

Therefore pyj,...pxj, = r1j,---Txj,, 1 < Jji <my, 1 <i<kthatis p; =r;, forall i =
1,....k and

/k (fapla"'7pkaqaxl7"'axk) = /k (f7r1a"~7rkaqaxl7"'axk) .

It remains to consider the case m < 1.
We prove the first inequality. Indeed, applying twice the equality (2.1) we get the
desired result:

Nyl k k n;
> (Prjipri—mryyerg) £ Y g | mi | g Y i
Jlsesdk=1 i=1 i=1 j=1
Ny, lg k k i
>f1 Y (PupeePrjy—mrij i) X qixi+m Y, qi Y, rijxij
Jlsendk=1 i=1 i=1 j=1

k n;i
=f (Z qi Y, Pinij> .
=1 j=

The proof of the other inequality goes likewise and we omit the details. [J

The following particular case is of interest: p; =...=py=p and X =... =X =X.
Then we have fk (fapla - Pk, 4, X1, "'axk) = /k (f7p7q7x) ) where

n k n
Ji(fpax) == Y pipif (Z ijij> —f (ZPVG) -
j=1 i=1

i]yenig=1

For this particular case we get the following result:

COROLLARY 1. Assume that we have X = (x1,x2,...,x,) €I", p=(p1,P2,--sPn)
such that p; >0, i=1,...n, X! pi=1, q=(q1,92,.--,qx) such that g; >0, i =
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1,...,n, Ef-‘zlq,- =1(l1<k<n)and r=(ri,rp,....ry) suchthat r; >0, i =1,...,n,
Stri=1 . If f is a convex function then we have

mln {pll plk}jk f,l’ q,x

1<iy,.. g <n Tiy o1

< jk(f7p7q7x)< ,ma)_ﬁ {pll pl/\}/k(far7q7x)'

I<iy,eigSn 1 T

Proof. 1tis a special case of Theorem 3 for py =...=py=p and X; = ... =x; =
x. U

Corollary 1 is a result due to S. Abramovich and S. S. Dragomir (see [1]).
We denote in the sequel

Jr(a,b) =mp§IX{pf(a)+Qf(b)—f(pa+qb); p.q>0, p+q=1}.

The right side of Proposition 2 appears in [9] and earlier as an immediate consequence
of theorems proved in the paper [6] by A. Matkovi¢ and J. Pecari¢:

PROPOSITION 2. Assume that X = (x1,X2,...,x,) € I", p = (p1,P2,...,Pn) are
such that p; >0, X}, pi=1. Let f be a convex function on [a,b]. Then

I (£:2.%) < Fr(a,b) < fla)+ £ (b) - 2f<a+b)

Our next result reads as follows.

THEOREM 4. Let p;, X; and q be as in Definition 4. If f is a real valued convex
Sunction on I = |a,b], then

jk (f’ph"'apk7q7xla"'7xk) < jf (a7b)'

Proof. Since x;; € [a,b], i=1,...,k, j=1,...,n;, we may consider A;; € [0, 1] such
that

Xij = (1 —)L,‘j)a-l-lijb

foralli=1,....kand j=1,...,n;
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By Jensen’s inequality we have

f (fapla"'7pkaqaxl7"'axk)

ny,...,n,

= Z Pij - pk,kf<Zqz Aiji) a+/1u,b}>

Jlseesk=1
—f (Z% ZPU Aij) Cl-l-lub])
ny,...,ng
< Y pij-Pri zqz'[(l —Aij,) f (@) + Aij.f (D)]
Jagi=1 -1

k i k n;
—f (“2‘” Y pii(1=Aij)+bY gy, Piﬂh‘j)
=1 =1

=1 j=1

:f(a) (1_ 2 Pij;-- Pk/kz% l/,) +f( ) 2 Pij; - pk/kqu iji
J1s

Jlseesik=1
—f (a (1 — Zqi 2 Pij%‘j) —i—qui 2 Pij/lij> .
=1 j=1 =1 j=1

Since

k n;
2 P1ji Pk Zqz i = 2 4i Y, Pijhij

J1edk=1 =1 j=1

we finally get

/k(f7pla"'7pkaqaxl7"'axk) gf(a)p+f(b)q_f(pa+qb)a

where p = 1_2 (6]:2 1pljllj> q:E (6]:2 lpljklj>
Obviously we have

k n;
0<min{A;} <Y g Y pijhij <max{A;} <1
LJ =1 j=1 LJ
Then 0 < p,q <1, p+q =1 and we conclude that the first inequality is valid. [
The theorem above can be used to infer the following corollary:

COROLLARY 2. Assume that X = (x,x2,...,x,) € [@,b]", p= (p1,p2,---,Pn) are
such that p; >0, ¥ pi=1 and q=(q1,92,...,qx) such that q; >0, Ef-;lq,- =1.
If f is a convex real valued function defined on |a,b] then

L (fp.0.%) < 7y (ab) < f (@) + f (b) — 2f(““’)



514 FLAVIA CORINA MITROI

Proof. The first inequality is a special case of Theorem 4 for p; = ... =py =p
and x;=..=x,=x. O

For k =1 we state as an immediate consequence that Proposition 2 holds.

REMARK 1. Let p;, X; and q be as in Definition 4. Let f be (M[WA) —convex
and define the functional

ny,.. Mg k
<7k(f»Pl»~~~7Pk»(l»X17~-~>Xk) = Z p1/1 ijk (fO(P 1) <ZQL(p(xlj,)>
; i=1

—(foo™") (Z%ZPU(P xu)>

Jj=1

We can easily obtain analogues results for .7, simply by substituting _#; by %, the
function f by fo@~! (obviously it is convex) and x by ¢ (x).

The following proposition was stated for the case of convex functions by L. Horvith
at the Conference on Inequalities and Applications * 10, Hajdiszoboszl6, Hungary (Septem-
ber 19-25, 2010). We give the statement for (M[q,] ,A) - convex functions and we prove
it:

PROPOSITION 3. Let p;, X; and q be as in Definition 4. If f is (MM,A) - convex
function then

k n;
(foo™) (;%’;pij(p(xij)>
..... k k n;
< 2 Py --Pij (fo @~ )(26]i¢(xz'.f,-)> <Y (fiizl’ijf(xz:f))
-1 -1

J1edk=1

Proof. The first inequality can be proved taking into account that

Nyl

(pit + .+ Piny) = Z Pij-Prj, = L.
1 Tk =1

=

I

Since f is (M[(p],A)— convex, we have

(fO(p ) ( E Plj---Pkjy 25]1 -xlj, )
< 2 pij-pij, (foo™") (Z qi¢ (Mj,—)) .
i=1

Jlseesk=1

Combining this inequality with Lemma 1, we may conclude that the first inequality
holds.
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1

The second inequality also follows from the convexity of fo@~" and from Lemma 1:

nYyeeey

yeesllk k
2 P1jy---Pkjy (fo(pil) (2%’(/’ (xiji)>
i=1

Jisensdk=1
Ny, k k i
<Y PPk 24 i) = X @i Y, pigf (%) | -
Jseodk=1 J=1 i=1 j=1

This concludes the proof. [

COROLLARY 3. Assume that f is a real valued function defined on an interval
I, x=(x1,x2,....,%) €I", p=(p1,P2,...,Pn) such that p; >0, X% pi=1and q=
(91,92, ---,qx) such that g; >0, Zi-‘zlqi =1(1<k<n). If fis (M[WA) - convex then
we have

(foo™) (gpiw(xi)> < En‘, pi--pi (foo™h) (élqﬂp (xz-,»)>

iyenikg=1

N

<

pif (xi).

i=1

Proof. 1t follows immediately from Proposition 3 considering p; = ... =px =p
and x; =..=x,=x. [

If k=1 and f is a convex function then Corollary 3 reduces to Jensen’s inequality.

If f:1C (0,00) — (0,00) isa (Mg, M) —convex function, then g :=yo foq™!
is convex. This means that from results obtained for _#; for convex functions one can
derive results related to (Mjy), Mp,|) —convex functions.

2.2. The integral case

In what follows we shall concentrate on the integral analogue of the results from
the previous sections.

Proof. [Proof of Theorem 2] We will prove the first inequality. We denote

t
m= inf {M} > 0.
t,s€la,b],s#t fv q (x) dx

If m > 1 then
[t (p(x) —q(x))dx > [t (p(x)—mgq(x))dx >0,
s#1. As [P (p(x)—q(x))dx =0, this implies

[tp(x)d)c:/:q(x)dx7
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for s #1¢, thatis p =gq.
It remains to consider the case m < 1. Since the function fo ¢
deduce that the required inequality holds:

[ 1000 -manasm(ree™) [ owawan)

> [ (00— ma)ax

a

-(f0<p1)<f,,(( S dx/fw(x)(p(x)—mq(x))dx)
o rom
= (-m(fo0™) (m/ 0 () (000~ ma 09
) ([ owawa)
) ([ owrwar).

The proof of the second inequality goes likewise and has been omitted. [

—1 is convex, we

We consider p; (x)dx and r; (x)dx, i = 1,...,k, to be absolutely continuous mea-
sures, where p;, ri : [a,b] — (0,0) are increasing functions such that [” p; (x)dx = 1,
f:r,- (x)dx = 1. We also consider q = (q1,92,--,qx), ¢i > 0 with ¥¥  g; = 1. We
denote

k k
fk(f»l?h 7l?k7q / (2 t-’@)H pz xl dxl

i=1

~f (qu/ xpi (x ) (>0).

THEOREM 5. (Integral analogue of Theorem 3) If f is convex then we have
, { gt T (i (31) i)
t sE[a bls#t f[t JE 15, (7 (xi) dx;)

< Ji(fipts-sPxQ)
{f[,sknf-‘ 1 (i (x3) dx)

f[tSAHl 1( ri(xi)d xi)}fk(f,rl,...,rk,q).

Proof. We will prove the first inequality. We denote
: f[l s]k Hi'{:l (pl (xi)dxi)
m=  inf i -
t,5€[a,b],s#t f[h-\']k T, (i () dixi)

}/k(f,rl,~-~,rk&)

< sup
t.s€a,b),s#t
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If m>1 then

k ‘ )
/[r,.y]k (Hpi (i) __1:[1”1' (xi)> Elldxi

i=1

k k k
> / ¥ (Hpi(xi)—m]_[ri(xi)> [1dxi >0,
[t.s] i=1

i=1 i=1

s#t. As f[mb]k (Hle pi (%) — Hi-‘zl ¥ (x,-)) ]_[i-‘zl dx; = 0, this implies

k k
/ 1 (pi (i) dxi) =/ TG axi),
[t.s] i=1 [t.s] i=1
s#t, thatis p;=r;, forall i=1,...,k and
j/{ (f7p17~”7pk7q) = /k(farla“'vrkaq) .

It remains to consider the case m < 1. Since we have

k k k b
/[b]" Yaixi [ pi (i) dxi = qu‘/ xp; (x)dx
@b =1 i=1 i—1

a

and the function f is convex we deduce that the required inequality holds:

/[a7b]k f(iq,-x,-) (ilip,-(xi)— ]} )de,erf(qu / i (x )

i=1

k
>/ k(np, w) =] <xl->)ndxz-
[a,b] i=1 i=1

(f s Zim1 aixi (T pi () = m Iy s () T dx,-)
f[a bl (Hf:l pi(xi) — me:l Ti (x,-)) Hi'(:l dx;

+mf (2(1, /bxr, )dx)

() i (fa x(pi (x) —mr; (x))dx> s (Zk:qi/bxri (x)dx)

1—m

(o)

The proof of the second inequality goes likewise and has been omitted. [

If P1=..=pk=P then we have /k(fvpla“'vpk?q) = fk(f7P7Q)7 where

i (f,p:q) -—/ <2q1x,>ljl (xi)dx;) — f(/ahxp(x)dx).
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COROLLARY 4. (Integral analogue of Corollary 1) Let p(x)dx, and r(x)dx be
absolutely continuous measures, where p, r: [a,b] — (0,c0) are increasing functions
such that f:p (x)dx=1, f: r(x)dx = 1. Then, under the assumptions of Corollary 5,
we have

. f[t,s]k T, (p (xi) dx;)
tSE[}lnbf S#t{ f[t7s]k H;{:l (r(xi)dx,-) jk (f7 I’,q)
ft 8] Hi{ 1 (p (xi) dxi)

ot T (7 () i)

< (fopq) < sup { }fk(fﬂ’»(I)'

t,s€[a,bl;s#t

Proof. 1t follows immediately from Theorem 5, with p; =...=py=p. U

If k=1, since we have _Z (f,p,q) = _Z (f,p), this corollary reduces to a result
due to J. Barié¢, M. Mati¢ and J. Pecarié (see [3]).

REMARK 2. Consider that f is (M4],A) —convex and define the functional
k
T (fp1ees i) =/[ i (roe™) qu 0 () ) [T (i () dx)
a, i=1

—(foo™) (Z%Qi[lh¢(x)Pi(x)dx> (=0).

Then we can easily obtain similar results for J%, simply by substituting _#; by 7,
the function f by fo@~! (obviously it is convex) and x by ¢ (x).

PROPOSITION 4. (Integral analogue of Proposition 3) Let p; (x)dx, i=1,...,k, be
absolutely continuous measures, p; : [a,b] — (0,00) increasing functions such that
fab pi (x)dx = 1. Suppose that we have q = (q1,q2, -..,qx) such that g; >0, ¥*_ q; =1
(1<k).

If fis ( 9] A) convex then we have

-1 : . b .
(fOQD ) Zq:/ ¢ (x) pi (x)dx
=1 a

k k
< /[‘ o (fo(p_l) (2%@ )H (pi (xi)dx;) <
a, =1

=~

b
f x) pi (x)dx
ai [ £ P

i=1 =

for all positive integers k.

Proof. The first inequality is proved taking into account that

b
/pi(x)dx:Lforalli:l7...,k.
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Since f is (M[y),A)- convex we have

k
/ qu xl Pt xl dxz
[ b] = i=1

k
o} .
< /[a,b]k (f ¢ ) (l:z‘iql(p )H Di xl dxl

i=1
Combining this inequality with the following result
k
/[ b]kqu H pi(xi)dx;) = Z%/ ¢ (x) pi(x
a i=1

we obtain the conclusion.
The second inequality follows by applying the same technique:

k k
/[u.hk (foo™) (2‘1i¢(xi)> _lj[l(Pi (xi) dxi)

i=1

k
/h 2% (xi H pi(xi)dx;) = Z%/ F(x)pilx U

i=1
COROLLARY 5. (Integral analogue of Corollary 3) Let p (x)dx be an absolutely
continuous measure, p : |a,b] — (0,) increasing such that ff p(x)dx=1. Suppose

that we have q = (q1,42,-..,qx) such that q; >0, Ef-;lq,- =1(k>1).
If fis ( 9] A) -convex then we have

B T e
< [ rwpwa

for all positive integers k.

Proof. 1t follows immediately from Proposition 4, with p; =...=py=p. 0O

3. Applications for norm inequalities

Let (X;]|.]|) be a normed linear space, x = (xi,...,x,) an n-tuple in X"; p =
(P1,P2,--,pn) such that p; >0, ¥ pi =1, q = (q1,92,...,qx) such that g; >0,
Zf-‘zlq,- =1 (1 <k<n)and r= (r,r2,...,7y) such that r; >0, 37 ,r; =1 are proba-
bility distributions.
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Then we have

. pll plk g
RISy
i {2 7

iy

Piy---p
i pan) < s [P 55 g,

iy -t

where
%(HH,P,q,X) = 2 Piy---Pi, quxl/ iXill -
i,....lk 1
In particular, considering r to be the uniform distribution,
n k 1 n
min iy Pi iXi || —n X;
1<i i <n {papu) ih_%:l jzzqu ! 1:21 l
< Z (1 p.q,%)
n k ‘ n
< max {p,1 p,k} 2 qux,-j —nkt Zx,- .
ISt inig=1 || =1 i=1
If we take x; #0, i=1,...,n and
1
) [lxi ]
pl n 1
=]

by rearranging the inequality, we get

lmln {qu” HxikH}
n k 1 1 ! < Xi
- - qixi. || —
WEIWM\ T g’” (EHMO zwﬂ‘
n k
< Y| X
it ie=1 || =1
< mox sl )
n o\
e — qiXi -
11% 1 i I]- ||x’k|| 2 " (le |x,||> H 7

(a refinement of the triangle inequality).
If ||x1]| = ... = ||xn|| then it becomes an equality.

We conclude this discussion by stressing that for £ = 1 we easily infer a particular
result that appeared in a paper of M. Kato et al. [5]:
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n n
< Y Il = || Y, x

i=1 i=1

no
1
< max {||x|]}- [ n— E

I<isn i=1 ”xl”

min {Ju]}- (n—||3

Xi
I<i<n i=1 ” tH
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