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TWO-WEIGHT CACCIOPPOLI-TYPE ESTIMATES AND WEAK
REVERSE HOLDER INEQUALITIES FOR .« -HARMONIC TENSORS

GAO HONGYA AND HOU LANRU

(Communicated by Alois Kufner)

Abstract. In this paper, we first introduce a new Weight—Aﬁ“3 (A1,22,Q) -weight, and then prove
the two-weight Caccioppoli-type estimates and the two-weight weak reverse Holder inequalities
for <7 -harmonic tensors, which can be regarded as generalizations of the classical results.

1. Introduction

The purpose of this paper is to establish the two-weight Caccioppoli-type estimates
and the two-weight weak reverse Holder inequalities for .27 -harmonic tensors. .o/ -
harmonic tensors are interesting and important generalizations of p-harmonic tensors.
In the meantime, p-harmonic tensors are extensions of conjugate harmonic functions
and p-harmonic functions, p > 1. In recent years there have been remarkable advances
made in the field of ./ -harmonic tensors. Many interesting results of .7 -harmonic
tensors and their applications in fields such as potential theory, quasiregular mappings
and the theory of elasticity have been found; see [1~3, 6~12]. For many purposes,
we need to know the integrability of .7 -harmonic tensors and estimate the integrals for
&/ -harmonic tensors. The integral inequalities we will discuss in this paper can be used
to study the integrability of ./ -harmonic tensors and estimate the integrals for them.

Throughout this paper we always assume € is a connected open subset of R".
We use ej,e3,...,e, to denote the standard unit basis of R”. Let /\l :/\l( R") be the
linear space of [-vectors, spanned by the exterior products e; = e;; Aej, N--- Aejy,
corresponding to all ordered [-tuples I = (iy,ip, --,ij), |l <ij < <---<i<n,l=
0,1,---,n. The Grassman algebra A = @\ is a graded algebra with respect to the
exterior products. For o = Y ale; € A\ and B = Y B’e; € A\, the inner product in A
is given by (o, ) = Yo/ B! with summation over all I-tuples I = (i1,is,---,i;) and
all integers [ = 0,1,---,n. We define the Hodge star operator * : A — A by the rule
xl=ejAex\---Ney and a Axf =B Axa=(a,p)(x1) forall o, € A. The norm of
a € A is given by the formula |ct|> = (or,00) = *(o Axct) € A = R. The Hodge star
is an isometric isomorphism on A with % : A’ — A" and % (=)0 AL o AL
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Let 1 < p < oo. We denote the weighted L” -norm of a measurable function f over E

by
1/p
T ( / |f(X)pW°‘dx) .

As we know, [-forms @ on Q is a Schwartz distribution on Q with values in
A(R™). D'(Q,\") is used to denote the space of all differential [-forms. We write
LP(Q,/\I) for the [-forms o(x) = Y; wr(x)dx; = Y i, ,l( Ydxi, N dxiy A --- Ndx;,
with @y € LP(Q,R) for all ordered [-tuples I. Thus L(Q, A\') is a Banach space with

norm 1/
olha=( co(x)”dx) = ([ owrrra)

Similarly, W' (Q, A ) are those differential /-forms on Q whose coefficients are in

W'P(Q,R). The notations W, (Q,R) and W7 (Q, \!) are self-explanatory. We de-

note the exterior derivative by d : D'(Q,A!) — D/ (Q A for 1 =0,1,---,n. Its for-

mal adjoint operator d* : D/(Q, A1) — D'(Q, \) is given by d* = (— )"“rl *d* on
( 7/\l+1)’ l_0717 TN

There has been remarkable work in the study of the .« -harmonic equation
d*of (x,dw) =0, (L.1)
where o7 : Q x Al (R") — A/(R") satisfies the following conditions:
7 (x,E) <alg]P™ and  (#(x,6),8) >[I

for almost every x € Q and & € \/(R"). Here @ > 0 is a constant and 1 < p < o is a
fixed exponent associated with (1.1). A solution to (1.1) is an element of the Sobolev
space W,P(Q, A1) such that

loc
| (7 x.dw).dg) -
Q

forall ¢ € W, Lp (Q, A1) with compact support.

oc

DEFINITION 1.1. We call # an </ -harmonic tensor in Q if u satisfies the .o/ -
harmonic equation (1.1) in Q.

A differential [-form u € D'(Q, \') is called a closed form if du =0 in Q. Simi-
larly, a differential (I + 1)-form v € D'(Q, A1) is called a coclosed form if d*v = 0.
A differential form u is called a p-harmonic tensor if

d*(|dulP"2du) =0  and  d*u=0,
where 1 < p < eo. The equation
o (x,du) = d*v (1.2)

is called the conjugate <7 -harmonic equation. For example, du = d*v is an analogue
of a Cauchy-Riemann system in R". Clearly, the .27 -harmonic equation is not affected
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by adding a closed form to # and coclosed form to v. Therefore, any type of estimates
between u and v must be modulo such forms. Suppose that u is a solution to (1.1) in
Q. Then, at least locally in a ball B, there exists a form v € W“I(B,/\l“)7 % + Ll] =1,
such that (1.2) holds.

DEFINITION 1.2. When u and v satisfy (1.2) in Q, and o/~ exists in Q, we
call u and v conjugate .7 -harmonic tensors in Q.

DEFINITION 1.3. We call u# a p-harmonic function if u satisfies the p-harmonic
equation

div(Vu|Vu|P=2) =0

with p > 1. Its conjugate in the plane is a g-harmonic function v, =1, which

satisfies
Jdv  odv
r—2_ (22 _ 7Y
Vu|Vu| (8)}’ ax) .

1 1
P+q

Note that if p =g =2, we get the usual conjugate harmonic functions.

We write R =R!. Balls are denoted by B and 0B is the ball with the same center
as B and with diam(oB) = odiam(B). The n-dimensional Lebesgue measure of a set
E CR" is denoted by |E|. We call w a weight if w € L] .(R") and w > 0 a.e.. Also
in general du = wdx where w is a weight. We can find the following result in [7]:
Let Q C R" be a cube or a ball. To each y € Q there corresponds a linear operator
K, : C(Q,\") — C(Q,\'"") defined by

(Kyo)(x:61,8,-+-,6-1) = /Oltl*l(u(tx—l—y—ty;x—y@h...,él_l)dt

and the decomposition

o =d(Ky)+K,(dw).

We define another linear operator Ty : C*(Q, A — c=(0, \'"!) by averaging K,
over all points y in Q

Tow = /Q 0(y)K, wdy,

where ¢ € C7(Q) is normalized by [, ¢(y)dy = 1. We define the /-form g €
D'(Q,\') by

wQ=|Q\—1/w(y)dy, it1=0, and wp=d(Tpo), ifl=1,2,--.n,
0

forall € LP(Q,\),1 < p < oo.
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2. Local A® (A1,42,Q)-weighted Caccioppoli-type estimates

DEFINITION 2.1. We say the weight (wy(x),w;(x)) satisfies the A%3(7L17/12,Q)
condition for some r > 1 and A;,42,A3 > 0, write (w;(x),wz(x)) € Al (A1,22,Q), if
wi(x) > 0,w2(x) >0, a.e., and

A/ (r—1 A3(r=1)
sup <L/W%ldx) L/ (L) . )dx < oo
5 \|B| /B |B| /B \ w2

for any ball B C Q.

If we choose w; =wy =w and A} = A, = A3 = 1, we will get the A, -weight, see
[4] and [5] for the basic properties of A,-weights.

Choosing w; =wy =w, Ay = A and A, = A3 = 1, we will get the A,(1,Q)-
weights which are introduced in [2].

Choosing wy = wy =w, A = A, = 1 and A3 = A, we will obtain the Af(Q)-
weights which are introduced in [13].

In this paper we will need the following generalized Holder’s inequality.

LEMMA 2.1. Let 0 < a0 < 0,0 < B < oo and s ' =o'+ B~ If f and g are
measurable functions on R", then

178lls.a <[ fllec- llgllp.c
forany Q C R".
In [9], C. A. Nolder obtains the following local Caccioppoli-type estimate.

THEOREM A. Let u be an <f -harmonic tensor in € and let ¢ > 1. Then there
exists a constant C, independent of u and du, such that

|duls.5 < Cdiam(B)™"||u—c|s,05
for all balls or cubes B with 6B C L and all closed forms c. Here 1 < s < oo,

The following weak reverse Holder inequality appears in [9].

THEOREM B. Let u be an < -harmonic tensor in Q, ¢ > 1 and 0 < 5,1 < oo,
Then there exists a constant C, independent of u, such that

HMHS,B < C‘B‘(’*-\‘)/MHM

t,oB
for all balls or cubes B with 6B C Q.

We now generalize Theorem A into the following local weighted Caccioppoli-type
estimate for .« -harmonic tensors.
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THEOREM 2.1. Let u € D’(Q,/\I)J =0,1,---,n, be an </ -harmonic tensor in
a domain Q C R" and p > 1. Assume that 1 < s < oo is a fixed exponent associ-

ated with the <f -harmonic equation and (wy,w;) € AP (A1,42,Q) for some r > 1 and
A, A2, A3 > 0. Then there exists a constant C, independent of u and du, such that

. -1
ldul,, cos < Caiam(B) e, ca 1)

forall balls B with pB C Q, all closed forms ¢ and any real number o with 0 < o < 1.

Note that (2.1) can be written as

l/s
( / Idu“‘w‘f‘*'dx> < Cdiam(B) ™" ( / u— i dx)
B 0B

Proof. Choose k=s/(1—q),then s <k and 1/s=1/k+ (k—s)/sk, by Holder’s
inequality and Theorem A we have

. 1/s
Il o = ( [t dx)
1/s
= (/B(du|wixh/s)sdx)
k—s)/sk

v Ai/sysk/ (k—s) :
< k . OAL/S\sk/(k—s
< (/Bdu| dx) (/B(w1 ) dx) (2.2)
. (k—s)/sk
~ - [ whia)

(k—s)/sk
< Cidiam(B) " Y|u — ¢|lk.on- (/ W%Idx>
B

1/s

for all balls B with 0B C Q, all closed forms ¢ and any real number o with 0 < o < 1.
Since c¢ is a closed form and u is an 27 -harmonic tensor, then u — ¢ is still an &7 -
harmonic tensor. Taking m = s/(1+ oAs(r—1)), we find m < s. Apply Theorem B
yields

lu — clleon < Cal B/ ||u — | 525

2.3
:C2‘B‘(m_k)/mk'HU—CHm,pB ( )

where p = 2. Substituting (2.3) into (2.2), we have

(k—s)/sk
ldull EIES Csdiam(B) ™! |B|"=0/mk ||y — |, pp- ( /B Wi dx) . (24)
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Since 1/m = 1/s+ (s —m)/sm, by Holder’s inequality again, we obtain

1/m
|lu—c|lmps= < . |u —c|mdx)

/|
1/m
_ (/ (|u—cwg"b“/“‘~w2°"12’13/“')’“dx)
pB

1/s
/ lu— c|5wglzl3dx)
pB (2.5)

(s—m)/sm

|\ @haa/s S/ s=m)
LIE™) e
L\ R/
= llu=ell, g a2 - (/,)B (W_2> dx)

for all balls B with pB C € and all closed forms c.
Combining (2.4) and (2.5), we obtain

”d””sB.w‘l“l < Cadiam(B) =1 [B|m=R/mk ||y — ||

ANy A
s,pBwy 23

(b (g () )

Since (wy,ws) € AP (A1,42,Q), we then have

(k—s)/sk 1\ 22/ (r=1) (s—m)/sm
i L
pB \ W2
—s)/sk 1\ /=D (s—m)/sm
ldx) : / (—) dx
pB \ W2
(k—s)/sk

ld / L Aa/(r—1) . k(s—m)/m(k—s)
x 5 \ w2 x (2.7)
1 1
—=T d
( (PB| /pB ra
(-1 \ =D\ !
dx)

(s—m) /sm (2.6)

|pB‘1+k\ m)/m(k

—5)
. ;/ (L)M
pBl Jop \ w2

< C4‘B‘(k—m)/mk.

k—s)/sk
" )/

Substituting (2.7) into (2.6), we find that

ldull, o < Ciam(B)u=cl|_, com

for all balls B with pB C €2, all closed forms ¢ and any real number ¢ with 0 < o < 1.
This ends the proof of Theorem 2.1. [J]
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Note that the parameters o, A;,A, and A3 in Theorem 2.1 are any real numbers
with 0 < o < 1 and A;,43,A3 > 0. Therefore, we will have different versions of
the weighted Caccioppoli-type estimates by choosing o, 41,4, and A3 to be different
values. The following special cases of Theorem 2.1 will be useful in case one meets
special weights.

If we choose o = 1/r in Theorem 2.1, we have the following result.

COROLLARY 2.1. Let u € D’(Q,/\l),l =0,1,---,n, be an < -harmonic tensor
in a domain Q C R" and p > 1. Assume that 1 < s < oo is a fixed exponent associ-

ated with the <f -harmonic equation and (wy,w;) € AP (A1,42,Q) for some r > 1 and
A, 22, A3 > 0. Then there exists a constant C, independent of u and du, such that

: -1
“d”“s737w?1/' < Cdiam(B) ||“_C||S’pB7W§a/13/r

Sfor all balls B with pB C Q and all closed forms c.
Choosing o = 1/s in theorem 2.4, we have the following result.

COROLLARY 2.2. Let u € D’(Q,/\l),l =0,1,---,n, be an < -harmonic tensor
in a domain Q C R" and p > 1. Assume that 1 < s < oo is a fixed exponent associ-

ated with the <f -harmonic equation and (wy,w;) € AP (A1,42,Q) for some r > 1 and
A, 22, A3 > 0. Then there exists a constant C, independent of u and du, such that

. -1
Il s < Cliam(BYu=cl oz

Sfor all balls B with pB C Q and all closed forms c.
If we choose A; = 1 in Theorem 2.1, we have the following result.

COROLLARY 2.3. Letue D’(Q,/\l),l =0,1,---,n, be an <7 -harmonic tensor in
adomain Q C R" and p > 1. Assume that 1 < s < oo is a fixed exponent associated with

the <7 -harmonic equation and (wi,w;) € AP (A2,Q) for some r > 1 and 23,43 > 0.
Then there exists a constant C, independent of u and du, such that

HduHs.,BM‘f‘ < Cdmm(B)il ”u - C”s,p&wglﬂz’

forall balls B with pB C Q, all closed forms ¢ and any real number o with 0 < o < 1.
If we choose A; = 1 in Theorem 2.1, we have the following result.

COROLLARY 2.4. Letue D’(Q,/\l),l =0,1,---,n, be an <7 -harmonic tensor in
adomain Q C R" and p > 1. Assume that 1 < s < oo is a fixed exponent associated with

the <7 -harmonic equation and (wi,w;) € AﬁL3 (A1,Q) for some r > 1 and Ay, A3 > 0.
Then there exists a constant C, independent of u and du, such that

Jdul, o < Caiam(B)u—c] ), .

forall balls B with pB C Q, all closed forms ¢ and any real number o with 0 < o < 1.

Choosing A3 = 1 in Theorem 2.1, we have the following result.
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COROLLARY 2.5. Let u e D’(Q7/\l),l =0,1,---,n, be an <7 -harmonic tensor in
adomain Q C R" and p > 1. Assume that 1 < s < oo is a fixed exponent associated with
the < -harmonic equation and (wy,w;) € A;(A1,A2,Q) for some r> 1 and Ay, A, > 0.
Then there exists a constant C, independent of u and du, such that

. —1
Jdul o < Ciam(B) " u=cl|_, co

forall balls B with pB C Q, all closed forms ¢ and any real number o with 0 < o < 1.

3. Ak (A1,A2,Q) -weighted weak reverse Holder inequality

We now generalize Theorem B into the following weighted form.

THEOREM 3.1. Let u € D’(Q,/\Z),l =0,1,---,n, be an </ -harmonic tensor in a

domain Q C R" and ¢ > 1. Assume that 1 < s,t < e and (wi,w,) EA&G(Al,AQ,Q)
for some r > 1 and Ay,Ay,A3 > 0. Then there exists a constant C, independent of u ,
such that

1/s 1/t
|u\swalldx < C|B|t=s)/s \u|twwhk3/sdx (3.1)
B ! oB 2

for all balls B with pB C Q and any real number o, with 0 < a0 < 1.

Note that (3.1) can be written as the following symmetric version

1 5. oA s 1 t atdohs/s 1
r— ulw X NS oy ulw X
B oB

The proof of Theorem 3.1 is similar to that of Theorem 2.1. For completion of the
paper, we prove Theorem 3.1 as follows.

Proof. Choose k=s/(1 —a), then s <k and 1/s = 1/k+ (k—s)/sk, applying
the Holder’s inequality yields

1/s 1/s
(/B|uswimldx) = (/B(u|w?kl/s)sdx)

oy /sysk/ (k—s) (=s)/sk
< Ml ( f (047246 a (32)

. (k—s)/sk
= ||u||k7B (/Bwlldx)

for all balls B with 6B C Q. Next choose m = st/(s+ atA3(r — 1)) then m <t. By
Theorem B, we obtain

ulli < C1IB| 7 ]| 5. (3.3)
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Since 1/m = 1/t+ (t —m)/mt, by the Holder inequality again, we obtain

1/m
||u||m70—B = (/ (|u‘walzl3/\ 051213/.\'),”(1)6) /
oB
Iahs [s\ e/ (t=m)

/ ‘u|twatlzl3/sdx 1t / L a3/ »

oB ? oB wo
1/ Aa/(r—1) (t—m) /mt
- (/ M|twgmzl3/sdx) (/ (L) dx) .
oB oB \\W2

Combining (3.2), (3.3) and (3.4), we arrive at the following estimate

l/s 1/t (k—s)/sk
(/ u|‘Yw(1Mldx> < C1|B|(m—k)/mk (/ u|tw§!tlzl3/sdx> (/ W%ldx)
B oB B
| Ao/ (r—1) (t—m)/mt
. (/ (—) dx) .
6B \ W2

Since (wi,wp) € AiL3 (A1,42,Q), we find that

N (k—s)/sk |\ /1) (t=m) /mt
(/ wlldx) / (w_) dx
B oB 2
L\ sk |\ A/ lr=1) N mm)/m
(/ wlldx> / (—) dx
oB cB \ W2

_ ‘GB|1+sk(tfm)/mt(k7.\') 1 W)lex (36)
|oB| Jos !

1 1 Ap/(r—1) l3(r71) (k—s)/sk
\JoB| i~ d
<|GB oB <w2> x)

<ColB[sHra T,

(t—m)/mt

N

(3.5)

N

Finally, substituting (3.6) into (3.5), we obtain

1/ 1/t
(/ lu|*w 1dx) < C|B|=9)/s (/ u|’w§mﬂ3/sdx) . O
B

Similar to Section 2, we also have some corollaries of Theorem 3.1, which will
have special use in case one meets special weights. If we choose o = 1/r in Theorem
3.1, we then have the following result.

COROLLARY 3.1. Let u e D’(Q7/\l),l =0,1,---,n, be an <7 -harmonic tensor in
a domain Q C R" and ¢ > 1. Assume that 1 < s,t < oo and (w1, w;) EA%%M,M,Q)
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Sfor some r > 1 and Ay,23,23 > 0. Then there exists a constant C, independent of u ,

such that
1/s 1/
(/ |MSW%l/rdX) < C|B|(t—s)/5t (/ |utwt27tz7t3/fsdx)
B oB

Sor all balls B with pB C Q.

If we choose o = 1/s in Theorem 3.1, we then have the following result.

t

COROLLARY 3.2. Let u e D’(Q7/\Z),l =0,1,---,n, be an <7 -harmonic tensor in

a domain Q C R" and 6 > 1. Assume that 1 < s,t < e and (w1, w>) 6A%3(7L1712,Q)
for some r > 1 and Ay,Ay,A3 > 0. Then there exists a constant C, independent of u ,

such that
s l/s /52 1/t
(/ |usw11/.\dx> <C‘B‘(z—x)/m (/ |u\’wt22 3/s dx)
B oB

for all balls B with pB C Q.
If we choose o = 1/t in Theorem 3.1, we then have the following version.

COROLLARY 3.3. Letue D’(Q,/\l),l =0,1,---,n, be an <7 -harmonic tensor in

a domain Q C R" and ¢ > 1. Assume that 1 < s,t < oo and (w1, w;) EA&G(Al,AQ,Q)
for some r> 1 and Ay,Ay,A3 > 0. Then there exists a constant C, independent of u,

such that y Y
] '
(/ M|SW%1/tdx> < C‘B‘(t—s)/st (/ |utw§27t3/5dx>
B oB

for all balls B with pB C Q.
If we choose A; = 1 in Theorem 3.1, we then have the following result.

COROLLARY 3.4. Let u € D’(Q7/\l),l =0,1,---,n, be an < -harmonic tensor

in a domain Q C R" and ¢ > 1. Assume that 1 < s,t < oo and (wy,w) EA%3(7LQ,Q)
for some r > 1 and Ay, A3 > 0. Then there exists a constant C, independent of u , such

that
l/s Ao /s 1/t
(/ |usw(11dx> gc‘B‘(tf.\')/st (/ ‘MVW(;[ 2 3/sdx)
B oB

for all balls B with pB C Q and any real number o, with 0 < a0 < 1.
If we choose A, =1 in Theorem 3.1, we have the following result.

COROLLARY 3.5. Let u € D’(Q,/\Z),l =0,1,---,n, be an < -harmonic tensor

in a domain Q C R" and ¢ > 1. Assume that 1 < s,t < e and (wy,w7) 6A%3(AI,Q)
for some r > 1 and Ay, A3 > 0. Then there exists a constant C, independent of u , such

that
1/s 1/t
|u\swakldx < C|B|t=s)/s |u\"‘wwl3/sdx
B ! oB 2

for all balls B with pB C Q and any real number o with 0 < ¢ < 1.

If we choose A3 = 1 in Theorem 3.1, we have the following result.
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COROLLARY 3.6. Let u € D’(Q,/\l), 1=0,1,---,n, be an < -harmonic tensor

in a domain Q C R" and 6 > 1. Assume that 1 < s,t < e and (w1,wz) € A(A1,A2,Q)
for some r > 1, and Ay,25 > 0. Then there exists a constant C, independent of u, such

that
1/s
(/ |usW¢1x?lex) < C|B|(’*S)/-"’ </ |uzw§crlz/sdx)
B oB

for all balls B with pB C Q and any real number o with 0 < o0 < 1.

1/t

4. Global weighted inequalities

We need the following properties of the Whitney covers appearing in [6] to prove
the global results.

LEMMA 4.1. Each Q has a modified Whitney cover of cubes v = Q; such that

UQi:Qa

X <Nxo

forall x e R" and some N > 1, and if Q;(\Q; # ¢, then there exists a cube R (this cube
does not need to be a member of v) in Q;(\Q; such that Q;\JQ; C NR. Moreover,
if Q is a 0-John, then there is a distinguished cube Qo € vV which can be connected
with every cube Q € v by a chain of cubes Qo,Q1,---,0r = Q from v and such that
QCo0Q;,i=0,1,2,-- k, for some 6 = c(n,0).

We prove the following AL (A1,42,Q)-weighted Caccioppoli-type estimate and
weak reverse Holder inequality for .7 -harmonic tensors in a bounded domain Q.

THEOREM 4.1. Let u € D’(Q,/\I)J =0,1,---,n, be an </ -harmonic tensor in
a domain Q C R" which has a finite open cover v = {By,--+,By,}, where B; is an
openball, i=1,--- m. Assume that p > 1 and 1 < s < oo is a fixed exponent associ-
ated with the < -harmonic equation and (wy,w;) € A%3 (A1,42,Q) for some r > 1 and
A, A2, A3 > 0. Then there exists a constant C, independent of u and du, such that

. -1
ldul] g oy < Ceiam(@) ™ el ;e

for all closed forms ¢ and any real number o with 0 < o < 1.

Proof. Let v ={Bj,---,B,} be an open cover of the bounded domain Q C R”
and d; = diam(B;) >0, i =1,--- ,m. Assume that d = min{d,---,d,}. Since Q is

bounded, then there exists a constant C; such that 5 < dl%l(ﬁ) By Theorem 2.4 and
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Lemma 4.1, we obtain

1/s
_ s 1
e Gy
</ ‘du|\ Otlldx)l/s
QEV

1/s
<Y Cydiam(Q) ! (/I)Q|u—cswglzl3dx>

ocVv

1/s
< Cadiam(Q)™' Y, (/Q cff g’lz)gd)c)

Qe V

1/s

< Cydiam(Q)~! (/ u—c|5wgkzl3dx) .
Q

The proof of Theorem 4.1 has been completed. [

We now generalize Theorem 3.1 into the following global weighted form.

THEOREM 4.2. Let u € D’(Q,/\Z),l =0,1,---,n, be an </ -harmonic tensor in a

domain Q C R" and ¢ > 1. Assume that 1 < s <t < oo and (w1, ws) 6A%3(7Ll,7tg,§2)
for some r > 1, and Ay,A3,A3 > 0. Then there exists a constant C, independent of u ,

such that
1/t
(/ |u‘s 'dx) < C‘Q|(t_s)/5t (/ u|twg€flzl3/sdx)
Q

for any real number o with 0 < o < 1.

Proof. By Theorem 3.1 and Lemma 4.1, we obtain

1/s
(/ | wi 1a’x) < (/ u|*wi 1dx)
Qev

1/t
< 2 CI|Q‘(17.\')/SI <AQ u|tw;xtlzl3/sdx)

Qev

1/t
< CI‘Q|(t_S)/St Z (/Q u|twtzxtlz7t3/sdx>
o

Qev

1/t
< C2‘9|(t7s)/xr </ |uzw§zrlzl3/.ydx> .
Q

This ends the proof of Theorem 4.2. [J
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