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AN INEQUALITY BETWEEN THE INTEGRAL NORM AND
EUCLIDEAN NORM OF A SYMMETRIC BILINEAR FORM

ZISHENG HU AND SENLIN XU

(Communicated by Vladimir Dmitrievi¢ Stepanov)

Abstract. In this note, we establish an inequality between the integral norm and Euclidean norm
of a symmetric bilinear form f on a Euclidean space E", i.e.,

1

1
2 2
ol 5T Jouad(0:0)d0 < [ f i

where the equality holds if and only if the eigenvalues of f are all the same.

1. Introduction

For a linear map L:V — W between linear spaces, the Euclidean norm is given
by

IL| = /tr(L* o L) = \/tr(Lo L*)
where L* : W — V is the adjoint. (see [2, p. 54], for example)
In particular, for a symmetric bilinear form f on a Euclidean space E", f: E" x
E" — R, there is a linear map f : E" — E" associated with f and the inner product in
E",i.e.,
fxy) = (F(x),y)-
We define the Euclidean norm of f by

|f|Euc = |f|

Below we choose an orthonormal base {e;}?_, for E" such that the matrix for f is
diagonal, and denote the eigenvalues of f by A; := f(e;,e;), i=1,---n, thus,

‘f‘Euc = Z(f(ehei))z = Z)Liz'
i=1 i=1

For a bilinear form f on a Euclidean space E", we define the integral norm of f

by
M=/ [ £2(6.8)d6.
sn—1
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here and thereafter S"~! is the unit sphere in E".
Similarly, for a linear function f on E”, f: E" — R, one may also define the the

integral norm of f by
M=/ [, £2(0)a6.

It is well known that for a bilinear form f on a Euclidean space E",

1 1
—trf

Suf = T anf(e’e)de'

How about the the integral norm and Euclidean norm of f?

THEOREM. For a symmetric bilinear form f on a Euclidean space E", f : E" X
E" — R, the integral norm and Euclidean norm of f satisfy

1

1
b 2 <L
VOZS"71 Sn—lf (670)d6 = n|f|Euc

where the equality holds if and only if the eigenvalues of f are all the same.
The proof is based on the spherical coordinates in Riemann integrals.

REMARK. The motivation is to generalize the Bochner formula
1
EA|Vf\2 = |V2fPP+ < V£, VAF > +Ric(Vf, V)

from Riemannian geometry to Alexandrov geometry (see [1, 2] for Riemannian ge-
ometry and Alexandrov geometry in details, respectively). On Alexandrov spaces, the
tangent cone is not always a Euclidean space but a norm space or even a metric cone,
we find that the integral norm is an appropriate alternative for the Euclidean norm |V2f|
involved in the Bochner formula [3]. Generally, having this inequality, it is inspirational
to generalize formulas associated with the Euclidean norm of a symmetric bilinear form
on a Euclidean space to the corresponding ones associated with the the integral norm
of a linear function on a norm space or a positively homogeneous function on a metric
cone.

2. Proof

N

n n
2 _ 2 Iy 0
1(0.0)d6 _/S}Hf (izzix,e”j;xjej)de

= ( i xix;f(ei,e;))*dO

S

= /gn—l(.i xizf(e,-,e,-))zde

i,j=1
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:/s" 1 Zx fe,, ei)f(ej.e;)do

i,j=1

=: /sn 3 Zxx?tld@
:/nil(ZAl-zx?—i—Z S adpdad)de,

i=1 I<i<j<n
In calculation below we choose n— spherical coordinates,
X1 =Cos ¢y,
Xp = sin @ cos @2,
X3 = sin @y sin ¢ cos @3,

Xp—1 = sin@; sin ¢y - - - sin ¢, —» coOS P, 1,

Xp =sin@psing; - --sin @,_psin@Q,_1,

J = sin" 2 o) - sin” 3 Q- sin’ Oy—3-SINQ,_2,

where 0 < @1, 02, -, P2 <7, 0< @1 < 270.

And use (m)
P 2.5 I n=2m
. B @2cmn 20 ’
/Osm 040 R C.L) L, PN |
(2m+l)“’ - )
27["1

~ =2m

4 ) D 7 ’

vol "' = 20y B
n=2m+1.

2m—Di>

And suppose in calculation below the n,i, j are even, it is similar for other cases,
i.e., the n,i, j are even or odd respectively, and actually the final result is the same for
all cases.

For n,ievenand 1 <i<n—2,

/ ©d6
sn—1

2
=/ dou / (singy -singy--sing;_; -sing;)*
0 [0,7]n—2

-sin" "2 @y - sin" 7 @y -+ sin® @3- sin @ 2d @y - d Py 2

n—i+4 n—i—1

21
= de, / sin"*2 @) -sin" ! @, - - - sin @;_1-sin Q-
0 [0,7]n—2
in’ i *id d
SIN” @3 -SIN Q2 - COS™ Qid Py - dPy_2
2

T T T .
= dq)nfl'/o sin"+2¢1d¢1-/() SiH"H(PdeDz“'/O sin" " o 1degiy
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T . T .
'/0 sin”~"~! ¢ - cos* Qoid(Pi'/O sin" "% @i 1d Qi1 -/0

/4 /4

/ Sin2 (pn73d(pn73 / sin (pn72d(pn72

0 0
B (nt2-11 =« (n+1-1)N (n—1 7
=21 (2 nron 2) X s ST

, (n—itd— DU my D1 (=il (n—it2)
(n—i—D!' “(n—i+ D) (n—i+3)N

T
s n—i-3
sin ™" @jp0d @iyn -

h—itHn 2

G s) o) - Gns) 6F)

(n—i—-2)1 2
s (5)F 0
[y ) 7 6) T
=222, (9% : (n(;i;i)!” ' EZ:;:?%:: ' (n—i+3)3(n—i+ 1) (n—?!—!2)!!
L () R

More easily,

n—2

4 nea (TN 2 3
Lao—amn (B)T 2
/S,Hx" ! d 2 (n+2)1!

n-2
[ sido—2m (5)F. 2
sn—1 2

(n+2)11
i<j<n-2,

For n,i,j evenand 1 <

/ 2240
2
_/ d@n—1- /[ (sin(p1~~~sin(pi_1~c0s<p,-)2~(sin(p1---sin(pj_1~c0sQ/)2
0%

2y -sin"” 3<pz csin@,_2d @y - d Q>

2
= de,— / 2sin4 @y -sin* @, - --sin* @;_ | - cos® @; - sin® ¢;
[0,7]"~

-sin® Qj-1- cos? 0;- sin” 2 o sin 3 Q- -sin@,_2d@y - dQ,_»

s 2
- SIN’ (pl.+1..
nt i+4 s on—i+1 2 s on—i
Qi1 - (sin" " gr-cos @) -sin" iy -

2 )
= d(pnfl . sm"+ (O) I
0 [077[])1—2

—j+2 2 o1 =2 .
TR (cosT @y -sin" T T @) -sin T TR @y - sin gy _0d Q- d @y

sin

2n T T bid .
= d(pnfl'/o sin”+2(p1d(p1-/0 Sin"“@zd(l’z'“/o sin " o 1deiy
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/ SlIln l+1 Slnnil+3 (pt)d(/)z/ sin”*’(p,-quo,-H---/O SiI'lniJJr2 (pjfld(pjfl

. T
/ sin" ™ —sin" /! ©;)de;- /sm I 2(9,’+1d(pj+1"'/() sin @, _2d@,_»

- (n—|—1)!! - ()11 URESLE:

2 [l o] (o Gy et )
n—j n—j! n "
) D)%)

B poa (TN'T (n=i3)N [ (n—i)lt 1 (n—j+ 1!
=22 2'(5) 2l [(n—i+1)!!.n—i+3} (n—i)!

[(n j=2n 1 ]'( on

(n— ]—1)” n—j+1 n—j—2)!
n—2
T\ 2 1

-2 .2"—2.<_> -

d 2 (n+2)

More easily,

n—2
T\ 72 1
46 =2 2"2-(—) Co1<i<n—2,
/5,11 i 4 2 (n+2)!! P

n—2
2200 _opon2 (EN T 1 < n—
/nilxixnd9—27t 2 (2> (n+2)!!’ 1<i<n-2,
n—2
2 250 A a2 ()2 1
/Snflxnflx"de_znz <2) (n+2)1
Thus, for n even,

1

2
T o (0:0)d0
:(%‘ﬂ”’/ (zxzxuz S Aratd)do
2m2 sl 1<i<j<n
_ G- n—2 (T = 1 2
=L am2 (3) S P ZM +2 Y A

1<i<j<n

= 231%2 > hig,

1<i<j<n
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1 1
s [, (0.0)a0 i1l

Zaﬂ+2 > i) —2212

1<i<j<n
1
= (n—1)Y A} -2 Aidj]
(l’l—|—2 z 1<z<2;<n
1

= Y (A1)

n(n+2) 1<i< j<n
<0

where the equality holds if and only if A} =--- = 4,.
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