lournal of
athematical
nequalities
Volume 5, Number 4 (2011), 551-556

REFINED YOUNG INEQUALITY WITH KANTOROVICH CONSTANT

HONGLIANG ZUO, GUANGHUA SHI AND MASATOSHI FUJII

(Communicated by J.-1. Fujii)

Abstract. The Specht ratio S(h) is the optimal constant in the reverse of the arithmetic-geometric
mean inequality, i.e., if 0 <m < a,b <M and h= % ,then (1—p)a+ub< S(h)al’“b“ for
all u€[0,1]. Recently S. Furuichi proved that (1 — p)a+ ub > S(h")a'~#b* for a,b >0,
w € [0,1], where h = z and r = min{u,1 —u}. In this paper, we improve it by virtue of
the Kantorovich constant, utilizing the refined scalar Young inequality we establish a weighted
arithmetic-geometric-harmonic mean inequality for two positive operators. In the remainder of
this work we focus on extending the refined weighted arithmetic-harmonic mean inequality to
an operator version for another type of improvement.

1. Introduction

Throughout this paper, A, B are positive operators on a Hilbert space, we use the
following notations: AV, B = (1 — u)A+ uB, AfyB = AY2(A~1/2BA=1/2)HA1/2 | and
AlyB=((1-p)A~'+uB~1)~!, see F. Kubo and T. Ando [6]. When p = 1/2 we write
AVB, AfB and A!B for brevity, respectively. The Kontorovich constant is defined as

2
K(t,2) = % for ¢ > 0, while the Specht ratio [9] is denoted by

1

fi—1
S(t)=—— for r>0,r#1; and S(1)=1mS(r)=1.
elogti—T =1

We start from the famous Young inequality:
aVyub>a'Hp* (1)

for positive numbers a,b and u € [0,1]. The inequality (1) is also called a weighted
arithmetic-geometric mean inequality and its reverse inequality was given in [10] with
the Specht ratio as follows:

aVub < S(h)a'Fp* (2)
forall u €10,1], where 0 <m < a,b <M and h= %

Recently, an improvement of the inequality (1) was given in [2] as follows:
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THEOREM F. For a,b >0, if u € [0,1], r=min{u,1 — u} and h= 2, then

aVyb = S(h")a'"b*. (3)

Based on this, the refined weighted arithmetic-geometric operator mean inequality
is given by
AVyB > S(h")AtyB. (4)
See [3, 4] for recent developments of the improved Young inequality. See also [5] for
another type of improvement for the classical Young inequality.

In this short paper, we improve the inequality (3) via the Kantorovich constant as
follows:

aVub > K(h,2)"a' " HpH
forall 4 € [0,1], where r =min{u,1—u} and h = 2. It admits an operator extension
AV,B > K(h,2) At B

for positive operators A, B on a Hilbert space. While we provide a new viewpoint and
method which is different from that of the refinement given in [2].

2. Refinement of Young Inequalities

First of all, we cite a refinement of the weighted arithmetic-geometric mean in-
equality for n positive numbers, which was shown by Pecari¢ et.al., see [7; Theorem 1,
P.717] and also [1, 8].

LEMMA 1. Let x1,--+,x, belong to a fixed closed interval I = [a,b] with a < b,
Py, P 20 with Y pi=1and A =min{py,---,p,}. If f is a convex function on

i=1
I, then
n n n l 1 n
3 i )~ (3 pox) 2 | 32 05— 14 3| 5)
i=1 i=1 i=1 i=1

We will use lemma 1 as the following form by applying f(x) = —logx:

COROLLARY 2. If x; € [a,b], 0<a <b, p1,-+-,pn =0 with X} pi=1 and
A =min{py, - ,pn}, then

nooo Lygn . \nA
2i=1l’1x1><n z=1xl) . (©)

n Pi = 1
ITZ, x;

[T~

The case n =2 in (6) is simplified to the following one, which is a loose extension
of [2].
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COROLLARY 3. Ifa,b >0, u €[0,1], then

aVyub > K(h,2) a' b, (7)

where r =min{u,1 —u} and h= 2.

Replacing a, b by a~!, b~!, respectively, we have the counterpart of (7) itself.
COROLLARY 4. If a,b >0 and p € [0,1], then

a' "Hp* > K(h,2) ayb. (8)
Furthermore Corollary 3 implies Theorem F because of the following fact.
LEMMA 5. Ift >0 and 0 <r < %, then

K(t,2)" = S(@"). 9)

To prove Lemma 5, we need the following lemma.
LEMMA 6. ([2] Lemma2.3) Ift >0 and t # 1, then

T 241
<

e 41" (10)

Proof. We give it a proof for convenience. By taking logarithms in (10), it is
enough to prove that f(¢) = log(t>+ 1) —log(t + 1) — -5 logt +1 > 0 for # > 0 and
t#1.

. 1 1 .

Since f'(¢) = [fﬁ - ﬁ—i——f—% =+ %7 it follows that f'(t) <0

for 0<t <1 and f'(t) >0 for r > 1. Thus we have f(z) >lin11f(t) =0 forall r >0
11—

witht#£1. O
Proof of Lemma 5. If t = 1, then it is easy to get S(1) =1 = K(1,2).
If t > 0 and ¢ # 1, then, logarithmic-arithmetic mean inequality implies
r__ r
t"—1 < "+1
logt” 2

for 0<r<

N | —

Combining with (10) we have

S W G R e TS B

S@t") = = <= =
) e logt” t" e logt" "t t"4+1 2 2t"

Since f(x) = x2’(x >0) is concave for 0 < r < %, it follows that
Pl _ (141 ¥ OTe+1)2]"
2 T\ 2 N 4 '

2r 2
t 4—11< [(z+1)

Hence we have

NHES

.
=K(t,2)". O
2t 4¢ } (+2)
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3. Applications to Operator Young Inequality

THEOREM 7. Suppose that two operators A, B and positive real numbers m, n',
M, M' satisfy either of the following conditions:
(i) 0<mI<A<mI<MI<BLMI
(i) O<mI<B<mI<MI<ALMI
Then
AVyB > K(h,2) Ai,B (11)
I _M _M
forall p €0,1], where r = min{u,1 —u}, h= 73 and b = -
Proof. From Corollary 3, we have
(1—p)+px > K(x,2)"x*
for any x > 0. And hence

(1—w)l+uX > min K(x,2)" X*

h<x<h’

for the positive operator X such that 0 < Al < X <KL
Substituting A~'/2BA~1/2 for X in the above inequality we have:
In the case of (i), 1 <h=4 <A12BA-12 < %—,/ =I', we have

(1—w) I+ uA~2BA7Y2 > min K(x,2)" (A"1/2BA1/2)H,

h<x<h'
It is easy to check that K(x,2) is an increasing function for x > 1, then
(1—u) I+ puA~2BA=12 > K(h,2) (A~ /2BA~1/2)~, (12)
In the case of (ii), we have 0 < 1/h' <A™Y/2BA™1/2 < 1/h < 1, then

(1—wI+pA"2BA™Y2 > min K(x,2)"(A"1/2BA 12K,
1/h<x<1/h

Since K(x,2) is a decreasing function for 0 < x < 1, we have
(1—p)I+uA~2BA™12 > K(1/h,2)"(A7V/2BA™1/2)H, (13)

Multiplying both sides by A'/? to inequality (12) and (13) and using K (1/h,2) =
K(h,2) for h > 0, we obtain the refined arithmetic-geometric operator mean inequal-
ity, O

By replacing A, B by A~!, B~!, respectively, then the noncommutative geometric-
harmonic mean inequality can be obtained as follows:

THEOREM 8. Assume the conditions as in Theorem 7. Then
AfuB > K(h,2)"AlB. (14)

From Lemma 5, it’s easy to get the following
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COROLLARY 9. [2] Assume the conditions as in Theorem 7. Then
AV, B> S(h")A8,B. (15)

In the remainder, we focus on extending the refined weighted arithmetic-harmonic
mean inequality to an operator version for another type of improvement.

LEMMA 10. If x1,---,x, >0 and p1,---,pn =2 0 with Y, p; =1, then
i=1

=
n n -1 noq L | -1
Zp,-xl-l—<2p,-x,-) >nl{2—xil—<2—xi) }, (16)
i=1 i=1 =1 i=1 "

where A =min{py,pa, - pn}-

Proof. Let f(x) =x"! in lemma 1, then the desired inequality is obtained. [
THEOREM 11. If u € [0,1], A and B are positive operators, then
AVyB > AlyB+2r(AVB—A!B), (17)
where r =min{u,1 —u}.

Proof. From the case n =2 in Lemma 10, we have, for x >0 and u € [0, 1],

(1= ) +px = (=) + px)~! 22{1?1 - (1;”)1: :

Thus it follows that

—1 —1q
(=Wl +uT " > ((l—u)l+uT)1+2r[I+2T - (’;T) (18)

for a strictly positive operator T and u € [0, 1].
We may assume that A, B are invertible. Put T :A%B‘IA% in (18), then
(1— I +u(ATB1A%) ! > (1 - )+ pAiB'Ad)"!
I+(AIB'AY)" (14 ATB AN\
+2r 5 — > .

Multiplying both sides by A? we have

-1 —1\ 1

so that

AV,B>Al,B+2r(AVB—A!B). O
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