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WEIGHTED INTERPOLATION OF WEIGHTED
¢ SEQUENCES AND CARLESON INEQUALITY

TAKAHIKO NAKAZI

(Communicated by Ryskul Oinarov)

Abstract. Let {z;} be a sequence in the open unit disc D and p, = [ lza —2;l/|1 — Z )2

j#n
> 0. For 0 < p < oo, HP denotes a Hardy space on D. For a given f in H”, we study a
sequence {(1—|z;|?)!'/?f(z;)}. Then it is related to a Carleson inequality.

1. Introduction

Let H? (0 < p < o) denote a usual Hardy space in the open unit disc. In this

paper, we assume that a sequence {z;} in D satisfies that 2(1 —|zj]) <o and z; #

=1
0 (1 < j <o), that is, there exists a Blaschke product
- Zj 2—Z
B(z) = (— =L —_j> .
,1:[1 lzj| 122
Let
n — .
puc= 1 |2=L],  1<k<n,
=1 I —2zz
J#k
o | % —2j
pr = =L
1.1:[1 I —2zz
J#k

Then pu; = ppy1x and limpy = pg for k > 1. In this paper, we assume that p; >
’ n—oo

0 (1 < j < o). This hypothesis is equivalent to that there exists a function f; in H? (D)
such that f(a;) = Ojk.
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Put £ =[{w;};w; € C,1 < j<eo}] and a = {a;} where a; >0 (1< j <eo). For
0 < p < oo, suppose

(@) =[{wit €l: Y ajw;l’ <
j=0
and
=(a)=[{w;} €l; sup ajlwj| <oo|.
0 j<oo

For a = {a;} and —eo <t < oo,d' denotes {d}. For p = {p;},a={a;} and —eo <
t,s < eo,a*p’ denotes {a’p’}.

Given a sequence {z jﬁ’ in D, let T, be the linear operator on H?” (0 < p < oo)

defined by
To(f) = {(1 = 1)/ £(z))}
with 1/p =0 for p = oo Itis known (cf. [1]) that infp; > 0 if and only if 7),(H?) = ¢7.
J

J. P. Earl [2] showed that ¢~(p~2) C T..(H*). This was pointed out by A. M.
Gleason (see [3]). The author [5] showed that ¢~ (p~!) C T..(H*) if and only if {a,}
is the union of a finite number of uniformly separated sequences. J. Garnett [3] showed
that T..(H>) contains ¢~(p~'~¢) for any & > 0. Hence by Lemma 2 in §2

M~ S i(H") Sl (p®)

forany € > 0.

In this paper, we are interested in the range of 7, for 1 < p < oo. We could
not generalize results of p =c0 and p=1 to 1 < p < .. However we show that
T,(HP) C (P(p?*€) for any € > 0 if p; >0 (1 < j < oo). As aresult, if p # c and
1/p+1/q=1 then ¢P(p~(>T&+a)P/a)  T,(HP) for any € > 0.

It should be noted that T,(H”) C ¢/ (p**€) if and only if a Carleson inequality
holds, that is,

> P U= P <TG (f € HY)
j=1

for some finite constant 7.

2. Lemmas

In this section, we prove two lemmas in order to prove Theorem. Lemma 1 is well
known (see [1, p. 142]).
For 1 <j<n,let

n

B,(z) = e d  Bi(z) =Bz
(2) jl:[ll—z,-z an j(2) = Bu(2) p—

1-2zjz

If byj = Byj(zj) and
fa(2) = Y, b, wiByj(2)
=1
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then f, isin H* and f,(zj) =w; (1 <j<n).Put

Pnj = |bnjl (1< j<n).

LEMMA 1. Let 1 <p<eoand 1/p+1/q=1. Suppose wj is a complex number
for j=1,2,---. There exists a function f in H? such that (1—|z;|*)'/Pf(z;) = w; for
j=1,2,--- if and only if there exists a positive finite constant y such that for any n > 1
and for all g in HY,

XG0l step) < el

LEMMA 2. Let 1< p<eoand l/p+1/g=1.

(1) When 1 < p < oo, T,(HP) D £P(a) if and only if T,(H) C (1(a~9/Pp~4).
(2) T{(H") D ¢"(a) if and only if T(H*) C £(a"'p~1).

(3) To(H™) 2 €=(a) if and only if Ti(H") C (*(a 1p ph).

Proof. (1) For the ‘only if” part, since [{(1— |z;|*)"/?f(z;)} ; f € HP] D ¢P(a),
by Lemma 1 there exists a positive finite constant y such that for any n > 1

n
Wi
up |32 (1) 9g()| < vlally (g € HY)
well(a) | j=1“nJ
wi<1

where w = {w;} and ||w|| = (¥7_; aj|w;|")!/?. Hence for any n > 1

" 1/q
(Z( 3pn)” q(1_|1j2)|8(zj)|q> <7llglly (g€ H).

=1

Assuming ||g||; =1,
<1 -
Y. (a7 paj) (1= i)l < 7.
j=1
For any € > 0, there exists a positive integer s(j) for each j such that for all k > s(j)

(@/"p3) (1~ Plg(e)l ~ 55 <

because limp,; = p;. Hence forany n > 1
n—oo K

(! pij) (1~ |2l )1

n n £
> (a"p)) (1 =15 P)g)I = X, 55
j=1

=1

~.

< Y (@7 (1~ [z g ()¢

J

—

k
< Y (api) (1~ |2 P)lg () < ¥

j=

—_
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where k =max(s(1),---,s(n)). Thus forany € >0
Z T =[5 )lg () —e < .

This implies the ‘only if” part. For the ‘if” part, by Lemma 1 it is sufficient to show that
there exists a finite positive constant y such that for all n > 1

n

.
sup  sup | Y, L (1—[g) VIg(z;)| <y < oo
welP(a) [|gllq<1|j=1"“nj

Iwll<

In fact, forall n > 1

sup sup
well (a) [|gllq<1
Wil

; 1/q
1
< sup (2 /anj 1_‘21‘ )g(zj)|q>

llgllg<t

> 21— ) ()

j=1"1J

. 1/q
1
< sup (2 Pp) (1~ I2)] )|g(z,)> :

llgllg<t

(2) For the ‘only if” part, since [{(1—|z;|)f(z;)}: f € H'] D ¢'(a), by Lemma 1
there exists a positive finite constant y such that for any n > 1 and [|g]| = 1

! | ( )‘ <
max 7 i Y.
I<j<n ajppj SIS

For any € > 0, there exists a positive integer s(j) for each j such that for all k > s(;)

1

—|g(zj)| —€ <
ajpj / ajpPr;

gzl <v

because limp,; = p;. This implies that [{(f(z;)}; f € H?] C ¢=(a"'p~"). For the
‘if” part, we can prove it as in (1).
(3) We can prove (3) asin (1). O

LEMMA 3. For k=1,2,---

< (1= 1z:2)(1 = |z|?
2 (l |Zj‘ )(l |Zk‘ ) gl_zlogpk

|l—ZjZk|2

Proof. See [1,p. 150]. O
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LEMMA 4. Let aj (j,k=1,2,---) be complex numbers such that ai; = aj; and

n
Nlawl <M (1<k<n).
j=1

Then for any numbers xi,-- -, Xy,
n n
Z ajkxj)?k <M2\xj|2 (lgkgn)
Jjk=1 j=1

Proof. See ([1, p. 150], [7, p. 42]). O

3. Theorem

By (1) of Lemma 2, when 1 < p < e and 1/p+1/q=1, T,(H?) D {P(p~7) if
and only if T,(HY) C 04. T(H”) 2 ¢=(p~") if and only if Ty(H') C ¢'. Ty(H') D
Y (p~1) if and only if T..(H>) C ¢~. Hence for 1 < p < oo, this is equivalent to that
{z j};": | is the union of a finite number of uniformly separated sequence. See [6] for
1 < p <o and [5] for p =co. It is known [3] that T.(H”) D ¢~(p~'~%) for any
€ > 0. Itis interesting to know that for 1 < p < oo, T,(H?) D ¢?(p~P~¢) forany € > 0.
Unfortunately we can not prove it. In this section, we show that T5(H?) D ¢*>(p~*7%)
forany € > 0.

THEOREM.
(1) P(p=4€) C Tr(H?) forany e > 0.
(2) To(H?) C (*(p**€) forany e > 0.

Proof. (1) Suppose w = (wy) € £2(p~47¢) forany £ > 0. Put
Fur(2) = (1= |al) Y Ba(@)PP (e~ 20)

and

o) = welBur(z)] 2Fun2):

k=

—

Then (1 — |z[*)'"?fu(zx) =wi (1 <k < n) and for any € >0

n

1B = (Fonf) = 3 wilBui (@) 2 W Bu )] - (Fuj Fut)

k=1

-2 -2
P; ‘w.f"pk ‘wk|'|(F"j’Fnk)|
1

N

TM= TIM=

J

P wil o 2wl | (Fj Frui) |05 P

Jk=1
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Since |(Fj, Fu)] < 2(1 = |z;/*) (1 — |z]?)|1 — z;Zx|*, by Lemma 3

M=

|(Fujs Fui) P P < 2pg (1 —2logpy) (1 <k<n)

~.
Il
—

By Lemma 4

n

I8 < (g 20 (1 = 2logpu)) 3. ;o

and sup pf(1—2logpy) < oo. This implies that if w = {w;} € £2(p~*~2¢) then (f;)
1<k<oo

is a normal family and so a subsequence tends uniformly in each disc |z] <r <1 toa

function f € H? for which T>(f) = w.

o (ZD)Put aj=p; 472 then a; lp, = p;”ze p;z = p;”g, then Lemma 2 implies

COROLLARY 1. Let 0 < p < oo, then T,(HP) C (P(p**€) for any € > 0.

Proof. If f € HP then f = Bg?/? where B is a Blaschke product and g is nonva-
nishing H? function. By (2) of Theorem

z 2+8( |Z| N (z))l Z 1_‘Zj| )|8(ZJ)|2
j=1 i=1

< gl3=ilrl}

where 7 is a finite possitive constant depending p. [

COROLLARY 2. Let 1 < p < oo, then (P (p~+e+aP/0) € T,(HP) for any & > 0.
Proof. This is a result of Lemma 2 and Corollary 1. [J
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