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A NEW NONLINEAR INTEGRAL INEQUALITY
OF WENDROFF TYPE WITH CONTINUOUS AND
WEAKLY SINGULAR KERNEL AND ITS APPLICATION

FAHIM LAKHAL

(Communicated by K.-L. Tseng)

Abstract. The main objective of this paper is to establish some new explicit bounds for nonlinear
integral inequalities of Wendroff type with continuous and weakly singular kernel, which gener-
alized some known inequalities for functions in two variables and can be furnished a handy tool
for the study of qualitative as well as quantitative properties of solutions of nonlinear differential
equations. Some applications are also given to illustrate the usefulness of our results.

1. Introduction

It is well known that singular integral inequalities plays a very important role in
the qualitative theory of partial differential, integral and integro-differential equations.
During the past few years, many papers [1]-[6] and [16] have appeared in the litera-
ture which deal with integral inequalities in more than independent variable which are
motivated by certain applications in the theory of hyperbolic partial differential and
integral equations. Usually, the integrals concerning this type inequalities have regu-
lar or continuous kernels, but some problems of theory and practicality require us to
solve integral inequalities with singular kernels. For example, D. Henry [7] used this
type integral inequalities to prove a global existence and an exponential decay result
for a parabolic Cauchy problem. Medved [9] presented a new method to solve Henry’s
type inequalities and their Bihari version. Some works can be found, for example, in
[8, 12, 13, 17, 18] and some references therein. Recently,Q.-H. Ma and J. Pecari¢ [13]
studied the inequality

t
uP (1) <a(t)+b(r) /(ta —sOPIT T f ()l (s)ds, 1€ Ry.
0
Cheung et al. [17] investigated the inequality in two variables
x
(5,9) < aley) () [ [ (=568 =P (s )u s 1) s,
00
(x,y) € D.
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H. Wang and K. Zheng [ 18] discussed the following inequality

Xy
u(ry) <aley)+ [ [ =P 6 P s s, 0)drds.
00

In this paper, motivated mainly by the work of Ma et al. [13, 15], Cheungetal. [14, 17],
H. Wang and K. Zheng [18] and by applying Medved’s method of disingularization of
weakly singular inequalities we discuss more general form of nonlinear weakly singular
integral inequalities of Wendroff type for functions in two variables

W (x,y) < alx, y)+b(x,y // DB=Ign=1(y% 2 yB=1 =1 £ Yo (u(s, 1)) drds.

Our paper is organized as follows. In Section 2 we prepare some tools needed to prove
our theorems. Section 3 contains the statements and proofs of our main results and
in Section 4 we give an application to partial integral equation with weakly singular
kernel.

2. Preliminaries

Throughout the paper, R denotes the set of real numbers and R, = [0,c0). Let
C(M,S) denotes the class of all continuous functions from the set M to the set S. The
partial derivatives of a function z(x,y) for x,y € R with respect to x, y and xy are
denoted by D;z(x,y), Dyz(x,y) and D{Dz(x,y) = DD, z(x,y) respectively. We need
the following definitions and lemmas in the discussion of our main results.

DEFINITION 2.1. The function @(u) is said to be subadditive and submultiplica-
tive, if

owu+v)<ou)+ov) and o) <o o(v), foruv=0. (1)

DEFINITION 2.2. Let g > 0 be a real number and 0 < T < oo. We say that a
function @ : R; — R satisfies a condition (gq) if

e o) <R(t)w(e "u?), forallue Ry, 1€0,T), (q)

where R(?) is a continuous nonnegative function.
Examples:
1. w(u) = u™, m > 0 satisfies the condition (g) with R(r) = ("~ 14",

2. o(u) =u+au™, where 0 < a < 1, m> 1 satisfies the condition (g) with R(r) =
2q—leqmt .

LEMMA 2.1. (see [11]) Assume that r> 1, a > 0. Then
1 1—r —1 1

1
ar < —KTa—f—
r r

K7, 2)

forany K > 0.
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DEFINITION 2.3. (see [14]) Let [x,y,z] be an ordered parameter group of non-
negative real numbers. The group is said to belong to the first class distribution and

3
denoted by [x,y,z] € I if conditions x € (0,1], y € (3,1) and z > 5~y are satisfied, it

is said to belong to the second-class distribution and denoted by [x,y,z] € II if condi-
2

1-2
tions x € (0,1], y € (0,1] and z > l—y

5 are satisfied.
y

LEMMA 2.2. (see [15], page 296) Let o, 3,y and p be positive constants. Then

0 _
g piy—1)+1

t
/(ta_sa)p(ﬁ—l)sp(y—l)ds: o = L2B-D+1|, teR, (3
0

1
where BIE,n] = [s*~1(1—s)1"'ds, (E,m € C, RE > 0,RN > 0) is the well-known
0
beta function and 6 = po(f — 1)+ y— 1]+ 1.

LEMMA 2.3. (see [14]) Suppose that the positive constants o, 3,v,p, and p;

satisfy
1
(a) lf[a7ﬁ7’)/] 617 pP1 = E;

1+4
(b)lf[a7ﬁ7’)/] EII7 P2 = li3ga then
B[P g1y 1| €0 4en), @

6i=pila(B-1)+y—1]+1>0

are valid for i = 1,2.

3. The results

LEMMA 3.1. Let u(x,y), a(x,y), b(x,y) and f(x,y) be nonnegative continuous
Sfunctions defined for x,y € Ry, and w(u) be a nonnegative, nondecreasing continuous
Sfunction for u € R with o(u) > 0 for u> 0. Assume that a(x,y) and b(x,y) are
nondecreasing in each variable x,y € Ry . If

u(x,y) <a(x,y)+b(x,y)//f(s,t)w(u(s,t))dtds, (5)
00

forall x,y € R, then

x ¥y

u(y) <G| Glalwy) +bxy) [ [ fs.00drds ©)
00
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Sforall 0 <x <xy, 0<y<y, where

rds
Gr)= | =2, r>r>0, 7
(r) o(s) rzro (7)
o
G~ is the inverse function of G, and x1, y, € Ry are chosen so that G (a(x,y)) +
Xy
b(x,y) [ [ f(s,t)dtds € Dom(G™').
00
Proof. Fixing any numbers X; and y; with 0 < X} <xj and 0 <y; <y, from
(5) we have

Xy
u(xy) a5 +01.5) [ [ 1sno(uls.n)dds, ®
00
for0< x <X, 0<y <y,
Defining 7| (x,y) as the right hand-side of (8), then

r1(0,y) = r1(x,0) = a(x1,y;), 9)
M(x7y) < ri (x7y)a

r1(x,y) is nondecreasing in y € [0,¥,] and

Dyri(x,y) = b(x,31) [ f(x,0)o(u(x,1))dt

< b(xhyl) f(xat)w(rl(xat))dt (10)

o\%o\!

y
< b0 () [ fannd.
0

Dividing both sides of (10) by w(ri(x,y)), we obtain

Diri(x,y) o ’
m < b(xhyl)b/f(x»t)dt- (11)
From (7) and (11), we get
y
DiG(r () <b(31.5) [ S(x0)dr (12
0

Now setting x = s in (12), and then integrating with respect to s from 0 to x, we
have

x Yy
G(ri(x,y) < G(r1(0,y)) +b(%1,¥,) / / F(s,1)drds.
00
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Noting
G(r(0,y)) = G(a(x1,y)),

we have
X

y
G(n (x.y) < Gla(m1.5) +b(E.50) | [ fs.00duds.
00
Taking x =X, y =y, in (9) and the last inequality, we obtain

('xhyl) rl(xlayl)
Xy

G(n(®,3)) < Gla@m, ) +b@,3) [ [ fs.0dids. 0
00
Since 0 < ¥; < xp, 0 <y; <y are arbitrary, from (13) we get
ulx,y) <ri(x,y), (14)
G(ri(x,y)) < G(a(x,y +bxy//fstdtds
00
or
Xy
M) <67 | Glatey)) +bxy) [ [ s (15)
00
forall 0 < x < xj, 0 <y<y;. Hence by (14) and (15), we have
X )
u(ry) <G |Glatey) o) [ [ Flsnydrs| (16

forall 0 <x <x1, 0 <y<y;. By (5), (16) holds also when x =0, y=0. U

THEOREM 3.2. Let y(x,y), p(x,y) and g(x,y) be nonnegative continuous func-
tions defined for x,y € Ry. Let k(x,y,s,t) and its partial derivatives D1k(x,y,s,t),
Dyk(x,y,s,t) and DyDyk(x,y,s,t) be nonnegative continuous functions for 0 < s <x <
oo, 0 <1 < y<oo, and w(u) be defined as in Lemma 3.1 and moreover we assume that
it is subadditive and submultiplicative.

¥
V() < pley) +aey) [ [kysno(p(sn)drds, for xyeRy, r>1, (17)

then

X

y Xy

W) <{ pln)tatey) |67 | G| [ [a(onando | + [ [ Bo,7dwdo
00 00

(18)
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for 0 <x<x, 0<y <y where
L=r r—1 1
A(x,y) = k(x,y,x,y)0(3K 7)o (p(x,y)) + k(x,y,x,y) 0 (LK 7

)
+w(;K¥)f02k(x7y,x,t) o (p(x,1))di + (=LK )szk(x,y,m)dt
0

+o(lKF)

+o(K )

Sy O ©

y
[ D1Dsk(x,y,s,t)o (p(s,r))dtds
0

+w(%K5) D1Dyk(x,y,s,t)dtds,

C—x
==

and

|
<

~ =
N»—t
-
~—

o (q(x,y))

Dok(x,y,x,t)0 (q(x,1))dt

B(x7y) = k(x’y’xh)})w(

le(x7y7s7y)w (q(s,y))ds

D1 Dyk(x,y,s,t)o (q(s,t))dtds,

+
g
=
=
S~—
O —n C=x P/«

O ==

G~ is the inverse function of G defined in (7) and x»,y> are chosen so that

x Yy

Xy
om(G ™! ,
O/O/A(G,T)drdc +//B(G,T)deO' € Dom(G™")

00
forall x,y lying in the subintervals 0 <x < xp, 0<y <y of Ry.

Proof. Define a function z(x,y) by

Y%=]]kxxst (w(s,1))dtds.
0

From (17) and (21) we observe that

~ =

v(x,y) < (px,y) +q(x,y)z(x,y))

Applying Lemma 2.1 to the inequality (22), for any K > 0, we obtain

V() < SK'F (p(y) +a(ny)ewy) + LK

~

Dik(x,y,5.)0 (p(s,y))ds + &(=LK ) [ Dik(x,y.s,)ds
0

19)

(20)

21

(22)

(23)
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So, from (23) and the hypotheses on w, we get

ovx) < o (167 ) 0lpx)

to <£K¥) o(q(x,y)o(z(x,y) + ® (r; IK%) . @4

r

Differentiating (21) and then using (24), we have

1—r
D1Dyz(x,y) < k(x,y,x,y)0(1K 7 )o(p(x,y))
1—r

+k(x,y,x,y)0(LK 7 ) o(q(x,y))o(z(x,y))
)

+o(lkF) (j)‘Dzk(x, v,x,0)0(p(x,1))dt

=

+k(x,y,x,y)0( =LK

+w<%ﬁ>OfDzk<x,y,x,z>w<q<x,z>>w<z<x,z>>dt
+m(%1<%)f02k(x7y7x,t)dz

0
+w<%ﬁ>Ofle<x7y7s7y>w<p<s,y>>ds (25)

+w<;ﬁ>fnlk<x7y7s7y>w<q<s,y>>w<z<s7y>>ds

+w(%1<%)zplk(x,y,s,y)ds

(1) ][ DDk (5 5.0)0(p(s.0)ds
() ][ DiDak (x5 (5.0)) (.0 s
Fo(=iK %)JJD Dok(x,,5,1)drds.

From (25) and using the fact that z(x,y) is monotonic nondecreasing in both the
variables x,y, and ®(u) is nondecreasing for u € R, we obtain

ny(x7y) <A(xvy)+B(xvy)w(Z(xvy))7 (26)

where A(x,y), B(x,y) are defined by (19) and (20) respectively.
From (26) it is easy to observe that

2(%,y) < Clx,y) + / / B(0,7)0(z(0,7))d1do, @7
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where

C(x,y) = /x/yA(G,r)drdG.
00

Clearly C(x,y) is nonegative and nondecreasing in each variable x,y € R.. Then,
by applying Lemma 3.1 to (27) and using (22) we get the required inequality in (18). [

REMARK 3.1. If we take r =1 and ¢(x,y) = 1 we obtain Theorem 2 in [6].
THEOREM 3.3. Let u(x,y), a(x,y), b(x,y), f(x,y) and @ be as in Lemma 3.1,

and r > 1 is a constant and suppose

W (5,y) < alxy)b(x.y) ] (6 581571 (y g2 =11 f(s. 1) (u(s, 1)) drds,
0

O ==

(X)) €[0,T)*  (0<T <), (28)

then for any K > 0 the following assertions hold:
(i) If [ou,B,m], [0a,B,1] €1 and o satisfies the condition (q) with ¢ = q, =

ﬁ. Then
Xy 1-p
() <o {67 | 6P ) + Q1) [ TiaGsnas| b for () € 0,71
00
(29)
where the function G and its inverse G~' are as in Lemma 3.1 and
_ 1 p[Btn-1 2B-1
My = g8 | Bt 2
_ 1 p[Btp-1 2B-1
M2l_a_2B|: ogzlja ﬁ]a
s [t gty L (1l =
Pi(xy) = 377 (5K TP + (K a(x,y) 7|
1
B i - B (DB (epr)(B-Dip
Ql(xvy) =31-F |:7K7b(x7y):| (M11M21)17ﬁ (X) 1-B (y) =B ’
1
kl(xvy) = fli'B (x,y)Rl(x-i-y),
(30)

and Ty > 0 is such that the argument of G~ in (29) belongs to Dom(G~") for all
(x7y) € [07T1)2'
(i) If [on, B, 1], [0, B,71] €11, and o satisfies the condition (q) with g = g, =

1+48
B Then

B
u(x,y) < e {Gl [Gua(x,y)) ; Q2<x,y>g‘g‘kz<s,t>dzds} } T for(vy) € 0.1)2,
3D
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where ,
_ 1 n(+4p)-B 4B
M12 - B |: 1061(1+3ﬁ) ) 1+3ﬁ:|

_ 1p[r0+4p)-B 4p°
M2 =75 B[WW}

m‘w
=

r—1 L 14p
(=LK7) B

(32)

536y iy 5
0:(x.y) =3 F [LKF ()| T (MinMr) P

(1+4B)[ey (B-1D)+1]-B (1+4B)[on (B—1)+1]-B
x(x) B (v B ,

1448
ka(x,y) = f B (x,y)Rz(x+y),

and T, > 0 is such that the argument of G~ in (31) belongs to Dom(G~") for all
(x7y) € [07T2)2'

Proof. Define a function v(x,y) by

v(x,y) = b(x, y)ij“( u g )B=1(yoo o) B=In=1n=1 £ 1) (u(s,t)) drds,
00
(x,y) €[0,T)?, (33)
then
u'(x,y) < alx,y)+v(x,y)
or

u(x,y) < (a(x,y) +v(x,y))"

From the last inequality and Lemma 2.1, we have

-1 | |
KT K a(ey) K (). (34)

u(x,y) <

If [, B,1], [o2,B,p] €1, let py = %, q1= ﬁ, andif [oq, B, 1], [on,B, ] €
1+4 1+4 1 1
+—ﬁ, q2:+—ﬁ, then — 4+ — =1, fori=1,2.
1+3p B pi qi

Applying the Holder’s inequality with indices p;, g; to (33) after inserting e*17.e~(5+7)
into the integral on the right-hand side, we obtain

11, let p) =

1

v(x,y) < b(x,y) [ff(x“l —so‘l)l’i(ﬁfl)spi(yrl)(yaz _taz)m(ﬁ*l)tm(yrl)epi(sﬂ)dtds Z
00
l.

x [ff F9 (s, 1) 460 ot (u(s, 1)) deds| - (35)

00
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By using Lemmas 2.2 and 2.3 and the condition (q) with ¢ = g;, (35) can be rewritten
as

1
i

v(x,y) < b(x,) x+y{xalllB [1’:(7’% i(B— 1)_‘_1} ¥2ip [l’i(?’za;;)“’pi(ﬁ—l)—kl} }p-

qi

X [ofoiji (s,1)Ri(s+1)® <e‘qi(s+t)uq" (s,t)) dtds}

1

1 |xYy i
= b(x,y)e"™ (xelnyZfMliMzi) Pi {fffqt (s,0)Ri(s+1)® (e_qi(ert)uqi(s,t)) dtds} ! ,
00
(x,) €10,T)%,
(36)
where

1 im—1)+1
O1i=piloa(B—1)+n—1]+1and M;; = —-B [% Pi(ﬁ_l)"‘l}a
1 1

1 i(pr—1)+1
62,-:pi[a2([3—1)+y2—1}+1and M>; = —B [u
o o

,pi<ﬁ—1>+1},

fori=1,2.
Substituting (36) in (34), we get

~l—=

_ 1
u(x,y) < SLKT + LK T alx,y) + LK b(x,y)e ™ (x0y My M) P

-
L

Xy 7
X {fff‘“(s,t)R,-(s+t)w (e‘qi(”t)uqi(s,t)) dtds] ;
00
or

., ., 1
e u(x,y) < %K% + %KlTa(x,y) + %KlT b(x,y) (x®riy®2i My ;Mp;) Pi

1
Xy qi
X [fffqi(sJ)Ri(s—I—t)a) <e‘qi(s+t)uqi(s7t)> dtds} ’ , (x,y) €[0,T)%
00
(37)
From (37) and the inequality
(A+B+C)1 <371 (A9 4B+ C9), A,B,C>0,q>1

we obtain
X

y
vi(x,y) < B(x,y) + Qilx,y //kl o (yi(s,1))drds, (38)
00
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where

vilx,y) = e iy (x, y),

—1 qdi 1 _, qdi
Pi(x,y) = 3%~ (r K%) + 34! (—KlTa(x,y)) :

r r

4

. l —r i . . Di
Qi(x,y) = 37" (;Kl’b()@y)) <x6"y62’M1iM2i> ",

ki(x,y) = f9(x,y)Ri(x+y), fori=1,2.

Since ¢; > 0 and 6y;, 6,; >0 (i = 1,2), then Pi(x,y) and Q;(x,y) are also non-
decreasing in x and y.

By Lemma 3.1 and (38), considering two situations for i = 1,2, we can get the
desired estimations (29) and (31), respectively. [J

COROLLARY 3.4. Let functions u(x,y), a(x,y), b(x,y), and f(x,y) be as in the-
orem 3.3, and r > 1, m > 0 are constants and suppose

u'(x,y) < alx,y) +b(x,y)

O—

y
[ (x4 — so)B=tgn=1(yor _s00)B=1n=1 (s 1)y (s,1)drds,
0

() €10,T)* (0<T <o), (39)

then for any K > 0 the following assertions hold:
(i) for [a17ﬁ7')/1] ) [0527ﬁ7')/2] el

ifm=1,
Xy 1 l_ﬁ
u(x,y) < & [Pl (x,y) exp (Q1<x,y>fffw<s,z>dtds)] L o)
00
ifm>0 m#1,
XY () 1 L
u(x,y) < e [me<x,y> (L =m0y ] [ T T <s,r>dtds] o
00

for x>0, y >0, where P\(x,y), Q1(x,y) are defined as in theorem 3.3.

(ii) for [on, B, n], [ow,B,p] €11,
fm=1,

Yo 144p _1+ﬁ4ﬁ
u(x,y) < e [Pz(x,wexp (Qz(x,y) I @,t)dtdsﬂ “2)
0

O —x

ifm>0 m#1,

B
(m=1)(1+4B)(s+1) 144 (T+4B)(T—m)

u(x,y) < ety [lem()@y) +(1- m)Qg(x,y)Of({ye B f B (sJ)dtds} 7

(43)
for x>0, y >0, where Py(x,y), Q2(x,y) are defined as in theorem 3.3.
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4. Applications

In this section, we present applications of the inequalities (29) and (31) in theo-
rem 3.3 for studing the boundedness of certain partial integral equations with weakly
singular kernel. Consider the partial integral equation:

(x® — go)B=lgn=1(yeo _po)\B=ym=1p (s 1 u(s,1))dtds,

(44)
for (x,y) € D=1[0,T)?, where I(x,y) and h(x,y) € C(D,R), F € C(DxR,R), r> 1.
Suppose that

W (x,y) =z<x,y>+h<x,y>(f

S—=

[1(x,y)| < alx,y),
|h(x,y)] < b(x,), (45)
|F (x,y,u)| < f(x,y)o(|ul),

where the functions, a(x,y), b(x,y), f(x,y) and @ are as in theorem 3.3. If u(x,y),
(x,y) € D, is any solution of (44), then by plugging (45) in (44) and applying Theorem
3.3, we obtain a bound on the solutions u(x,y) of (44).
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