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SOME NEW INEQUALITIES SIMILAR TO HILBERT-TYPE
INTEGRAL INEQUALITY WITH A HOMOGENEOUS KERNEL

VANDANJAV ADIYASUREN AND TSERENDORJ BATBOLD

(Communicated by A. C‘iimeiija)

Abstract. In this paper, we establish some new inequalities similar to Hilbert-type integral in-
equality, whose kernel is the homogeneous function and the best constant factors are also derived.

1. Introduction

Ifp>1, -+-=1and f,g >0 satisty

1,1
P g

0</ fP(x)dx < oo and O</ 89(x)dx < oo,
0 0

then

/om/ow%giy)d sin( {/ f7(x dX}’l){/:gq(wdx};, (1)
//max{xy} xdy<pq{/ fr(x dx}ll){/omgq(x)dx};, @)

where the constant factors 7/(sinzt/p) and pq are the best possible. Inequalities (1)
and (2) are called Hardy-Hilbert’s inequalities ([1]) and are important in analysis and
their applications ([2]). In the recent years a lot of results with generalizations of these
type of inequalities were obtained. In 2005, Yang ([3]) has given a new Hilbert-type
inequality as follows:

If p>1, Il,+§:1, 0<A<1and f,g >0 satisfy

0</wap(x)dx<oo and O</Omg‘1(x)dx<oo,
then
/ / - }’M dxdy<k (p ){/0 xp_l_lfp(x)dx} {/0 xa-1-A ()dx} ,

3)
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where the constant factor k; (p) = B (%, 1— l) +B (%, 1- 7L> is the best possible.
In 2008, W. Zhong ([4]) has given a new Hilbert-type integral inequality with a
homogeneous kernel of —A -degree as follows:
1,1 _ 11 _ _ p(1=(A/r)—1
Let p>1, 1—7+5—1,s> L, s+5=1,2>0, f,g=0, a)(x)—xl’( @A/r)-1,
o(y) = y11=(A/9))=1_ Further, suppose
(a) K(x,y) >0 is a measurable homogeneous kernel function of —A -degree,
and

(b) the weight coefficient A; (s) = 5" K(1,u)u'*/*)~1du is a positive number de-
pending only on the parameters A,s. Then one has following inequalities.

If f € Lh(Ry). g € L5(R), [[f] o llgloo > 0. then

| [ K@y <a,6)1lrollio, @

I/p
{ [y (/ K(xy)f dx) dy} <4(5) o s)

where the constant factor A (s) is the best possible in both inequalities (4) and (5).

For more general results, please refer to ([5]), ([6]) and ([7]) where ([5]) provides
an unified treatment to Hilbert inequalities with general kernels, while ([6]) and ([7])
deals with the problems of the best possible constants in such inequalities (homoge-
neous case).

In the recent years, many new inequalities similar to (1), (2) and (3) have been
established ([8]-[13]). In 2010, Das and Sahoo ([8]) have given two new inequalities
similar to Hardy-Hilbert’s inequality (1) as follows:

Let p>1, S+ =1, 4, 5r>0, rts=24, f,g>0and F(x) = [5 f(t)dr
G(x) = [y g(t)dt . If 0 < [y° fP(x)dx < o= and 0 < [ g9(x)dx < o, then the following
two inequalities hold:

/ / x—|—y IF(X)G(y)dXdy < pgB(rs) {/owfp(x)dx}; {/omg’i(x)dX}; ;
(6)

—1l_1

1 P
« i S -
/0 (/0 Tao © (X>dX> dy < [¢B(r,s)]" /0 £P(x)dx, 7

where the constant factors pgB(r,s) and [¢B(r,s)]” are the best possible.

In 2010, Das and Sahoo ([9]) have also given two more new inequalities similar to
Hardy-Hilbert’s inequality (2) as follows:

Let p > 1, %—l—é: 1, A, 5,r >0, r+s=2A1, f,g >0 and F(x) = [y f(t)dt
G(x) = [y g(r)dt . If 0 < [° fP(x)dx < o and 0 < [;° g9(x)dx < oo, then the following
two inequalities hold:

s

A /Omximax_{lyiyi}l ety < "] [ g dx}; { /:gq(xmx}%’,

®)
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oo o r—io1 -1
/ X 'Y p(dx dy < ( ) / 77(x) ©)
0 0 max{x* y*}
p
where the constant factors % and (%) are the best possible.

In 2010, Sulaiman ([10, Theorem 1]) derived a new integral inequality similar to
(3) as follows:

Let f,g >0, ;
F(x) and G(x) as

+-o=1,1<p<a/2,1<g<fB/2and o, >0. We define

1
q

X y
Fo)= [ f@)d, Gb)= /O g(t)ds

0
Then
(SRR S U DS IR W |
B o ‘Fa GBa
[ e,
o i—yfFF
<K$,/é’1<;;q{ / f5+1(x>dx} { / gﬁ“(x)dx} )

where

a L+1 p 2p
Kp.a:2<l+—> B(—,l——).
’ p o o

Very recently, Du and Miao ([13]) obtained the following inequality:

Let f,g >0 and
¥) = /Oxf(t)dt, G(y) = /Oygmdr

Furthermore assume that p,q > 1,a,,s,¢,u,v > 0 hold
1 1
—+-=1Lsp>Bqg+1Litg>ap+1,
P 4

and

B+u—s)p+1=0,(c+v—t)g+1=0.

Then we have

oy
x% X Pl v
| Gyt 6" by

ol o) ([ (o

k=B"?(Bp+1,sp— (Bp+1)Bap+1,ip—(ap+1)).

where
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In ([10]) and ([13]), authors do not prove whether the constant factors are the best

possible or not.

The main objective of this paper is to build some new inequalities similar to
Hilbert-type integral inequalities (4) and (5), whose kernel is the homogeneous function

with the best constant factors. As applications, some particular results are given.

2. Preliminary lemmas

In this section we shall prove lemmas, which play crucial roles in proving our main

results.

LEMMA 2.1. Let p and q be conjugate parameters with p > 1, and let A,s,r >0
such that s+r=A. If ky(x,y) : Ri — R is non-negative homogeneous function of

degree — X, i.e. ky (ux,uy) =u"*k; (x,y), then
@y (5,%) = @ (ry) = Ca (s),
where .
wr(s.0) = [l (ey)y Iy,
@a(ry) 1= [ eyl
0

and .
C)(s) ::/ ky, (1,u)u " 'du.
0

Proof. Setting u =%, we find

wr(s0) = [ (Lo du=Cys),

and for y > 0 letting x = %, it is easy to find that

r—1

- y sy y “ s— ~
@) = [ o (2) i Hdu= [l (Ll du= G (s,

equation (12) is valid. This completes the lemma. [

12)

LEMMA 2.2. (Hardy’s inequality, cf. [1]) If p> 1, f >0 and F(x) = [y f(t)dt,

then

© /F p J
/ (ﬁ) dx < (L) / fP(x)dx,
0 X p—1 0
unless f =0. The constant is the best possible.

LEMMA 2.3. Letp>%, 0<pB<l, n>ﬁforx>l,then

Bp—(1+(1/n)) B Bp—(1+(1/n))
(x Pr -1 >x P —1.

13)

(14)
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Proof. For x > 1, we set

Bp—(1+(1/n) Bp=(1+(1/n))

)
Hx)=(x #  —1DP—x 7  +1.
Simple computations yield for x > 1

—(1 1 (B=D)p—(1+(1/n)) 1+(1/n)—-B
H/(x)zwx L P ((l_x Bp p)ﬁ1_1> >0
p

f is increasing function on (1,e) and continuous on [l,c). In particular, we have
f(x) = f(1) = 0, which gives the desired inequality. O

3. Main results

THEOREM 3.1. Let p and q be conjugate parameters with p > é, q> %, 0<

o,B <1, andlet A,s,r >0 suchthat s+r=2A, ky (x,y) is non-negative homogeneous
function of degree —A in R%.. Assume F(x):= [y f(t)dt, G(y) := [J g(t)dt.
If

0<Cy(s) <eo, 0< /Owk;t(l,u)us_%_ﬁdu <o, 0< /Oookl(l,u)ur_%f_adu < oo
and f,g > 0 satisfy
0< /Omfap(x)dx <oo, 0< /Omgﬁq(x)dx < oo,
then the following two inequalities hold:
| [ ey i PR 6P )y

<Gepsra] [ wf“P(x)dx}’l’ {/ wgﬁq(xwx}% (s)

and
o [ pos g 1 P ~ ap % =
/ (/ ky (x,y)x" a4y I’Fa(x)dx) dy<C§Z(s)< ) / F¥ (x)dx,
0o \Jo op—1 0 6
_ op Bq
where the constant factors Cy (o, B,s,p,q) = C)L(S)(ap,1> <m> and

~ o
Ch(s) (afj’:l) " are the best possible.
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Proof. By Holder’s inequality and Lemma 2.1, we have
_ 1
/ _/ / ka ()X 0% TP ()G (y)dxdy

:/o /o kx(x,y)(y%x% Fa(x))(x%yé‘ﬁcﬁ()’))dxdy

) {/ow/omkl(x,wy“x’ (@)a”dxdy}%
T,

ol ) {£ ()"

Then by Hardy’s inequality, (15) is valid.
Supposing there exists a positive constant C < Cy (e, 3,5, p,q), such that (15) is
still valid when C)(a,f,s,p,q) is replaced by C and for n > ﬁ,n € N, setting

f(x) ,&(v) as follows:

1+(l/n)

~ 0, forx e (0,1)
X , forx € [1,00) '

~ 0, fory e (0,1)
y Pa 7forye[1,oo)’

then

C{ Wfap(x)dx} ’ {/mgﬁq(x)dx} T nC, (17)
0 0

and

o I’*(ij)(l/")) s
Wf(l/n))(x 7 —1),f0rx€[l7t>o)

~ {07 fory e (0,1)
[

_ {0, forx € (0,1)

G(y) = Bg—(1+(1/n) .
(0 M 1) forye[l«)

o B o B
Denote ¢(n) = (=i ) (grrbirm) - Then o(n) — (7227) " (5B%)
as n — oo and for x,y > 1, by Lemma 2.3, we have

. ap-(1+(1/n) By=(1+(1/m)
Fe0GR(y) = o) (x~ @ —1)%(y Pi —1)B
ap-(1+(1/m) Ba=(1-+(1/n)
o) 7 =Dy e 1
p-(+/m) Pg-(+(/m)  ap-(+(/m)  Pg-(1+(1/n)

>o(n)(x~ Py 4 —x 7 —y d
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Then

//kxxy iy 5 PE (0GP (y)dxdy

1 1 1

1 1 1
n)/ / ki (x,7) x_"_”_lys_"_q_l—xr_ﬁ_lys_rﬁ—x’_ﬁ_“ys‘WJ)dxdy
1 1
= ¢(n)(h —L— D).

Taking u = % and by Fubini’s theorem, we obtain

5 ¢=/ / (e, )7y iy
11
“ —1-1 “ s—L—1 ppL
=/ PN /kl(x,y)y ngx""nady | dx
—/ ﬁ( ky (Lu)u’™ _ldu—f—/ kl(l,u)us_%_ldu)dx
= n/ ky (1, u)u’ ma du+/ ndx k,l(l uw)u'~ L
1
:n/ kl(l,u)us_ﬁ_ldu—i—/ kk(l,u)us_ﬁ_ldu/ x hdx
1 0 1/u
“ s—-L—1 ! s+-L—1
=n /k;t(l,u)u‘ nq du—|—/ ky(Liu)u " wn ™ du |.
1 0
Again taking u = %, we obtain
Y r—L—1 s-1_p
L= ky (x,y)x" ey P dxdy
1)1
I r—L—1 s-1_p =l r—L_1 s-1_p
=/1 /0 ky (x,y)x" Tyt R dxdy—/ /k;t(x,y)x w Yy T Pdxdy

</xi1 ‘I”de/ ky(1,u)u P au
1

1 / /3
= — ky (Lu)u’™ 7 Pdu < oo.
B—g+a50

Similarly, we get

Hence by (17), we have

oo 1 1 1
[ o (L5 dut [ g (L0 - £
1 0
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Then by Fatou lemma, we have

CaleBys,p.q) = (a;xlil)a<ﬁq_l> / ko (1,u)u' ™ du

:/ lim (b(n)kl(l,u)us_"_q_ du
1 n—oo

+ ' lim o (ks (1,1)u” %~ du — Tim o) O(1)

Q n—ee n—e n

< lim (/ (P(n)kl(l,u)us_%_ldu
n—oo 1

+/O1 o (n)ky (1)~ — 20 (1)) <cC.

Hence, the constant factor C = C; (o, B, s, p,q) is the best possible.
By Holder’s inequality and Lemma 2.1, we get

/k;ny 57 & PFO‘( Vdx

r—1

:/ K (ry) (67 Oy 7 FO () (7 i )dx

1/p 1/q
{/ ky, (x,y)x"~®PySTLEOP (x) dx} {/ k,lxyrl‘dx}

= (Cp(s) fli{/ Ky (2, y) (X "4y L ROP (x )dx}l/p.

N

Hence again applying Lemma 2.1, we have

:(@(s))p/o (@) pdx'

Then by Hardy’s inequality, (16) is valid.

~ op
If the constant factor Céz (s) ( ai’_’ 1) in (16) is not the best possible, then there

~ o
exists a positive constant K such that K < C (s) ( a‘;‘f 1) and (16) still remains valid

~ o
if CJ/(s) < a‘;"j 1) " s replaced by K”. Then by Holder’s inequality, (16) and Hardy’s



SOME NEW INEQUALITIES SIMILAR TO HILBERT-TYPE INEQUALITY 191

inequality, we obtain

J= /OM (/:h(x,y)xr_%_ays_%Fa(x)dx) (@)ﬁdy
< {/Om (/Omkl(x,y)xri,ay.vﬁpa(x)dx)pdy}l/p{/: (@)ﬁqdy}
< () [} { [

which results that the constant factor C; («t, 3,s,p,q) in (15) is not the best possible.

~ op
This contradiction shows that the constant factor Cj’f (s) ( afj’j 1) in (16) is the best

1/q

possible. The theorem is proved. [
If kj (x,y) = 1/(x+y)*,1/max{x*,y*} or 1/|x—y|* then we obtain the follow-
ing corollaries correspondingly,

COROLLARY 3.2. Let p and q be conjugate parameters with p > —,q > 13 ,0<
o,B <1,andlet A,s,r >0, suchthat r+s=A,f,g >0 and F(x) = [ f(¢)dt,G(y) =
Jig@)dr. If 0 < [ fo (x)dx < o0 and 0 < [ gP(x)dx < oo, then the following two
inequalities hold:

| / Y TP )69 ) vy

)c—|—y)’l

s (o) () (L rom) {[ dx} |
P Ba
/Ow (Aw%Fa(x)dx>pdy<[B(r,s)}”<ap_l>ap/ Jorg

B o
where the constant factors B(r,s) (ap 1) <ﬁﬁ—> and [B(r,s)]” ( op ) ¥ are the

oap—1
best possible.

COROLLARY 3.3. Let p and q be conjugate parameters with p > —,q > ﬁ ,0<
a,B<1,andlet A,s,r >0, suchthat r+s=2A,f,g >0 and F(x) = [ f(¢)dt,G(y) =
Jo g(t)de. If 0 < [5° fOP(x)dx < oo and 0 < [ gP4(x)dx < oo, then the following two
inequalities hold:

o o S—t—a s—L1_p

X qa Ty b o B

— =  _ F G dxd
| ] G D)y

A a) ) (o) {[ o)
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1 1 p
/ / r ) g (x)dx | dy< | — b FEP (x)dx,
o \Jo max{x* y*} rs ap—1 0

« B P ap
where the constant factors < op ) <ﬂ> and <&> <a—f> are the best
rs \ op—1 — ap—1

possible.

COROLLARY 3.4. Let p and q be conjugate parameters with p > é,q > %,0 <

o, <1, andlet 0 <A <1,s,r >0, such that r+s=2A,f,g >0 and F(x) =
J5 f(0)dr,G(y) = [ g(t)dr. If O < [ f*P(x)dx < o and 0 <[5’ gP4(x)dx < oo, then
the following two inequalities hold:

r—1_o s—1_p
A A q a P
/ / r Ty Fa(x)Gﬁ(y)dxdy
0 0

e — y[*
< (B(s,1-A)+B(r,1-1)) (aZi)a (ﬁSZ)ﬁ {/waom(x)dx}% {/Owgﬁq(x)d)c}% :
1 1 14

F—_o =0 S—

/ /%F“(x)dx dy
o \Jo |x=yl

Op oo
<(B(s71—x)+3(r,1—x))1’<a;‘f1) /Of‘”’(x)dx,

ap \*( pa )P
where the constant factors (B(s,1 —A)+B(r,1—21)) (ap_l> (—_) and

o
(B(s,1=A)+B(r,1—-2))? (a‘;‘ﬂ) ? are the best possible.
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