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ON p-TH ORDER OF A FUNCTION OF SEVERAL COMPLEX
VARIABLES ANALYTIC IN THE UNIT POLYDISC

RATAN KUMAR DUTTA

(Communicated by A. Horwitz)

Abstract. This paper is concerned with the study of the maximum modulus and the co-efficients
of the power series expansion of a function of several complex variables analytic in the unit
polydisc.

1. Introduction and Definitions

Let f(z) = X5 ocn2" be analytic in the unit disc U = {z: |z| < 1} and M(r) =
M(r, f) be the maximum of |f(z)| on |z| =r.
In 1968 Sons [9] introduced the following definition of the order p and the lower
order A as
P _ iy SUP log logM(r,f).
A r—1inf —og(1—7)

Maclane [7] and Kapoor [6] proved the following results which are the characterization
of order and lower order of a function f analytic in U, in terms of the coefficients c,,.

THEOREM 1.1. [7] Let f(z) = Y;_ocu" be analytic in U, having order p (0 <
p < ). Then
P _lim sup log* log™ [cy|
1 + P n—oco log n '

THEOREM 1.2. [6] Let f(z) = Yo ocnz" be analytic in U, having lower order
A (0 <A < ). Then
log™ log™ |,
A S lim g 0 o2 [enl
1+A n—seo log n

NOTATION 1.3. [8] log[o]x:x, exp[o]x:x and for positive integer m, log[’"]x:
log(log!x), expl x = exp(exp”~!x).
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NOTATION 1.4. [1] For 0 < x < oo we write log"® x = x, log"") x = log(1 +
x), log"® x = log(1 +log(1 +x)), log“® x = log(1 +log(1 +log(1 +x))) etc.

In a paper [5] Juneja and Kapoor introduced the definition of p-th order and lower
p-th order and in 2005 Banerjee [1] generalized Theorem 1.1 and Theorem 1.2 for p-th
order and lower p-th order respectively.

DEFINITION 1.5. [5] If f(z) = X, cnz" be analyticin U, its p-th order p, and
lower p-th order A, are defined as

lp r—»llnf — log(l—r)’

THEOREM 1.6. [1] Let f(z) =3, _ocn" be analytic in U and having p-th order
pp (0 < pp < o). Then

logtPl|c,
Pp =lim sup 08 ol e |
1+pp n—es loOgn

THEOREM 1.7. [1] Let f(z) =X, _cnz" be analytic in U and having lower p-th
order Ay (0 < Ay < o0). Then

p
1+4, n—e logn

In 2008 Banerjee and Dutta [2] introduced the following definition.

DEFINITION 1.8. Let f(z;,z2) be a non-constant analytic function of two com-
plex variables z; and zo holomorphic in the closed unit polydisc

P:{(z1,22) : |zj| < 1;j=1,2}

then order of f is denoted by p and is defined by

u
p:inf{,u >0:F(r,r) <exp< ) sforall 0 < rp(u) < rpym < 1}.

1-— ry ' 1— rn
Equivalent formula for p is

. log log F(r1,r)
=lim su .
P T og(T—n)(1 1)

In a recent paper [3] Banerjee and Dutta introduce the definition of p-th order and
lower p-th order of functions of two complex variables analytic in the unit polydisc and
generalized the above results for functions of two complex variables analytic in the unit
polydisc.
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DEFINITION 1.9. Let f(z1,22) = Yomn—0CmnZ|'75 be a function of two complex
variables z;, zo holomorphic in the unit polydisc

U={(z1,22) 1 |zj| < 1; j=1,2}
and
F(ry,ra) =max{[f(z1,22)| : |zj| < rj5 j= 1,2},

be its maximum modulus. Then the p-th order p, and lower p-th order A4, are defined
as
[p]
0p . sup log”' F(r,r)
= 1 . >
A~ romeainf “log(1—r)(1—rp) P

When p = 2 Definition 1.9 coincides with Definition 1.8.

THEOREM 1.10. Let f(z1,22) be analytic in U and having p-th order p, (0 <
Pp < o0). Then
log ™) | ¢

Pr_ _tim sup
1+pp mn—e lOg mn

THEOREM 1.11. Let f(z1,22) be analytic in U and having lower p-th order
Ap (0 Ap < o0). Then

A log P!,
P lim inf 102 lom|
1+4, mn—e  log mn

In a recent paper [4] Dutta introduce the definition of order and lower order of
functions of several complex variables analytic in the unit polydisc and generalized the
above results for functions of several complex variables analytic in the unit polydisc.

oo m1 my

DFFINITION 1.12. Le.t fz1,20,020) = Zml,mz,...,mn_=qlemz-~-r(tn11 2 _...ZZ”I be
a function of n complex variables z;, 22,..., z» holomorphic in the unit polydisc

U={(G1,20mm) [l <L j=1,2,.n}

and
F(ri,ra,...;rp) =max{|f(z1,22,....z0)|  |2j| <rj; j=1,2,...,n},

be its maximum modulus. Then the order p and lower order A are defined as

o . sup  loglogF(ri,ra,...;7n)

= 1 . .
A re—tinf “Tog(1—r)(1—ra)o(1—7m)

When n = 2 Definition 1.12 coincides with Definition 1.8.
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THEOREM 1.13. Let f(z1,22,...,2n) be analytic in U and having order p (0 <
p < ). Then

=lim sup 10g+ 10g+ |Cm1m2~.m,, | )

P
1+p my,my,...,mMy—>0 n
v log (H"H)
j=1

THEOREM 1.14. Let f(z1,22,...,2n) be analytic in U and having lower order
A (0K A <),

Then
log" log ™ [cm,m,...m |

1+ MY MY ..y =500 n
log (H”H)
j=1

In this paper we consider a more general situation in the case of analytic func-
tions of several complex variables in the unit polydisc and for which we introduce the
following definition.

— (> my my
DEFINITION 1.15. Let f(21,22,+,2n) = Zon, o mp—0 Cmymyomy 2y oo bE

a function of n complex variables z;, z3,..., Z, holomorphic in the unit polydisc
U:{(ZI,Z2,~-~,Zn):|Zj|<1; j:1727"'an}

and
F(ri,ra,...;rp) =max{|f(z1,22,....z0)| t |7j| <rj; j=1,2,...,n},
be its maximum modulus. Then the p-th order p, and lower p-th order A4, are defined
as
pp: lim sup log[p]F(rl,rg,...,rn)
)Lp rl,rz,...,rn—vlinf —log(l — }"1)(1 — 7‘2)...(1 — }"n)

When n = 2 Definition 1.15 coincides with Definition 1.9 also when p =2 Defi-
nition 1.15 coincides with Definition 1.12.

In this paper we find a similar analytic expression for p, and 4, in terms of the
co-efficient ¢, m,... m, for several complex variables.

Here f(z1,22,--,2n) = X . Coymy..mnZ 252 .-z will denote a function
analytic in the unit polydisc.

,p=2.

2. Lemmas
The following lemmas will be needed in the sequel.

LEMMA 2.1. Let the maximum modulus F(ry,r2,...,rn) of afunction f(z1,22,..-,7u)
analytic in U, satisfy

-B
log[p_”F(Vlﬂ’2,~~~ﬂ’n)<A{H(1—rj)} 2.1)

Jj=1
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1 <A,B <o forall rj such that ro(A,B) <r;<1; j=1,2,..,n
Then forall mj > mj,(A,B)>1; j=1,2,...n

_B_

n B+1
log[P_l] ‘lemZ mn| < S(A7B) (Hm/>
=1

where
1

S(A,B) = (1+2B) (%) "

Proof. At first define n sequences {rjm;} by
m Bl
-1 J .
(L =7jm;) (AB) ;o j=12,...n

Then rjm; — 1 as mj — oo forall j=1,2,...,n. Also,

1

am1+m2+...+mnf(0 O 0)
9z 9237..05"

|Cmymy.m, | = n

[10mh ‘
j=1

585

< F(rlar27 'arn)

mp_mp Mp
R N
F(ri,ray...,rn)

n .
I
j=1

From (2.1) and (2.2) we have for all m; > m;,(A,B) >1; j=1,2,..,n

n
108 [Cmymy..my | < 1OZF (Fimy s Pomy s oo Fumy ) — D, mj log Fim,

jl
i n
<exp” 2 |A — Fjm;) 2 — Fjm;)
- -
[ n AR\ T
o2 4| 2 (4B
P agr | " 2’”(m>

1 / / / f(Zl,ZQ,...,Zn)d21d22...dZn
; 1 1 1
@ri)* Jl=n Jal=rs Jil=ra TR gt

(2.2)

[1+0(1)]
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- B |
n B+1 B+T
[1m
) Jj=1
<exp? A v +Hmj - [1+0(1)]
Hm/
=1
- B: B
n B+1 n B+1
Hmj Hm,
—expl? |a | 2 Al %)
- | |sa| S| oy
- B 7 B
n B+1 n B+1
Hmj HMj
<expl A "jB +Bexplr2 A | = [1+0(1)]

_B_
B+1

n
[1m

- [p-2] =
[14+B{1+0(1)}] exp A v

< expl?~? {(1 +2B) (%) B} (Hm,> o
=1

1027 ¢ imy..mn| < S(A,B) (Hrn,)

Therefore

where 1

S(A,B) = (1+2B) (;) "

This proves the lemma. [J

LEMMA 2.2. Let f(z1,22,..-,2n) be analytic in U and satisfy
lemumy.m,] < [Texp? ™ (CmP), 0<C <, 0<D<1
j=1
forall mj >m;,(C,D); j=
i=1,2,..n

1,2,...

log[p_l]F(r17r27.

-D
D
) <T(C,D) (Hlog ) :

,n. Then for all rj such that rjo(C,D) <r; <1;
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where
n nD

T(C,D) = CTBDT5[1 +0(1)].

Proof. Forall mj >m;,(C,D); j=1,2,...,n,

|lem2 mn| < Hexp (Cm )
j=1

Now for |z;|=r; < 1;j=1,2,...,n

=3

my _mp m,
F(ri,r,..,m) < 2 |Cm1m2 mn‘ Iy
my,my,...,mp=0

<K(m10,m20,...,mn0)+ 2 {Hexp

my=my,+1 U=
m2:m20+1

my = my, +1

587

o) |

n _B_ .
< K(mloam%a ~~-7mn0) + H 2 exp[p—l] (Cmf“) r’/n/ ’

j=1 mj=mj, +1

where B = %. Choose
B+1
22r-3C

M;=M(r;) = _—
! ! log(P=2) (log %)

where [x] denotes the greatest integer not greater then x.
Clearly M(rj) — oo asr; —1for j=1,2,....n

The above estimate of F(ry,r2,...,r,) forall rj; j=1,2,...,

to 1 gives,

n

F(r17r2a"'7r") < K(m107m207-~-amn0) +H
j=1

where

n sufficiently close

_B_ .
H(rj) = @aX{CXP[p ”(Cmf“)r’}”}; j=12,..n

forif m; > M;+ 1, then
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B+1
22-3C

log(P=2) (log l)

B
Cmi™ < el 5 log” (P=2) <log )
1

mj >

223

"
253
= log [1 +log"(P=3) <log )] =
<log |1+ 2mi 1og"7) (1og +
< log 4 1og ogr—j .
ex CB%1 <1+ jogP=3) 10l
p{Cm™ ) < 14 55, log e
mj 1
(p-3) -
< 22p log <log r,-)
mj e 1
< log |:1 + 22pJ—6 log (p—4) <log Z)} .
expl? Cm’.% <1424 ¢ log" (p=4) logl
7)) St rj
m; 1
(p—4) -
< 257 log <log rj) .

Taking repeated exponential, we obtain

i 1
expl?~2 (CmB“) < % log7
j

BN
ie. explr!l (Cmf“) r <r?

forall j=1,2,...,n

mj Mj+1
Therefore the infinite series ¥,/ /.1 7;> in (2.3) is bounded by r; (%)
= 1-r?
J

forall j=1,2,...n
Since B > 0, we have

M;+1 1 !
A log——log(l—r)
2 rj

.

- B+1

1 2°P=2C 1 1

< —= log — —log(1 —r;) +log (l—l—r})
rj

2 log(P=2) <log %)
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123\ !
3 —logi logr—j—log(l—rj)—l—log <l+rj>
rj

— —coasrj— 1.

Thus for r; sufficiently close to 1,

forall j=1,2,...,n.

B
The maximum of expl? 1] (Cmﬁr

B+1
m; .
i )rfj assume at the point m; = <L)

(B+1) log%
and H(r;) is given by

B
logH (r;) = expl?~2 (Cmf“) +mj log r;

C.BE.CB (BC)PHlog
= expl’ B N
(B+1)B <1ogrij) (B+1)B+! <1ogrij)
B+1 BB
< explr~? o5 U 2.4)
(B+1)8 <log %)

Thus for r;; j=1,2,...,n sufficiently close to 1, from (2.3)

n

F(r1,r2 ) <[[1[M(rj)H(rj)+0(l)] 1+ nK(mlo’m%’“"m"O)

[T (M(rj)H(rj)+o(1)]

Jj=1

(M(rj)H (rj) +o(1)][1 + O(1)].

. logF(ri,ray...,rp) <

D=

' {logM(rj)+1logH(rj)} +O(1)

~
I
_

n 1 CB+1 gB
<Y —(B+1)10g[p]7+exp[p_2] —3 +0(1)
=1 j (B+1)" (log 1)
[from (2.4)]
n B+1 pB
< ¥ explh? CB+1.B

+0(1)
1

J

(B+1)8 (logr%)B
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Cn(B+1) gnB n 1 —-B
< expl? {71_[ (10g—) +0(1)

(B+1)"8 rj
n nD n -B
< explP? | cTB D15 <1og_) [ +o(1)]
j=1 Ti
Therefore
—-D
n nD n 1 =p
log[pil]F(rl7r27"'arn) < CliDDliD[l +0(1)} <H10g_>
i—1 }"j
-D
n D
=T(C,D) log —
({10
where

This proves the lemma. [J

3. Theorem
We prove the following theorems.

THEOREM 3.1. Let f(z1,22,...,2n) be analytic in U and having p-th order p,
(0< pp < 0). Then

log ™ e m
'DP hm sup 0g |C 1my... n‘.

1 + pp - mp,my,..., My —>o0 ( n
B log [ [1m
J=1

Proof. If |Cnymy...m, | is bounded by K forall m;; j=1,2,...,n then

s my _mp m, K
MY ooty =0 Cpmy ..y 2 2 ++-Zp " 18 bounded by -———

[Ta-r) '

3.1)

Jj=1
Therefore
myp _mp m,
F(ri,ry,...,rm) < Z |Comymy o | 7Y T 2"
my,my,...,mp=0
K
= n
[T—rp
J=1
€
_ 1
< exp[l’ 1] m
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forany 0 < e <1 andforall r;; j=1,2,...,n sufficiently close to 1.
Therefore
log[p]F(rl,r27...,r,,)

pp=1lm  sup

T1yF2yeesin—1 n
—log (H(l - V.f))

<e

Jj=1

since 0 < € < 1 arbitrary, p, = 0 and so (3.1) is satisfied.
Thus we need to consider only the case

lim sup |Conymy...my | = o0
mp,my,...,mMy—°
In this case all the log™ in (3.1) may be replaced by log. First let 0 < p, < e and

Pp> Py
Then for all r;; j=1,2,...,n sufficiently close to 1,

n 70;)
log[l’*”F(rl,rz,...,r,,)< {H(l—rj)} .

j=1
Using Lemma 2.1 with A =1, B= p; it follows from the above inequality that for
mj > mjo(p;,); j=12..n

’
Pp

— / 1 ep n ppt1
log[p ! |emymy...m | < (1 +2Pp) G (H’%) T
pppp Jj=1

1

Therefore

!

log[p] ‘lemz...mn‘ < pp
My, My ,...,Ny—>00 n = 1+p/ '
v log (H mj> b

Since ,0;, > pp is arbitrary, it follows that

[p]
hm Sup log |Cm1m2...m,,‘ < pp .
A " 1+,
log [ [Tm,
J=1

Since f(z1,22,...,20) is analytic in U, the above inequality is trivially true if p, = oo
and the right hand side is interpreted as 1 in this case.
Conversely, if

(3.2)

log!?! S
6 =1lim sup 08 |Cmumy...mn | [Cmums...m|

n
M MY ...,y —>00
log (Hm,)
Jj=1
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then 0 <0 < 1.
First let 6 < 1 and choose 0 < 8’ < 1.
Then for all sufficiently large m;; j=1,2,...,n,

!

0
n
logcmlmz,,,mn|<< mj> .
Jj=1

Using Lemma 2.2 with C =1, D = 6" it follows from the above inequality that for all
rjsuchthat rj (0) <r;<1; j=1,2,..,n,

, )16// n 1\ 1-¢
log? UF(ri,r,...r) < 6 1-0 <H10g7> [1+o(1)].

Jj=1 J
0 Nl noo1
g F(ri,ry,...;r) < n - log(0 ) + rlog | []log— | +1log[l +o(1)]
1-6 1-6 i=1 rj
that is

1 1

, log Hlog—

. log[p]F(rl,rg,...,rn) 0 . j=1 T

lim  sup < - — o lim  sup .
r1yr ey in—1 n - r1yr ey in—1 n
~log (H(l—rj)> ~log (H(l—rj)>
j=1 j=1
<
Pr=1"%
Since 6’ > 0 is arbitrary, it follows that
(]
P ootim  sup 0 lOmmml (3.3)
l+pp My my,....Np—00 n
log Hmj
j=1

If 6 = 1, the above inequality is obviously true.
Inequality (3.2) and (3.3) together gives (3.1) when lim sup , .,

— oo

Jevey My —00 Cmymy...my,

This proves the theorem. [

THEOREM 3.2. Let f(z1,22,...,2n) be analytic in U and having lower p-th order
)Lp (0< )Lp < o).

Then
102" 17! |cpnymy. .|

1—|—)Lp MY Mg,... .My —>o0 n )
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Proof. Let

1og ™) | my...m,|

=A. (3.4)

First suppose that 0 <A < 1.
From (3.4),for 0 < e <A < 1,

A—¢
n
log|Cmymy...m, | > exp[p—Z] (H mj)

form; >M;=Mi(¢e);j=1,2,....n
J J J

Also
F(ri,rp,...,1,
‘lemz...m,,| X 7( m )

m_,-

17
logF(r1,r2,...;tn) = 10g|Cmym,.. mn|+2mj log ;. (3.5)
j=1
Choose

1 A—e—1
mj= <logf) where j=1,2,...,n

Then from (3.5)

A—¢
-2l n 14! n 1 AT 1
logF(ry,ra,...,rn) > exp? | |logr— — E logr— log —
j=1 J i i

Ae Ae
n 1\t =& 1\ AT
= exp? 2 [Jlog — -y <log —')
j=1 T j=1 Tj

1 A—e—-1
l exp [p=2] (H log — ) , wWhere £ is a suitable constant.
A—c¢ 1
—1 log — o(1).
e wr— og(j[[l ogrj>+ (1)

n 1
log Hlog—
log[l’]F(rhrz,...,rn) A—c¢ j=1 Ti

>

n A—e—1 n
—log (H(l—r,-)) —log (H(l_”j)>

J=1 j=1

log[p]F(rl,rL...,r,,)

+0(1).
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Therefore

log”' F . A—¢
Ap :lim inf Og (r17r27 7rn) > .
r12sTn—1 n 1—A+8

—log | [J(1=r))

j=1

Since 0 < € <A < 1 is arbitrary,

Which implies

Ay >A.
1+ 4,

This inequality holds obviously when A = 0. For A =1 the above arguments with a
number K arbitrarily near to 1 in place of A — ¢, give

Ap |
1+4,
This proves the theorem. [J]
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