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SOME NEW PACHPATTE TYPE INEQUALITIES
ON TIME SCALES AND THEIR APPLICATIONS

LIWEI DU AND RUN XU

(Communicated by A. Peterson)

Abstract. The aim of this paper is to establish some new Pachpatte type inequalities on time
scales, which provide explicit bounds on unknown functions. Our results extend some known
Pachpatte inequalities on times scales, unify and extend some continuous inequalities and their
corresponding discrete analogues. The inequalities given here can be used as tools in the quali-
tative theory of certain differential equations and dynamic equations. Some examples are given
in the end of this paper.

1. Introduction

The theory of time scales was introduced by Hilger [2] in 1988 in order to contain
both difference and differential calculus in a consistent way. Since then many authors
have expounded on various aspects of the theory of dynamic equations and dynamic
inequalities on time scales. For example, we refer the reader to the papers [2-7], the
monographs [8,9] and the references cited therein. At the same time, the paper [1]
includes a study of the theory of Pachpatte type inequalities on time scales, which
extend some unknown dynamic inequalities on time scales, unify and extend some
continuous inequalities and their corresponding discrete analogues.

On the basis of [1], we continue to investigate some new Pachpatte type inequal-
ities on time scales, which extend some inequalities established by Wei Nian Li [1].
We validate Pachpatte type inequalities by virtue of Lemma 1 mainly. The obtained
inequalities can be used as important tools in the study of dynamic equations on time
scales.

This paper is organized as follows: In the second section, we give some basic
definitions and some preliminary lemmas and theorems with respect to the calculus on
time scales, which can also be found in [1]. In Section 3 we deal with our Pachpatte
type inequalities on time scales. In the fourth section, we give some applications of our
main results.
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2. Some preliminaries on time scales

In what follows, R denotes the set of real numbers, Ry = [0,4), Z denotes
the set of integers, Ny denotes the set of nonnegative integers, C denotes the set of
complex numbers, and C(M,S) denotes the class of all continuous functions defined
on set M with range in the set §. We use the usual conventions that empty sums and
products are taken to be 0 and 1, respectively. A time scale T is an arbitrary nonempty
closed subset of R. The forward jump operator ¢ on T is defined by

o(t):=inf{s€T:s>t} €T, forall t€T.

In this definition we put inf@ = supT, where 0 is the empty set. If o(¢) > ¢, then
we say that t is right-scattered. If o(r) =¢ and t< supT, then we say that t is right-
dense. The graininess y : T — [0,c0) is defined by p(¢) := o(t) —t. The set T* is
derived from T as follows: If T has a left-scattered maximum m, then T = T — {m};
otherwise, T = T.

We say that f: T — R is rd-continuous provided f is continuous at each right-
dense point of T and has a finite left-sided limit at each left-dense point of T'. As usual,
C,q denotes the set of rd-continuous functions. We say that p : T — R is regressive
provided 1+ u(t)p(t) # 0 for all + € T. We denote by % the set of all regressive
and rd-continuous functions. We define the set of all positively regressive functions by
BT ={peZ:1+u(t)p(t) >0, € T}. Obviously,if p € C,y and p(t) >0 forr €T,
then pe Z7.

For f:T — R and 1 € T, we define £~ (t) as follows (provided it exists):

o) i L0 1)

s—t G(Z) — S

)

we call f2(r) the delta derivative of f at .
We first introduce the following lemmas, which are very useful in our main results.

LEMMA 2.1. [7] Assume that a >0, p > q >0, then

a%ggl{%a—f—gk’% forany K > 0.
4

=

THEOREM 2.1. [4] If p € Z andfix ty € T, then the exponential function e, (-,ty)
is for the unique solution of the initial value problem
X2 =p(t)x, x(to)=1 on T.

THEOREM 2.2. [4] Let tg € TX and w: T x T — R be continuous at (t,t),
where t > ty. Assume that w™(t,-) is rd-continuous on [ty,o(t)]. If for any € >0,
there exists a neighborhood U of t, independent of T € [ty, 6 (t)], such that

w(o(t),7) —w(s,7) —w>(1,7)(c(t) —s)| < €|o(t) —s|, s€U,
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where w™ denotes the derivative of w with respect to the first variable, then

glt) = /[tw(t;L')AT

0
implies

1

g20) = / W2 (1, T) AT+ w(o(t),1).

0

The following theorem is a foundational result in dynamic inequalities.

THEOREM 2.3. (Comparison Theorem [4]) Suppose u,b € Cry, a € Z", then
u® (1) <at)u(t)+b(t), t =19, 1 € TF

implies

t
u(t) <ulto)eq(t,t0)+ | b(t)eq(t,0(T)AT, 1t >10, 1 € TF.
0]

2. Main results

In this section, we deal with Pachpatte type inequalities on time scales. Through-
out this paper, we always assume that m > 1, m,n,! are real constants, m >n > 1> 0,
and 1 > 1y, t € TK.

THEOREM 3.1. Assume that u,f,p € Cuq,u(t), f(t) and p(t) are nonnegative,
and ug is a nonnegative constant. If (t,s) is as defined in Theorem 2.2 such that
o(t,s) >0 and a)A(t7s) >0 fort,s € T with s <t, then

t

W"(t) Suo+ | (0" (1) + p(1)] AT

To
t T
- ) (s)As)AT, 1€ T 3.1
/mf(r)(/[0 o(T,5)u" (s)As)AT, 1€ G.1)
implies
u(t) < {u0+ t [B(T)—Ff(l’) (uoef_;,_A(T,to)
0
1
+ / ef+A(r,o(s))B(s)As>}Ar}m,K>0,teT’<, 3.2)
To
where
A(r) :% e <(u(0(t),t)+ ta)A(t,s)As), (3.3)
fo
m-—n

K%f(z)/tw(z,s)m, te Tk (3.4)
fo
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Proof. Define a function z(z) by the right hand of (3.1), then z(fo) = uo, and

t

1) = f@Ou" (1) + p(e) + £(1) | o(t,s)u" (s)As

T

< SWO+ PO+ 1) [ 0(0,5)20s) 7

Using Lemma 2.1, from the above inequality, for any K > 0, we obtain

t

200 < PO+ F00+10) [ 0(05)| 2K

n—m m-—n

moz(s) +

1o m

K:vl?]As

=)+ K () / "o(t,5)As+ £ (1) [z(l) oS / ’ a)(t,s)z(s)As}
=B(t)+ f(t) [z(t) + %Kfn /t a)(t,s)z(s)As} ,1eTk, (3.5)

where B(t) is as defined in (3.4).
Let

n—m 4
v(t) =z(t) + e o(1,5)z(s)As. (3.6)
m fo
Obviously, v(ty) = z(to) = uo, z(t) < v(t) and z2(t) < B(t) + f(t)v(t). Using
Theorem 2.2, we have

A A N pnm
t)=z7(t)+—Km
va() = 27()

(/t: > (1,5)z(s)As + w(a(t),z)z(,)>

< B(1) + [f(t) + %K";f" (/tt 0 (1,5)As + a)(c(t)J))} 0|
= B(t) + (f(t) +A(0))v(t), t € T, (3.7)

where A(z) is as defined in (3.3). It is easy to see that (f +A) € Z*. Therefore, using
Theorem 2.3, from the above inequality, we have

W(t) < soesin(ts10) + /t et 0(s))B(s)As, 1 € T*. (3.8)
0

Combining (3.5), (3.6), (3.8), we obtain

(1) <B@) + f(1) [uoef+A(t,t0) +/tt erralt,0(s))B(s)As|, t € T (3.9

Setting = 7 in (3.9), integrating from 7y to t, and noting z(7p) = up and u(r) <
z(r), we easily obtain the desired inequality (3.2). The proof is complete. [

REMARK 3.1. If m =n =1 in Theorem 3.1, then the inequality given in (3.2)
reduces to the inequality in [1, Theorem 3.1].
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REMARK 3.2. If m=n=1, p(t) =0, and o(r,s) = o(s) in Theorem 3.1, then
the inequality given in (3.2) reduces to the inequality in [5, Theorem 1].

REMARK 3.3. The result of Theorem 3.1 holds for an arbitrary time scale. Let
o(t,s) = w(s) and m=n=1 in Theorem 3.1. If T =R, then the inequality established
in Theorem 3.1 reduces to the inequality established by Pachpatte in [13, Theorem
1.7.2(1)]. If T = Z, then from Theorem 3.1, we easily obtain Theorem 1.8.7 in [14].

THEOREM 3.2. Assume that u,f,p € Cyq, u(t), f(t) and p(t) are nonnegative,
and ug is a nonnegative constant. If o(t,s) is as defined in Theorem 2.2 such that
o(t,s) >0 and a)A(t7s) >0 fort,s € T with s <t, then

@) <uot [ f@@@at+ [ 1(0) [ [ (@@ +p<s>>As} at,

fo
K>0,1eTF (3.10)
implies

L

ult) < {uo—i- /to ") {uoefﬂ(r,towr /to Tef+A(T,G(s))Bl(s)As} Ar}m,

K >0,1eTk, (3.11)
where A(t) is as defined in (3.3),

m-—n

Bi(t)=p(t)+ Kn [w(o(t),t) +/[t a)A(t,s)As} ,1e Tk (3.12)

m

Proof. Define a function z(r) by the right hand side of (3.10). Then z(fy) =
ug, u™(t) < z(t), and

t

) = SO @)+ 1) [

fo

[w(:,s)(um(s))% + p(s)} As

< SO0+ 1) |

Iy

[w(z,s)(z(s))% +p(s)] As. (3.13)

Using Lemma 1, from the above inequality, we have

n __n—m m-—n

(1) <f(t){z(t)+ t K—K m z(s)+

) m m

K—) o(t,s) —l—p(s)} As}. (3.14)

Let

m-—n

m(r) :z(t)+/tot [(%K"mmz(s)-l- K) w(t,s)—|—p(s)] As, (3.1
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it is easy to see that m(ty) = z(to) = uo, z(t) <m(t), z°(t) < f(t)m(t), and

m () = 220) + (%K"mmz(t) + 27

K) o(o(1),1)

+ /0 t (%K"mmz(s) + ’"n‘1 "K) @2 (,5)As + p(7)
< { f(t)+%1<% [a)(G(t)J)—F /t: mﬂ(m)AS] }m(t)

m-—n
+p(t)+

n 4
Kb [a)(G(t)J)-i— / mﬂ(m)AS]
fo
= (f(t) +A(t))m(t) + By(t), t € TF, (3.16)
where A(¢) is as defined in (3.3), B;(¢) is as defined in (3.13). Using Theorem 2.3,
from (3.16), we obtain
t
m(t) guoef+A(t,z0)+/ efalt,0(s))Bi(s)As, 1€ T, (3.17)
1o
Therefore,

2 < f@) [uoeHA(t,to) +/t erialt,o(s))Bi(s)As|, t € T (3.18)

Setting + = 7 in (3.18), integrating it from #y to ¢, and noting z(fp) = up and
u(r) < z(t), we easily obtain the desired inequality (3.11). The proof of Theorem 3.2 is
complete. [l

REMARK 3.5. If m =n =1 in Theorem 3.2, then the inequality given in (3.11)
reduces to the inequality in [1, Theorem 3.2].

REMARK 3.6. By taking m=n=1, o(t,s) = o(s) from Theorem 3.2, we easily
obtain Theorem 4.8(ii)[11].

REMARK 3.7. Letting m =n =1, o(t,s) = @©(s) in Theorem 3.2, we can ob-
tain the inequality established in [13, Theorem 1.7.2(ii)] if T = R, and the inequality
established in [14, Theorem 1.4.6(ii)] if T = Z.

THEOREM 3.3. Assume that u,f,g € Cyy, u(t), f(t) and g(t) are nonnegative,
and ug is a nonnegative constant. If (t,s) is as defined in Theorem 2.2 such that
o(t,s) >0 and a)A(t7s) >0 fort,s € T with s <t, then

@) <o+ [ fO@ac+ [ g0

: [u"(r) + / " oz, 5 (s)As} At, e T (3.19)
]
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implies

n __n-m 4
ut) < {u e+ 2K [ e/.0()e(Tesiin, (riu)ae

fo

+/ er(t,o(t )AT} ,K>0,1eTk, (3.20)
where
l
Al(t):—K [ +/a) (t,5)A ] (3.21)
n
m — n L
Bo(t) = e / 02 (1,5)As, (3.22)
m m to

Cl) =50 B2+ 2K [ eficin, (0GRS 32

Proof. Define a function z(r) by the right hand of (3.20). Then z(79) = ug, u™(¢) <
z(t), and

< S(0)z(1) +8(1) [(Z(t)":’ +/t[w(t,S)(Z(S))'ZAS] : (3.24)

Using Lemma 1, from the above inequality, we have

“noa m—1_ 1 [t
iy Ry 7 a)(t,s)As}
m m 1o

() < S0 +50) [
+g(1) [%K"mmz(t)—i-él(lmm /tw(t,s)z(s)As] creTr  (3.25)

Let

n—m l
W) = %KTz( )+ ~ K"

X a)(t 5)z(s)As, 1 € T, (3.26)

fo
then v(1g) = LK " up, LK w z(t) < v(t), and

T

V) < [f<r>+g<t>1v<z>+%l<l?—f” (0.0 +

n—m

+ LK g(1)Ba (1)

o” (t,s)As] v(t)

fo

00 + ) + K g(1)Ba(r), 1 € T (3:27)
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where A (t), By(r) are as defined in (3.21), (3.22). It is easy to see that (f+g+A;) €
%+ . Therefore, by using Theorem 2.3, from (3.27), we easily have

n—m 4

7| epean (. 00))8(5)Ba(s)As

n
v(t) < vlto)efigra, (t,t0) + ZK

n __n-m
= —Km

{uoeﬁgﬂl(z,ton / ef+g+A1(t,G(s))g(s)Bz(s)As} . (3.28)
m to

Combining (3.25), (3.26) and (3.28), we obtain
() < L)) + K T uog (t)epsgin (t10)
) [Ba0)+ 2K [ eprein (1.0(6)e(0B0008]
= f(0)z(t) + %1<%uog(z)efﬂ,ﬁ,1 (t.10) +C(1), (3.29)

where C(t) is as defined in (3.23). Which implies

n __n-m 4
£0) < o er(t0)+ KT [ es.0(0)e(Derern, (Ra0)dT
T
1

+ [ es(t,0(1)C(1)AT, t € T, (3.30)
fo

It is obvious that the desired inequality (3.20) follows from u™(¢) < z(r) and
(3.30). The proof of Theorem 3.3 is complete. [

REMARK 3.8. If m =n =1=1 in Theorem 3.3, then the inequality given in
(3.20) reduces to the inequality in [1, Theorem 3.3].

REMARK 3.9. Let m=n=1=1, o(t,s) = o(s) in Theorem 3.3. Then we
observe that Theorem 1.7.2(iii) in [13] is a peculiar case of Theorem 3.3 if T =R, and
Theorem 1.4.6(iii) in [14] is also a peculiar case of Theorem 3.3 if T = Z.

4. Some applications

In this section, we present some immediate applications of our results.

EXAMPLE 4.1. Consider the dynamic equation

[W"(1)]> =F (t,um(t)7 tH(t,s,u"(s))As) , u"(to) =C, 1 €T, “4.1)

fo

where C is a constant, F : T¥ x R x R — R is a continuous function, and H : T x T¥ x
R — R is also a continuous function.
Assume that
[F,U V)< f@)(|U|+[V])+p(t), (4.2)
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H(t,s,U)| < o(t,s)|U|, t,5€T* (4.3)
If u(r) is a solution of (4.1), then
|u™ |C|—|—/ { [Cef+A (1,00 —|—/ eria(t,0(5))B(s )As] }AT,
4.4
where p, f € Cy, f(t),p(t) are nonnegative, (z,s) is as defined in Theorem 2.2 such

that o(z,s) >0 and @?(¢,s) >0 for ¢,s € T with s <, and A,B are as defined in
(3.3), 3.4).

Proof. Clearly, the solution u(z) of (4.1) satisfies the following equivalent equa-

tion
t
t)=c+/F< /Hrsu As)ATtETk 4.5)
fo

It follows from (4.2), (4.3), (4.5) that

'|F (1'7um(r),/mTH(T,s,u"(s))As) 'm

< |C|+/tf(r) {|u’”(r)|+/t; |H(T,s,u"(s))As} AT+/t:p(T)AT

|C|+/ 7)|" + p(7)|AT
+ /m £(7) ( /IO a)(T,s)|u”(s)|As> At, 1 e T (4.6)

Using Theorem 3.1, the desired inequality (4.4) is obtained from (4.6). The proof
of Example 4.1 is complete. [

EXAMPLE 4.2. Assume that

|F(tlevU2)_F(th17V2)| <f(t)(‘Ul _V1|+|U2_V2D7 4.7

|H(t,5,U1) —H(t,5,U5)| < 0(t,5)|U; — Uy, 1,5 € TF, (4.8)

where f,® are as defined in Example 4.1. Then (31) has at most one solution.
Proof. Let u;(t),us(t) be two solutions of (4.1). Then we have

) -0 = [ |7 (rare). Ao

T fo

_F (r,ugﬂ(r),/TH(r,s,ug(r))As>] At ieT:.  (49)
fo
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It follows from (4.7)-(4.9) that
O =0 < [ £3) ' (0) =3 (x)
+[ \H (2, 5,11(s)) —H(r,s,ug(s))ms] AT
0

10 [0 - 01+ [ o(e () - s)as | ar
reT (4.10)

By Theorem 3.1, we have |u;(t) —us(t)| =0, t € TX. Therefore, u;(t) = uy(t),
then (4.1) has the most one solution. The results are obtained. [

EXAMPLE 4.3. Consider the dynamic equation
!
[W"(1)]> =F (t,um(t)7/ H(t,s,u"(s))As) , u(to) =C, €T (4.11)
fo

where C is a constant, F : T x R x R — R is a continuous function, and H : T¥ x T x
R — R is also a continuous function.
Assume that
IF(,U,V)| < £(0) (U] + V1), (4.12)

H(t,5,U)| < o(t,s)|U| +p(s), t,5€Tk (4.13)
If u(r) is a solution of (4.1), then

1 T
|um(t)| < ‘C‘-i—/t f(T) [Cef+A(Tat0)+/t €f+A(T,G(S))Bl(S)AS AT, (4.14)
0 0
where p, f € Cy, f(1),p(t) are nonnegative, (z,s) is as defined in Theorem 2.2 such

that w(z,s) > 0 and @?(¢,s) >0 for t,s € T with s <7, and A, B, are as defined in
(3.3), (3.12).

Proof. Clearly, the solution u(r) of (4.11) satisfies the following equivalent equa-

tion
1
:c+/F< /Hrsu As)ATtETk (4.15)
fo

It follows from (4.12), (4.13), (4.15) that

W (1)| < t F(1'7um(r),/TH(T,s,u"(s))As)'A’L’

<|C|+/tf(r)[ \+/ \H (2,5, (s AS}AT

|C|+/f )™ (1) AT

+[ 10| [[@Eae el po)a an et @io
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Using Theorem 3.2, the desired inequality (4.14) is obtained from (4.16). The
proof of Example 4.3 is complete. [
EXAMPLE 4.4. Consider the dynamic equation
1
[W"(1))> =F (t,um(t),u"(t), H(t,s,ul(s))As> L u™(19) =C, reTF, (4.17)

fo

where C is a constant, F : T* x R x R x R — R is a continuous function, and H :
T* x T* x R — R is also a continuous function.
Assume that

[F (e, UV, W) < FOIU+g(@O)(VI+ W), (4.18)

\H(t,5,U)| < o(t,s)|U|, t,s€T* (4.19)
If u(¢) is a solution of (4.17), then
0] < 161 festtn) + 2K [ ertr.0(0)e(Derseen (ra0)T
+/tt es(t,0(1))C(T)AT, K >0, 1 € T, (4.20)
0
where p, f € Cy, f(1),p(t) are nonnegative, (z,s) is as defined in Theorem 2.2 such

that @(t,s) >0 and w”(¢,s) > 0 for ¢,s € T with s <7, and A, B,,C is as defined in
(3.22), (3.23), (3.24).

Proof. Clearly, the solution u(r) of (4.17) satisfies the following equivalent equa-
tion

! T
u™ (1) :c+/ F (T,um(r)mn(r),/ H(T,s,ul(s))As> At,teTF . (4.21)
0 fo
It follows from (4.18), (4.19), (4.21) that

!
(o) <lcl+ | At
]

F <T7u’“(r)7u”(r)7 /ZO TH(LSMZ(S))AS)

<10+ [ D@ @+ @ (@] + ) [ (s ) s a0
<icl+ [ @)
+/ltg(1') (u"(‘L’)|+[Tw(t,s)|ul(s)|As) AT, t €T, (4.22)

Using Theorem 3.3, the desired inequality (4.20) is obtained from (4.22). The
proof of Example 4.4 is complete. [
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