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BOUNDS FOR SOME NEW INTEGRAL
INEQUALITIES WITH DELAY ON TIME SCALES

TONGLIN WANG AND RUN XU

(Communicated by A. Peterson)

Abstract. The purpose of this paper is to investigate some delay integral inequalities on time
scales. Our results unify and extend some delay integral inequalities and their corresponding
discrete analogues. The inequalities given here can be used as handy tools in the qualities theory
of certain class of delay dynamic equations on time scales.

1. Introduction

The study of dynamic equations on time scales goes back to its founder Hilger
[1], which is an area of mathematics that has received a lot of attention. For example,
see [2—-10], and the references therein. However, there are few people studied the delay
integral inequalities on time scales as far as we know. In this paper, we investigate
some new delay integral inequalities on time scales, which provide explicit bounds on
unknown functions, which extend some integral inequalities and their corresponding
discrete analogues established by Li [7] and Xu [9]. The inequalities given here can
be used as handy tools in the qualitative theory of certain classes of delay dynamic
equations on time scales.

Throughout this paper, let us assume that we have already acquired the knowledge
of time scales and time scales notion. For an excellent introduction to the calculus on
time scales, we refer the reader to monographes [3,4].

2. Some Preliminaries

In what follows, R denotes the set of real numbers, R = [0,), Z denotes the
set of integers, Ng = {0,1,2,---,n} denotes the set of nonnegative integers, C(M,S)
denotes the class of all continuous functions defined on set M with range in the set S, T
is an arbitrary time scale, C,; denotes the set of rd-continuous, % denotes the set of all
regressive and rd-continuous functions, and Zt ={p € Z : 1+ u(t)p(t) >0, 1 € T}.
Throughout this paper, we always assume that #p € T, Ty = [tg,o) NT.

The following lemmas are very useful in our main results.
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LEMMA 2.1. ([11]) Ler 0 < o <1 and x> —1. Then (14+x)* < 1+ aux.

LEMMA 2.2. ([10]) Let u(t), f(t), g(t) € Co, u(t), f(t) and g(t) be nonneg-
ative. If f(t) is nondecreasing, then

+/g T)AT, t €Ty

implies
u(t) < f(t)eg(t,10), t €Ty.

3. Main results

In this section, we study some integral inequalities on time scales. We always
assume that t > 1y, r € Ty.

THEOREM 3.1. Assume that u(t), a(t), b(t), c(t), f(t), g(t) € Coy (To,Ry). If
a(r) and b(t) are nonnegative, a(t) is nondecreasing for t € T, and u(t) satisfies the
following form of delay integral inequality on time scales

uP(t) 1)+ Db(t 2/ [ suli (o s))+L:g(T)uri(T)AT+c(s) As, t€ Ty (3.1)

with the initial condition

u(t) = (1), € [o,1] N'T
1 (3.2)
o(o(t)) <ar(t) forteToywitho(t) <ty
implies
1
u(t) < la(t)+b(t)A(t)ep(t,10)]7 , t € To, (3.3)
where p#0, p>qi >0, p>ri =0, p, qi, r; (i=1,2,---,n) are constants. ¢ : Ty —

T, o(t) <t,—o <o =inf{o(t), t € To} < 1o, and (p( ) e Craflot,t0) NT, Ry }.

= if/tot [f(s)alg (s)+ A:g(r)a% (’L’)A”L’—i—c(s)] As, t €Ty, (3.4)

:i[%f@)a%‘l H+— /g a:i "(1)b(t )Ar}, t €To. (3.5)

i=1

Proof. Define a function z(¢) by

1

Z(t) = { 1)+ D(t Z/ [ s)uldi (o s))—i—/S:g(T)u’i(T)AT—i-c(s)] As}p. (3.6)

It is easy to see that z(¢) is a nonnegative and nondecreasing function, and

u(t) < z(t). (3.7)
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Therefore, for ¢ € Ty with o(¢) > 1o, we have

u(o(t)) <z(o(r)) <z(). (3.8)
On the other hand, using the initial condition (3.2), for ¢ € Ty with o (¢) <1, we have
1
u(o(t)) = @(o(t)) <ar () <z(1). (3.9)
Combining (3.8) and (3.9), we obtain
u(o () < z(r). (3.10)

It follows from (3.6),(3.7) and (3.10) that

2P (1) <alt) +b(t 2/[ 8)2% (s +/g Zi(T)AT + (s )}A (3.11)

Define a function v(¢) by

i (s) + Z(T)AT+ As. 3.12
0= 3 [ [ + [ s @arse(o) 6.12)

Then (3.11) can be restated as
() < alt) +b(1)v(t). (3.13)

Using Lemma 2.1, we easily obtain

2(1) < [a(t) + b)) 7 <a (1) +La? " (1)p()v(e),

yoa (3.14)
i) <la(t) +b(t)v()]” <ar (t)+ p’arl(t)b(f)‘/(f)

It follows from (3.12) and (3.14) that

<[ o+ 2 )
+ / 8(7) (aF’(r) ;a%_l(r)b(r)v(r)) AHC(S)} As (3.15)

<A(t +/B s)As, t € To,

where A(¢) and B(r) are defined by (3.4) and (3.5) respectively. Obviously, A(z),
B(t) € C,y, A(r) and B(r) are nonnegative, A(r) is nondecreasing. Using Lemma 2.2,
from (3.15) we have

v(t) < A(t)ep(t,10). (3.16)
Therefore, the desired inequality (3.3) follows from (3.7), (3.13) and (3.16). O

REMARK 3.1. Theorem 3.1 extends some known inequalities on time scales. If
i=1,q;=1, g(r)=0, then Theorem 3.1 reduces to [7, Theorem 1]. If i =1, o(¢) =1,
g(¢t) =0, then Theorem 3.1 reduces to the form of [8, Theorem 1]. If i =1, o(¢) =1,
then Theorem 3.1 reduces to [9, Theorem 3.1]. Let T =R, if i =1, ¢(r) =0, then
Theorem 3.1 reduces to [12, Theorem 1].
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COROLLARY 3.1. Let T =Z, assume that u(t), a(t), b(t), c(t), f(t), g(t) are
nonnegative functions defined for t € Ny. If a(t) and b(t) are nondecreasing in Ny,
and u(t) satisfies the following inequality

n t—1
ul (1) < ()—|—b()z lf Juli(s—p —|—2g c(s)|, te€Ng, (3.17)
i=15s=0
with the initial condition
{u(t) = (P(t)at S [_pa"'a_Lo]
1 (3.18)
o(t—p)<ar(t) fort eNgwitht—p <0
implies
1
—1 P
u(t) < {a(z)+b(t)Z(t)H[l+§(s)]} , 1 €Ny, (3.19)
s=0

where p£0, p>¢q; >0, p>ri >0, peNy, p, qi, ri(i=1,2,---,n),p are constants,
o(t)eRy, t€[—p,--,—1,0],

n t—1 4 s—1 1
At) = ; [f(s)cﬁ(s) + Y g(t)ar (t)+c(s)|, t €N, (3.20)

By =S lﬁf(t)a%_l(t)b(t)—i-—z g(t)ar (T)b(r)], teNo. (321
i=1

THEOREM 3.2. Assume that u(t), a(t), b(t), c(t), f(t), g(t) € Crq(To,Ry). If
a(t) and b(t) are nonnegative, a(t) is nondecreasing for t € Ty, and u(t) satisfies the
following form of delay integral inequality on time scales

WP (1) <a(t) + ’b<> P(s) s

. (3.22)
+Z / [ ) (6(s)) + / gD (T)AT+c(s) | As, €Ty
50
with the initial condition (3.2), implies
u(t) < [eh(t,to)(a(t)—i—C(t)eD(t,to))]%, teTy, (3.23)

() :i/[ [f(s)ezpi(s,to)alg(s)—l-/szg(r) 7 (2.10)a (DAT+c(s) | As,t € To,
- (3.24)
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t rl

n ql ‘I 11,' ri
-y [ oef a0+ [ o] (ranjad " (mae] re
i=1 S0
(3.25)
Proof. Define a function z(¢) by

{ )+ / b(s)u (s As+z /[ W (0 (s))+ A:gu)u’f(r)mc(s)}m}

(3.26)
Using a similar way in the proof of Theorem (3.1), we easily obtain that z(r) is a
nonnegative and nondecreasing function, and

1
P

u(t) <z(t), u(o(r) <z(0). (3.27)

It follows from (3.26),(3.27) that

+/b )2l (s As—i—Z/[ )27 (s —|—/g Zi(t )Ar—i—c()]As

(3.28)
Define a function v(¢) by
v(t) = a(t) +w(t), (3.29)

where

Z/to { 5)2% (s +/ (1) (1)At+ (s )]A (3.30)

Then (3.28) can be restated as

() <v(t)+ tb(s)zp(s)As. (3.31)

fo

Noting that v(r) is nondecreasing, from (3.31) and Lemma 2.2, we obtain
(1) <v(t)ey(t,10). (3.32)

From (3.29) and (3.32), we have

1

2(1) <ef (t,10)[a(t) +w(t)]7.

It follows from (3.30), (3.33) and Lemma 2.1 that
Z/ [ (s,00) (a%(s)—f— @af_l(s)w(s)>
fo
+ [ a(0)e] ¥ (.10) (ﬂ' (T)-l—%a%_l(r)w(r)) A‘L’—i—c(s)] As (G34)
50

ﬁl'—‘

(3.33)

<C@)+ /tD(s)w(s)As, t €Ty,
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where C(r) and D(r) are defined by (3.24) and (3.25) respectively. Obviously, C(¢),
D(t) € Cyq, C(r) and D(zr) are nonnegative, C(r) is nondecreasing. Using Lemma 2.2,
from (3.34) we have

w(t) < C(t)ep(t,to). (3.35)
Therefore, the desired inequality (3.23) follows from (3.27), (3.33) and (3.35). O

REMARK 3.2. If i=1, ¢; =1, g(¢r) =0, then Theorem 3.2 reduces to [7, The-
orem 3]. Let T=R, if i =1, ¢(¢r) = 0, then Theorem 3.2 reduces to [12, Theorem
2].

COROLLARY 3.2. Let T =7 and assume that u(t), a(t), b(t), c(t), f(t), g(t)
are nonnegative functions defined for t € Ny. If a(t) is nondecreasing in Ny, and u(t)
satisfies the following inequality

-1
a(t)+ z b(s)u”(s)
0 (3.36)
—l—ZZl suli(s—p +2g +e(s)|,t €Ny
i=ls
with the initial condition (3.18), implies
i1 ’
u(t) <RV (1) {a(z)+6(t)]'[ [1+B(s)]} , 1 €Ny, (3.37)
s=0
where
—1
R(t) =[] +b(s)], 1t €No, (3.38)
s=0
n t—1
C(=Y, lf() +Zg (t)+c(s)|, €Ny, (3.39)
i=1s5=0

/! i 4; 4i rtdd I 7
D(1)=Y, [ﬁfmm a? ')+ =Y g(r)R? (r)arl(r)] €Ny, (3.40)

p P >0
THEOREM 3.3. Assume that u(t), a(t), b(t), c(t), f(t), g(t) € Cra(To,Ry). If

a(r) and b(t) are nonnegative, a(t) is nondecreasing for t € T, and u(t) satisfies the
following form of delay integral inequality on time scales

—|—/b YuP (s As—i—/

+/ g(t T))AT+ (s )]As, teTy

s)udi (s

(3.41)
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with the initial condition (3.2), implies

==

u(t) < [ep(t,10) (a(t) + E(t)er(t,10))] 7, t € To, (3.42)

where

t

t n r -
/ lZf " (s,19)a +/ g(t)ef (1,10)a F(T)AT+C(S)] As, t €Ty,
1=
(3.43)
370 ’ " (t,t9)a b )+ — /g Jel (T,10) ar N(T)AT, t€Ty. (3.44)

—

n-3%

i=1

<R

THEOREM 3.4. Assume that u(t), a(t), b(r), c(t), f(t), g(t) € Crqy(To,Ry).If
a(t) and b(t) are nonnegative, a(t) is nondecreasing for t € Ty, and u(t) satisfies the
following form of delay integral inequality on time scales

uP (1) <a(t) + ’b( P (5) s

(3.45)
+/ s)ul (s +2/g u'i(0(1))AT+c(s) | As,r € Ty
with the initial condition (3.2), implies
— 1
u(t) < [ep(t,10) (a(t) + E(t)ep(t,10))] 7, 1 € To, (3.46)

where

F(I):/tt [f( )e b% (s,20) al’ +2/ g(1)el (1,19 aP( )AT—!—C(S)] As, t € Ty,
| (3.47)
F() = 210ef ()at ™ 0+ 35 [ a(@)e] (rijai (@)ar, 1€ Ty G48)

THEOREM 3.5. Let u(t), a(t), b(t), c(t), f(t), g(t) € Cra(To,R). If a(t) and
b(r) are nonnegative, a(t) is nondecreasing for t € Ty. Assume that there exists of a
series of positive real numbers q;, r; suchthat p>¢q; >0, p>2r;>0,i=1,2,---.n
If Li: To x Ry — Ry is a continuous function such that

0 < Li(t,x:) — Li(t,yi) < Mi(t, i) (xi — i) (3.49)
fort€Tyand x; >y; 20, i=1,2,---,n, where M; : To x R — R is a nonnegative
continuous function, i =1,2,--- n, then

1

uPl(t) <a(t)+ | b(s)u?(s)As
. ) (3.50)
il s, f(s)ufi(o(s u'i c(s s, T
+3 [ 1 (s s o)+ [ @are)as rem
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with the initial condition (3.2), implies

ul(t) < fes (t,10) (a(r) + G(t)en(1,10))]7, 1 € To, 3.51)

where

> [n (S7f<s>e§" ()t 9

(3.52)
—|—/g P (1,00 al’( )AT—i—c(s))As, t €Ty,
2 (t flt eb (%) ar’ +/g ’L'to)al’( )A’E-i-c(t))
- y , (3.53)
-[%f(t) (t,10)ar (t)+ = /g ‘L'to ar (‘L’)AT],ZET().
Proof. Define a function z(¢) by
= {a(t) + /tb(s)up(s)As
fo
(3.54)

+Z / ( W ((s)) + /S:gw)u"(r)mc(s))m}p.

Using a similar way in the proof of Theorem (3.1), we easily obtain that z(¢) is a
nonnegative and nondecreasing function, and

u(t) <z(1), u(o(t)) < z(r). (3.55)
It follows from (3.54) and (3.55) that

() <a(t)+ 5)zP (s As—i—Z/ (sf )% (s +/g Z( )Ar—i—c())As.

(3.56)
Define a function v(¢) by
v(t) = a(t) +w(t), (3.57)

where

1= ; /to "L <s7 F(s)2% (s) + /S:g(r)z"'(r)AT-i-c(s)) As.  (3.58)

Then (3.56) can be restated as
!
(0)+ / b(s)2 (5) s. (3.59)
To

Noting that v(r) is nondecreasing, from (3.59) and Lemma 2.2, we obtain

2P (1) < v(t)ep(t,10)- (3.60)
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From (3.57) and (3.60), we have

'ul'—‘

() < ef (. 10)alt) +w(D)]F .

It follows from (3.58), (3.61) and Lemma 2.1 that

g/{ ( (s)ei (5.10)(a? (5)+ LaF (i)

[ o)) um(<>+%%%n<»m+mo

S0

(3.61)

z( f(s)ey ’ (s,10) a" +/ g(v)el (1,10 aP( )A1:+c(s)) (3.62)

(s F(s)er (s.0)a +/ e(v)e? (t.10)a’ (z )AT—I—C(S))}AS

1
<G@)+ | H(s)w(s)As, t € Ty,
]
where G(¢) and H(t) are defined by (3.52) and (3.53) respectively. Obviously, G(¢),
H(t) € Cyy, G(t) and H(¢) are nonnegative, G(z) is nondecreasing. Using Lemma
2.2, from (3.62) we have
w(t) < G(t)en(t,10). (3.63)

Therefore, the desired inequality (3.51) follows from (3.55), (3.61) and (3.62). O

REMARK 3.3. If i=1, g;=1, f(t) =0, ¢(t) =0, then Theorem 3.5 reduce
to [7, Theorem 5. If f(r) =1, g(¢ ) =0, ¢(t) =0, then Theorem 3.5 reduce to [8,
Theorem 2.16].

COROLLARY 3.3. Let T =R, u(r), a(t), b(t), c(t), f(z), g(t) € C(R+,Ry).
u(t) and a(t) are nonnegative, a(t) > 0 and a(t) is nondecreasing for t € Ry. If the
assume of theorem 3.5 are all hold, then

1
a t)+/ b(s)uP(s)ds
(3.64)
—|—Z/ ( suli(c s))—i—/o g(’L’)u”(T)dT—i—c(s)) ds, teR;
with the initial condition (3.2) with t € R, implies
1
u(t) < {R(:) (a(t) +G(t) exp /0 ﬁ(s)ds)] " teR,, (3.65)

where )
R(1) = exp / b(s)ds, 1 €R,, (3.66)
0
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G() = nl/OIL,- <s,f() R7 (s)a? (s +/ e(0)R? (1 (T)d1:+c(s))ds, tER,,

(3.67)
H() =Y M; (u FOR? (1) (1) + A g(T)EZ(T)ag(T)dT—FC(t))
i=1 . . t § ) (3.68)
: [@f(z)ﬁp' Nar ')+ 2 [ g(R? (r)an’—l(r)dr] , tER,.
p pJo

COROLLARY 3.4. Let T =7, Assume that u(t), a(t), b(t), c(t), f(¢), g(t) are
nonnegative functions defined for t € Ny. If a(t) is nondecreasing in Ny, and u(t)
satisfies the following inequality

=1
1)+ Z b(s)uP(s)

N (3.69)

—l—ZEL (sf Juli(s—p +2g (s)),teNo
i=1s=l
with the initial condition (3.18), implies
_ o
ult )<R%( ){a(z)+6(t)]'[[1+ﬁ(s)]} , 1 €N, (3.70)
s=0

where R(t) defined as (3.38), and

_ n t—1 ai 4 s—1 r; r
G(t) = ; ~70Li <S7RI’(S)f(S)a”(S) + ;)RF(T)g(T)aF(T) —l—c(s)) , 1 €N,
o - (3.71)
= i 4i 4; Lt r
H(r) =2M1 (t,R"(t)f(t)a"(f)+ Y R7(1)g(t)ar (T)+C(t)>
=l :j’ (3.72)
[ﬁR‘i’ Of@)ar 1)+ LY R (1)g(t)a? 1(1)] L 1eN
p P>

4. Some applications
In this section, we construct some examples to demonstrate the application of our

main result obtained in section 3.
Consider the delay dynamic equation

(uP(1))A = M(t K(t,u( /N 7,u( ))Ar), t €Ty (4.1)
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with the initial condition

{u(t) =o(t),r € [a,)NT
4.2)

o(c(1)) =CP, 1 €Ty, () <1

where M : Ty x R — R is continuous function, C = uP(1y) and p > 0 are constants,
o and o(r) are defined as (3.2), and ¢(¢) € Cyy([ot,20] NT,R4).

EXAMPLE 4.1. Assume that

[ M(1,K, V) I<[K |+ |V ],

ql
| K(t,u(o()))|< Ef )) |4, 43)

|N<t,u<r>>|<§ (1) | ult) I,

where ¢;, r; (i=1,2,---,n) areconstants, p>¢;>0and p >r; >0, f(1), g(t) € Cpy,
f(t), g(¢) are nonnegative.
If every solution u(z) of (4.1) satisfying the initial condition (4.2), implies

| u(t) [< [|C | +A()es(t,10)]7, 1 € To. 4.4)

where A(t), B(t) are defined as in (3.3), (3.4) with a(t) =C, b(t) =1, ¢(t) = 0.
Indeed, the solution u(r) of (4.1) satisfies the following inequality

P(t) < c+/lt (K(s,u(a(s)))7/:N(Lu(r))Ar) As, €Ty, (45)

It follows from (4.3) and (4.5) that

| u( |”<C|+Z/< \q’—I—/g u()|"AT)Ast€’]I‘0 (4.6)

Using Theorem 3.1, the inequality (4.4) is obtained from (4.6).
EXAMPLE 4.2. Assume that

[ M0, K, V) <[ K[+ V],
| K(t,u(o(1)) < ZL (6, /(1) [u(a(r)) [*), 4.7)
[ N(t,ut)) [< ()Iu()l”,

where ¢; (i=1,2,---,n) are constants, p > q; >0, b(t) € C,y, and b(z) is nonnegative.
If every solution u(¢) of (4.1) satisfying the initial condition (4.2), implies

[u(t) |< [en(t,t0)(] C | +G(t)eH(t,to))ﬁ, teTy. (4.8)
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where G(¢),H(t) are defined as in (3.52), (3.53) with a(r) = C, g(r) =0, ¢(r) =0.
Indeed, the solution u(r) of (4.1) satisfies the following inequality

| u

O<ICl+ [ b6) 1) P a5+ 3 [ L(5.f(5) | u(0(5) )5, 1 € . 49)

i=1710

Using Theorem 3.1, the inequality (4.8) is obtained from (4.9).
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