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A WEAK POINCARE-SOBOLEV INEQUALITY
FOR FUNCTIONS IN MORREY SPACES

MODESTE ESSOH AND IBRAHIM FOFANA

(Communicated by Vladimir Dmitrievi¢ Stepanov)

Abstract. We prove a weak Poincaré-Sobolev type inequality for a function belonging to Morrey
spaces with respect to a Hausdorff content.

1. Introduction

Poincaré Inequality allows one to obtain estimations on a function using estima-
tions on its derivates. Such estimations are of great importance in the modern, direct
methods of the calculus of variations (see [14]).

In [1, 3] Adams has established Poincaré inequalities in term of Lebesgue norms
with respect to a Hausdorff content. In this paper, we control a weak Morrey norm with
respect to a Hausdorff content of a function f by classical Morrey norm of its gradient.

The statement of this result needs some notations and definitions.

The Lebesgue measure of a set E is denoted by |E|. Q(x,r) stands for the cube
centered at x € R" with side length r and sides parallel to the cordinate axes. Given a
locally integrable function f, we denote by fo(. ) its mean value over O(x,r) defined

1
by: = — dy.
95 fots0) = TG o7
If ECR" and 0 < § < n, the Hausdorff content of E of order 0 is defined by

HO(E) = inf 3, 1(0;)?, (1.1

J=1

where the infimum is taken over all coverings of E by countable families of cubes
Q;. Throughout this paper, only cubes with sides parallel to the cordinate axes are
considered and /(Q) denotes the side length of the cube Q.

Note that, H"(E) = |E| and if in the relation (1.1) we take the infimum only
on coverings of E by dyadic cubes, we get the dyadic Hausdorff content of order &,
Hg (E). It is well known (see [1]) that

Property P1: there exists two constants A > 0 and B > 0 such that for any £ C
R", H3(E) < AHS (E) < BH®(E);

Mathematics subject classification (2010): 28A12, 42B25.
Keywords and phrases: Poincaré-Sobolev inequality, Morrey spaces, Hausdorff content, fractional
maximal operator, Riesz potential operator.

© depay, Zagreb 215

Paper IMI-06-22


http://dx.doi.org/10.7153/jmi-06-22

216 M. ESSOH AND I. FOFANA

Property P2 If (E;) is a increasing sequence of arbitrary sets, then lim HS (E;) =

[— o0

Hg(Ll_JEi) )

Let 1 <p <o, 0<A <nand 0<8<n. Wedenote by L' (H?) the weak
Morrey type space with respect to the Hausdorff content H S that is the space of all
functions f such as

==

191, sy 7= S0P (€ €, 0] > 1) 1(Q) 7 <o,

>0

where the supremum is taken over all ¢ > 0 and cubes Q of R". The classical Morrey
spaces L+ (dx) are the spaces of all locally integrable functions f satisfying

1 3
1o = s (g o roras) <

where the supremum is taken over all cubes Q of R".
Notice that L ’O(H 8) is the weak Lebesgue space LY (H®) with respect to the
Hausdorff content H® (see [2]).

We recall that the Sobolev space Wll’1 is defined by

oc

1,1 . .
Wie ={f € Lige s Dif € Lige j € {1,2...,n}, }
where Llloc is the set of all locally Lebesgue integrable functions.
We can now state our main result.

THEOREM 1.1. Supposethat 0< B<l<a<n<d+f,0<nandA(n—f)=
O (n— a). Then there exists a constant C > 0 such that for any function f belonging
to W and satisfying

loc

limsup fo(x.) = f(x) xeR"

r—

and
lim |fQ(x,r)‘ =0, xeR"

we have
1Al s ap,  <CIVfllpnoq-

L P o)

As an immediate consequence we have the following weak Sobolev inequality.

COROLLARY 1.2. Suppose that 1 < o« < n. Then there exists a constant C > 0
such that for any function f belonging to W' we have

11
L

gl‘nia(dx) < C”VfHLl‘r"*a(dx)' (12)

o
sk
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Inequality (1.2) generalizes the inequality
n_ <C||V , 1.3
70, g1 oy < CIV s (13)
which is a weak form of the Sobolev classical inequality

||fHL,,"j(dx) S CIV Al axs (1.4)
(see [8]).

The remainder of this paper is organized as follows: in section 2 we establish a
boundedness property for the Riez potential in Morrey type spaces. In section 3, we
prove technical lemmas used in the proof of the principal result. In section 4, we prove
Theorem 1.1 and Corollary 1.2 .

2. Weak Inequality For Riesz Potential

Let f be a locally integrable function on R”". The Riesz potential of f of order o
(0 < o < n) is defined by

Iof(x) :/R &dy, xeR"

n fx—ylon

It is well known that [, is related to the fractional maximal operator M, defined by
1
Mof(0) =sup—— [ |f(3)ldy, xR
0=x Q' n Jo

where the supremum is taken over all cubes Q containing x.

The theory of boundedness of fractional maximal operator and Riesz potential
from one Morrey-type space constructed on the base of Lebesgue measure to another
one is well studied. See [3], [4], [5] and [6].

In this section, boundedness property for the Riesz potential (Theorem 2.4) in
Morrey-type space constructed on the base of Hausdorff content is obtained. This result
is interesting in the sense that there exists a set £ C R” such that |[E| =0 and H®(E) >0
for 6 <n.

An instance of this relation is the following form of Welland’s inequality.

LEMMA 2.1. Assume 0 < B <y < o < n. Then there exists a constant C > 0,
such that, for any positive function f, we have:

y—

Bf () < C (Mpf (X)) (Mo f(x) 55, xe R,

The proof is the same as that of inequality (2.3) in [13].
Now, we recall a boundedness property for the fractional maximal operator in
Morrey type spaces (see [7]).
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PROPOSITION 2.2. Assume that 0 < B <n, 0<A<n, 0<8<n & =A41,

o0>n—P and u = g(n — B). Then there exists a constant C > 0, such that for any
locally integrable function f, we have

IMgfll s,  <Clfllpruga:
L P me)

From the above results, we shall deduce a norm estimate for the Riez potential.
Before this, we establish the following lemma which will be useful in the of proof of
our result.

LEMMA 2.3. Let p,g >0, 0< A <nand 0 < 6 < n. Then for any locally
integrable function f, we have

pr“LZ‘)L(HS Hf”qul H(g

Proof. We have

~

Q=
&\

17052 oy = s0pt (HP (e QL@ > 13) " 1(Q)

>0

= supt (#{xe0.1rm) > }) ")
>0

— supu? (5 {x € 0. 15| > }) " 1(0) F
=0

= [ swpu (B fxe 0 1701 > ) Q) T
ug()

- Hf”qul H(g U
THEOREM 2.4. I[fO< B <y<o<n<d0+f,0<nand A(n—B)=06n—a),
then there exists a constant C > 0 such that for any function f € L'"~%(dx), we have

1A s ap,  <CISfllprn-agay:

PO )

<

Proof. We have

l n
Maf () = sup—— [ 1£()ldy < fllpsa-aag ¥ € B
03x |Q‘ nJO

It follows from Lemma 2.1 that

oy

B < CUIAIEY oy (Mpf () FF v B
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So
L oy
A 5 ap,  <Cllfllirtagl Mpf)* P s ap, -
L P ) 1P (m8)
Hence, by Lemma 2.3 we have
ap
15111l soeb C1||fH o(dx) Mg 15 2
L! (H?) LB (1)

It is clear that the assumptions of Proposition 2.2 hold: 6 >n—f3, & == ﬁ < 1 and
%(n — B) =n—a. So by virtue of Proposition 2.2 we have

sl 5, <Collfllin -
L P md)
Therefore,

o

o— o—

AN s o, <CCUFIT ol = Cllfllaeiag <=
L (H5)

n
s

The claim follows. [

3. Technical lemmas

The propositions of this section have been inspired by Chapter 4 in [10]. For a
locally integrable function f we set

A(f) = mgMNbewav fownly
xeR"

>0
r>0

'u\'—

(y) >1})71(Q(x r))_%.

LEMMA 3.1. Assume that 0 <0 <n, 0<KA<0, 1<pand 0< o <p <+
Then for any locally integrable function f and for all x € R", we have

A
P
[fowp) — fowe)l < LA

Proof. We have

[fowp) = foo) | Xowo) < [fowp

) = flXowp) T 1f = oo Xow.o)-
For t > 0, we have

{v: fowp) = fowo) Xowe) ) > 2t} C {y: Ifowp) — FlXowp ) > 1}

U{y: If = fowe) lXowe) ) > 1}
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1
As — < 1, we obtain for any 7 > 0
P

==

tH® ({y: [fowp) — fotxo) Xowa) () > 2t})
1
<tH® ({y: fotwp) = Fowp 0) > 1})
1
+tH? ({y: |f = foto) Xowo) ) > 1}) 7
- 1o
<prtH® ({y: |foump) = Fltomp) ) > 13) 7 p7

A L -2
+07tH ({1 |f — fowo) Xowa) ) >1}) 77 .
From above inequality, we obtain for any u > 1

A

Vo) —fowell o (g, < (o5 +0% ) ()

2u
The claim follows. [

LEMMA 3.2. Assume that 0 <0 <n, 1 < p and 0 <A < 8. Then for any locally
integrable function f, all non negative integer k and all x € R", we have

d—A

JAR AN2V P —1 _s-a
‘fQ(x,p)_fQ(x,Z*kp)‘gz r <1+2p> 52 p 7 A(f).

210 —1

Proof. Let m be a non negative integer. By Lemma 3.1, we have

AN 0=k _8-h _6-A
otz o)~ fowanipl <2(1427) 27525 p =7 A(p).
Since for any non negative integer k we have
k=1
‘fQ(x,p) _fQ(x72’kp)‘ < ZO ‘fQ(x,2*mp) _fQ(x,2””’1p)‘7
it follows that
AN R R L
fotwp —foua-tp)| <2(1427)2°7p~F [ X 277 | A(S)
m=0

52 A Zk;—l S
<2" (1420) Z—p 7a(n. O

LEMMA 3.3. Supposethat 1 <p, 0<p <0 <+4o0, 0<KA <, 0<d<nand
k is the unique integer satisfying 2~*"'o < p < 27Ko. Then for any locally integrable
Sfunction [ and all x € R", we have

2 sa1-2MA\ s
|fQ(x,p)‘ < |fQ(x,0')‘+2<1+2P> 1+2» ﬁ p 7 A(f)
P —
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Proof. We have

[fowp) | < fowo)| + 1 fora+o) = fowo) | + o2 +te) — foup) |-
By Lemma 3.1,

>~

P _6-2
fowa-to) — fowp | <2 ((2ka o) 1) p 7 A(f)

A _O0=A
<2(1+2f’>p 7 A(f). (3.1)
Lemma 3.2 yields
K 3=2
pHé—A N2V P —1 -2
oo te) — fowel <27 (1+2n)7u G T A(S)
27 —1
_x9=4
p+o—A 2N 1—-2 P _ 62
<25 (1+2”)7H p TA).  (32)
27 —1

We deduce from (3.1) and (3.2) the claim. [

LEMMA 3.4. Supposethat 1 < p, 0< 6 <nand 0 <A < 8. Then there exists a
constant C > 0 such that for any locally integrable function f satisfying

lim |f|Q(x,r) = Oa xecR"

r——+oo

we have
1105, < CA).

Proof. Let (t,p,x) be any element of (0,4o0) X (0,4o0) x R".
As
[ xowp) | < (f = fowe)) Xowp) |+ [fowe) Xt
Hence for any > 0, we have

1 A

tH? ({3 [/ 2Xopp)|(0) > 20 1) 7 < pPtH? ({32 |f = fowp) | Xowm ) > 1})
HH ({3 |fotep) Kot 0) > 1)

~I—
>

)p7

So,
LA 8-2
tH? ({3, 1/ Xopp)| ) > 20 )P p ™7 SA(S)+p 7 |fopp-
Let 6 > p and k the unique integer satisfying 27*"'o < p < 27¥¢. By Lemma 3.3,

A
P

tH® ({31 |F2toup)|0) > 21)7 p

5-2 5.2 A 52 1-2F\ s
SAf)+p 7 |fXowe)| tP 7 '2(1+2”> 1+27 ——=—— | p 7 A(f).
277 —1
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Askhm 27k —O— hm |f%on\ we get
—>—+oo0

-2
H ({3, | Xowp|(v) > 2}) 7 p 7 < <1+2(1+2ﬁ) <1+52_+1>>A(f).

The claim follows. [

4. Proofs of Theorem 1.1 and Corollary 1.2

We recall that:
—apoint x € R" is called Lebesgue point of an locally integrable function f if

lim|QCxe)| ! [ 1f(3) = S(ldy = 0.
r— x,r
— a function f belongs €*, (k=0,1,...,00) when f is k-times continuously
differentiable.
Now, we establish the following particular case of Theorem 1.1.

PROPOSITION 4.1. Supposethat 0 < f<l<a<n< 8+, §<nand A(n—
B) = 8(n— a). Then there exists a constant C > 0 such that for any function f be-
longing to C! and satisfying

lim ‘fQ (oe,r) ‘ -

r—r+oo

forall x € R", we have

1A s ap,  <CIVllpaagy-

L P o)

Proof. Let f satisfying the assumptions of the proposition.
It is well known (see Lemma 7.16 in [9]) that there exists a real number C; de-
pending only on 7 such that for all cubes Q and x € Q we have

[f(x) = fol < Cili(IV f|xo) (%)

Using lemma 3.4 and the above inequality we obtain

a1 np
A1 s e < CzsgptHé({x€Q7 |f = fol(x) >1})*F 3

L. (H?)

5 apnd 5B g
< CiGsuptH® ({x € Q, i (V) (y) > 1}) P o 1(Q) o7 7 b
Q

=CGIL(VI s os N

P e

(H?)
It follows from Theorem 2.4 that

f oa—B <C Vf ln—o . ‘:l
I gyt ) ST oi

Let us recall the following proposition used in the proof of Theorem 1.1.
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1,1

oc

PROPOSITION 4.2. (see Theorem 7.8 in [11]) Let f in W,
constant C such that

—foldy<Cl Vfldy,
/Q\f foldy (Q)/QI Fldy

for any cube Q of R".

Proof of Theorem 1.1. Let f satisfying the assumptions of the theorem.

We can assume that [[Vf|| 1«4y < +oo otherwise the claim of Theorem 1.

trivial.

223

. Then there exists a

1is

a) Let ¢ be a non negative element of 4™ with support supp@ is included in the

unit ball B(0,1) and such that / o(x)dx=1.
Rn

For any real number € > 0, we write fz = f * @ with

Pe(x) =€

Then fz € C™ and for all x € R"” and p > 0, we have

o) ! |

¢ d = ’ - eV € dzd
[0y <iowe)™ [ [ I 2lee(dady

<[ (lowpr [ 1roiay) puta:
< (%) [ (lowpl™ [ 170y et

pe\" —1
DN € d7
() otwpal [ Iy

)

N

where pe = p +2¢.
Therefore for all x € R", pl_igr]w | fe |Q(X7p) =0.

Thus from Proposition 4.1, we get

dz

Ifell s “’/f.x gclefSHLL"*a(dx)' 4.1
L

n—p oa—
*

(H®)

In addition, for all cubes Q, we have
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[ IVl = [ V(<000
0 0
:/ [Vf*@g|(x)dx
0
< / L VA=) l0e () ds(ods

g (/ V(- y)|dx) 00 (y)dy
= [ ([ 1vr@iz) o0

VS oo (@ [ pes)dy

1
7 | Vel < 19 sy

1(Q)"~
Hence
IV fellpneay) < NVEllLno@y)-
So, by (4.1) we obtain

Ifell 5 ap,  <CUVflpnoagq- (4.2)

n ,Boch (HE)

b) Consider o, p with 0 < 0 < p < 40 and k the unique integer satisfying
27F1p <o < 2fp.
(1) For all x € R", we have

k
fotwp) — fowo)l < %VQ(x,szp) —Jowa-i-1p) | [ fow2tp) — foteo) |

Forall i suchthat 0 <i<k—1,

|fQ(x,2*"p) _fQ(x,2*"*1p)| = ‘|Q(X,2_i_lp)|_l‘/g(x 2-iclp) (fQ(x,2*ip) _f(y)> dy‘
<low2 o)t [

 nn Votsai SOl

<202 D) [ Voo~ S0y
and

[fow.o) = fowatp)| = ‘IQ(x, o) ! / (

O(x,0

: (f(y) - fQ(x,Z’kp)> dyl
<202 ) [ 170) = forea ipldy.

0(x27%p)
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Therefore,

k
‘fQ(x,p) _fQ(x,O')| <2 2 ‘Q(xazilp”il/ » ‘fQ(x,2’ip) _f(y)|dy
i=0 Q(x72 lp)

By Proposition 4.2, we have

k

—i 1
fots) ~Sotserl <2 2 10027p) 7 [ VAl

i=0
k . 1
<20 Y 10(x.27'p) [ M (V) ).
i=0

So

C

[fowp) = fowo)| < Z"W (V) (x)p! (4.3)

(i) Now consider N = {x € R", Mg(|Vf])(x) =+}, Q a cube of R",
No = {x € Q,Mg(|Vf|)(x) =+eo}, 1 a positive real number and N} = {x € O,
Mg(IVf])(x) >n}.

By Proposition 2.2, we have

nB oy
NHO(NJ) & 1(Q) 5" ﬁ)<cz||Vf||L1nfa )

HWY) < ¢ P10y

Lln o dx

77
As NQCN”,Weget

6
HO(Np) <G5 P1(0)*

L0 (dy)’

nr

Letting n — oo, we obtain H%(Np) = 0.
Since R" can be written as a countable union of cubes, we get finally

HO(N) =0. (4.4)
(iii) Fix x e R"\ N.
Since by hypothesis limsup fy(, 5) = f(x), inequality (4.3) leads to
o—0

C

LM (VD p!

[forp) — F(X)] <2"
In addition, by Proposition 4.2, we have
QP [ 1f0) = fowpldy < C3p 7 [ Ay
O(x.p) O(x.p)

< GMg(IVf)()p'P.
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So
op) " [

O(x,p

)= relas <leeep) ™ [ 170) gy

+fop) — F(%)]
2}’[
<G (14 1o ) MV )0 5.

Thus for any x € R*"\ N,
lim [0(x.p)| ! [ 17() = f@)lay =0,
p—0 O(x.p)

i.eany x € R"\ N is a Lebesgue point for f.
c) Let Q be a cube of R"” and r > 0. We set

G={yeQ |fO)l>1}
Ge={yeQwn. [ 0)>1}, keN
I'i=nNgG e N*,
j kr;] k JE
()LetyeGand y¢ N.
We have |f(y)| >t and nlim f1(y) = f(y) (since y is a Lebesgue point). So,
—4ot n
there exists j > 0 such that f% (y) >t forall k > j; thatis y € UT';.
J
Therefore
G\N CUT;.
J
(ii) By equality (4.4) and the above inclusion, we have

HY(G) = H3(G\N) < H(UT)).
J

Using Properties P1 and P2, we have
H%(G) < AHg(ur ) =A lim H(T))

e
Akhm HS (Gy) <Ama1an5(Gk)
— oo k—+oo
Therefore,
s —B o1 _)L" /311 /3 a1 5 np a—1 pArB ol
tH® (G) % =B [(Q) (AB) =P llgmlan (Gy) 3 «Bl(Q) " 8 @B
— o0
nBo-l
< (AB)'T &P liminf | fe]| 5 oy,
k—+oo L;zfﬁ o—1" (HE)
So by inequality (4.2), we have
n— /3 o— Y n—B a—1 n— /3

HO(G)'F B 1(Q) *'F & < (aB)'
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Thus
<CVflpna@g. O
(H%)

171 s
L

oa—p 2
n—p a=1°
*

Proof of Corollary 1.2. Since f € Wh!, then we choose Borel representatives f
defined at every point x by

f(x) := limsup Joter)-

r—0

By the Lebesgue differentiation theorem, [12], f= f a.e.
Applying Theorem 1.1 for B =0, 8§ =n and f, we obtain the result because

f=fae O
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