lournal of
athematical
nequalities

Volume 6, Number 2 (2012), 167-173 doi:10.7153/jmi-06-17

AN INEQUALITY IN THE COMPLEX DOMAIN

CATALIN TIGAERU

(Communicated by A. Cizmesija)

Abstract. We prove the inequality |1 +z1|+ [1+z2| 4+ |1 +z122| > |21] + |22|, Where z1,22 are
two arbitrary complex numbers. Consequently, it results that, if z;,...,z, are n arbitrary com-
plex number, then Y}, [1+zx|+ ﬁ Si<icjen 1+ 2izj] = Xy |z

1. Introduction

An interesting class of inequalities are those that bound the sum of the moduli of
two or more than two complex numbers. An example is represented by the inequality
|z1] + |z2] < |1 +z122|, which is true when |z;| and |z,| satisfy the condition (|z1|—
1)(]z2] = 1) > 1 (see [1],3.8.13), but is not true when (|z;| — 1)(Jz2| — 1) < 1. The
aim of this paper is to prove the following general result:

THEOREM 1. If z1,2p are two arbitrary complex numbers, then it results that
[1+z1|+ |1 +22| + |1 +z122] = |z1] + |22]- (1.1)

We denote with C* the field of the complex numbers which are different from
zero and with |z| the modulus of the complex number z. If z € C*, then there exists
an angle @, called the argument of z, which is unique then we restrict ourselves to the
interval [0,27), so that z can be written as z = [z]|(cos @ + isin@). As we can easily
see, if one of the two numbers is zero, the inequality is true, so we will assume that
the two numbers are different from zero. Then, using the above trigonometric form,
the inequality can be reformulated in the following form: if z; = a(coso + isina),
22 = b(cosf +isinf), with |z1]| =a >0, |z2| =b >0 and arg(z;) = a € [0,27),
arg(z2) = B € [0,27), then it results that

Va?+2acosa+ 1+ /b2 +2bcosf + 1+

1.2
++/(ab)? +2abcos(o.+ B) + 1> a+b. 1:2)
Squaring the above inequality, we get the following equivalent form:
(1—ab)?+2(1+acosa)(1 +bcosP) — 2absinosin f+ (1.3)
21+ z1z2| (|1 + 21|+ [1 4+ 22]) + 2|1 +z1]]1 + 22| > 0. :
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Let us remind the following important inequalities: if z € C*, z = p(cos¢ +sin@),
then it results that

I14+z| =/p?+2pcos@+1>max{|p+cos|,|1+pcose|,p[sing|}.  (1.4)

In the next paragraph we prove some lemmas, which we will use in the third paragraph,
where we will prove the result.

2. Lemmas
LEMMA 1. Let us assume o, € [0,21) and cosa -cosf < 0. It results that

cosa +cosf + |sin(a+ )| >0

Proof. We suppose that cos oc+cos 8 < 0, otherwise the inequality is obvious. Let
us fix cosor >0, cos B < 0. Itresults that o € [0,5] U [3” 21) and B € [%, 3”] We
consider first the case o € [0,%]. Then cosa < —cos = cos(m — B), consequently
—a < w—f < o and therefore |sin(a+ )| = —sin(o+ ). Let us denote x = cos o €
[0,1] and y = cos € [—1,0]. Next, let us suppose that § € [Z,7]. We get sinf§ >0,
so the above inequality can be reformulated: if x € [0,1],y € [-1,0] and x+y <0,

then
x+y—(xvV/1=y>+yvV1—x2) >0

Squaring the inequality and taking into account that xy < 0, we get the following equiv-
alent form 1+4xy > /1 —x2-4/1 —y2. Squaring again, we get (x+y)? > 0, which is
obvious. Suppose that § € [ 77] Then sin 8 < 0 and the inequality has the equiva-

lent form: if x € [0,1], y € [-1,0] and x+y < 0, then
x+y—(vVI—x*—xy1-»%) >0,
which is equivalent to xy + x*y> < —xyv/1 —x2- /1 —y2, which is obvious, because

the left-hand side of the 1nequahty is negative and the right-hand side is positive. We
consider the case o € [37”,27t). Denote o =21 — o,y =2n— . Then o € [0, %] ,
Bi € [Z3Z], so we obtain

coso +cosfB +|sin(a+ )| = cos oy + cos B + |sin(4rw — (o + Br))|
= cos oy +cos Py +|sin(oy + B1)] = 0. O

LEMMA 2. Let us assume that the complex numbers z; = a(coso+isino), zp =
b(cosB +isinB) satisfy the condition 1+2bcosf < 0. Then, if a <1+ (1 —ab)?,
the inequality (1.1) is true.

Proof. If a < 1+ (1 —ab)?, then —M < —1 < cosa, so we get 1+
acosa > —(1 —ab) Taking into accountthat 1 +bcosf3 >0, we get 2(1+acoso)(1+
bcosB) = —2(1 —ab)?(1+bcos ). On the other hand, the condition 1+ 2bcosf8 < 0
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leads to —2(1 4 bcosB) > —1. Multiplying this inequality with (1 —ab)?, we get
—2(1—ab)*(1+bcosB) = —(1 —ab)?, so we obtain

(*)(1 —ab)*+2(1 +acosa)(1 +bcosf) >0

Let us consider the inequality (1.3); the left-hand side of the inequality can be arranged
in the following form

(1—ab)*+2(1+acosa)(1+bcosB))+
+2(]1+z1|[1+ 22| — absinosin B) +
+2[1+z122| (|1 + 21| + |1 + 22]).

Taking into account () and (1.4), we get that the left-hand side of the inequality
is positive, so the inequality (1.3) is true and the inequality (1.1) is true. O

LEMMA 3. Let us assume that the complex numbers z; = a(coso+isino), zp =
b(cos B +isinf3) satisfy the following conditions:

ab<1,a>1,1>b>

T

(x J—
7ﬁ6[27n:|’
1+2bcosf <0,

1+ (1 —ab)?
—

1
2’

coso < —

It results that
I1+2122] = 1/2+3(1 —ab)?2 > V2.

Proof. Let us denote ab = c¢. First, let us notice that the conditions ¢ < 1, b > %

_ )2 . .
and —1 < —# leads to 1+ (1 —¢)? < a < 2c. Taking into account that cos § <
P o .
—21—b = —% , we get cosocosf3 > H(zlicc) . Then, taking into account that 0 < sin o <
2
2_ 1+(1—c 2 —
W and 0 <sinf3 < 4‘ “ , we get

14 (1=cp Vai-d \/ (1+(1—ep)’

o+pB) >
cos(a+B) 2c 2ac

It results that

VA= \Ja2—(14+(1—c)?)?
|14+z122]* = ¢ +2ccos(o+B) + 1 = 2 +2+ (1—c)* — \/ (1+(1=cp) .
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Let us prove the following inequality:

\/ém-\/az—(l—f—(l—c)z)2

a

<(Q2e—1)—(1—c)%

Indeed, squaring the above inequality we can reduce it to

48P -4 (14 (1= ¢)?)* —a* + &+ 2d%(1 — ¢)?
<a*(2c—1)?=2a*(2c—1)(1 —¢)?,

which is equivalent to (a? —2c(14 (1 — 0)2))2 > 0. It results that
4z 2 +2+(1—c)? = (2c— 1)~ (1-c)}) =2+3(1—c)*>. O
3. Proof of the Theorem 1
The proof will be divided in three cases: (A) ab>1, (B) ab <1 and cosc -

cosf <0 and (C) ab <1 and coso - cosf > 0, where o, € [0,27). First, let us
observe that in order to prove the inequality (1.2) it is sufficient to prove the inequality

cosa—i—cosB—i—\/(ab)2+2abcos(a+[5)+120, (3.1)

subject to the condition cos o + cosf3 < 0, otherwise it is obvious. Indeed, if (3.1) is
true, then, taking into account (1.4), we get

V@ +2acoso+ 1+ /b2 +2bcos B+ 1 + \/(ab)2+2abc0s(a+ﬂ)+1

>a+b+ (cosoH—cosﬂ—l—\/(ab)2+2abcos(a+[3)+l) >a+b.

(A) Let us suppose that ab > 1. We prove that, if cosot+cosf <0 and o, €
[0,27), then cos ‘”ﬁ < 0. Indeed, let us suppose that, on the contrary, cos ‘”ﬁ >0
‘Hﬁ cos 2ﬁ <0,
it would result that cos 52 ﬁ < 0. The angles o and 3 would satlsfy # < 37”
and ochﬁ € {O, 7) U (37”,27'6} . Consequently, we would get either B <0 or a > 27,
which are both not true. Let us notice that the condition o, 8 € [0,27) is necessary,

because, if cosa+cosff <0 and «, 3 € R, then it does not result that cos ‘Hﬁ <0.
Next, let us consider the function f : [0,00) — R,

and let us assume that o > . Then, because cos o +cos B = 2cos

F(x) = /22 + 2xcos(ar + B) + 1 (3.2)

which is increasing on the interval [1,00). As ab > 1, it results that f(ab) > f(1) =
2‘ cos #) = —2cos a%ﬁ . Also we have

o o o—
cos ot +cosfB —2cos ;ﬁzzcos ;ﬁ<c0s zﬂ—1>20.
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It results that the inequality (3.1) is true and so (1.1) is true.

(B) Let us suppose that ab < 1 and cosa -cosf3 < 0. Suppose that coso +
cosB < 0. If cos(a+ ) > 0, it results that \/(ab)? +2abcos(o+ B) + 1 > 1. Taking
into account the fact that one of the number coso or cosf3 is positive, it results that
cosa+cos P ++/(ab)? +2abcos(a + B) + 1 = cosaw+cos B +1 > 0, so the inequality
(3.1)is true. Let us suppose that cos(a + f3) < 0. The function (3.2) has the minimal
value f(—cos(ot+B)) =|sin(a+f)|. According to Lemma 1, we get cos & +cos 3 +
V/(ab) +2abcos(a+ B) + 1 > cosa +cosf + |sin(e + B)| > 0 and the inequality
(3.1) is true and so (1.1) is true.

(C) Let us suppose that ab = ¢ < 1 and cosa-cosf3 > 0.

First, let us prove the inequality (1.1), subject to the conditions |z1| =« € (0, 1],
|z2| = b € (0,1]. Taking into account that ﬁ >1, @ > 1 and the case (A), we get
|z2|[1+z1| + |z1||1 4 22| + |1 + z122| = |21| + |22], which proves the inequality (1.1).

Let us suppose that one of the modulus is greater than 1 and one is not. Let us fix
a>1,b<1 with c< 1 and cosa < 0,cosf3 <0.

Suppose that & € [£,7] and B € [n,%”] or pe[% ] and a € [n,%”]. Then
it results

lz1 — 2|+ |1+ 2122| = |z1| + |z2|-

Indeed, squaring the above inequality, we get the following inequality
(1—c)*—dcsinasin +2[z1 — 22|[1 + 2122 > 0,

which is true, because sinasin 8 < 0. But |14z +|142z2| > |21 — 22|, so the inequal-
ity (1.1) is true.

Next we suppose o, 3 € [%, n] . Let us notice that in this conditions it results that
[l —z;] > 1 and |1 —zp| > 1. This fact has two important consequences. First, let us
observe that if » < %, then (1.1) is true. Indeed, we get

N+z|+[1+z+|1+zz| > 1+an—1—za]|+ |1 +2z]
2 |alll =zl + (1= [z2l) = la1] + |22l
which is true, because 1 — |z2| > |z2|. Secondly, let us observe that if |1+ z2| > |z,
then |1 +z1|+ |l + 22| + [l +z122| = |22| + |21 ||L — 22| = |z1| + |z2], so (L.1) is true. We
get the same conclusion if |1 +z;1] > |z1].

Next, we suppose that |1+2z;| < |z2| and b € (3, 1]. Replacing in the trigonometric
form of the complex numbers, we get the following set of conditions

ab<l,a>1,1>b>1,
o.p (%],
1+2bcosf <0.

If a <1+ (1—c)?, then, according to Lemma 2, it results that (1.1) is true. Suppose

2 2
that @ > 1+ (1 —c)?, which can be rewrittenas —1 < — 1+(1a_c) I — 1+(1a_c)

< coso,
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then, following the same line as in the proof of the Lemma 2, we get that the inequality
(1.1) is true.

Let us suppose that coso < —M. Then, according to the Lemma 3, we
deduce |1+ z1z2| > v/2. The left-hand side of the inequality (1.3) can be arranged in

the following form
(1 —ab)2+2<\1 +z1||1 + 22| + (1 +acosar)(1 —l—bcosB))-i-
+2(\1 +az|([1+z]+1+2]) —absinasinﬁ).
Taking into account (1.4), we get |1 +z1||1+2z2|+ (1 +acoser)(1+bcosB) > 0. Tak-
ing into account (1.4) and |1 +z125| > v/2, we get
11+ z122] (|1 + 21|+ |1 +22|) —absinasin > V2(asin o+ bsin B) — absinotsin B
= asina(V/2 — bsinB) +v2bsinf > 0.
It results that the left-hand side of the inequality (1.3) is positive, so it is true and so
(1.1) is true.

We suppose that o, 3 € [n, 37”] . Let us consider the complex conjugate of the
complex numbers z; and zp, denoted z; and z,. Then their arguments, denoted
arg(71) = o = 2w — a and arg(z,) = B’ = 2w — B have the property that o', ' €
[2,x]. It results that

N+z|+ 1+l +[1+z1z2| =1+ 21|+ |1+ 22| +]|1+ 21 - 22|
Z ||+ 1z1] = lz] + |z2]-
This concludes the proof of the Theorem 1.
If we put z; = z» in the inequality (1.1) we obtain:

PROPOSITION 1. If z is an arbitrary complex number, then
I1+22] > 2(|z] — |1 +2]). (3.3)
A generalization of the inequality (1.1) is represented by the next result.

PROPOSITION 2. If z1,22,...2, are n arbitrary complex numbers, then

n

1 1
ZII—FZanT Y M+azizj| = Y, Jal (3.4)
=1

1<i<j<n k=1

Proof. Applying the inequality (1.1) to each pair (i,j) with i < j, where i,j €
{1,...,n}, we get:

|14z1] + [1422| + [14z122] 2 |z1| + |22l - .o [142e] + [142za| + [142120] 2 |21] + |20l
|14z2| + 1423 |+ [14z223| = [z2] 4 |z3]s - -, [1+z2| + [ 14za] + [142220] 2 |22] + |2a],

M+zp1] + | 14za| + [1+zn—120] = |zn-1] + |za]-
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Summing up the inequalities, one obtains

=Y 1 +zl+ Y N+zzgl=m-1)Y |zl
k=1

k=1 1<i<j<n

It results that (3.4) is true. [
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