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SEVERAL INTEGRAL INEQUALITIES ON TIME SCALES

LI YIN, QIU-MING LUO AND FENG QI

(Communicated by A. Peterson)

Abstract. In this paper, we provide some new integral inequalities of Qi type on time scales by
using elementary analytic methods.

1. Introduction

Under what conditions does the inequality

/ahfp(x)dx> [/abf(x)dxr_l (1.1)

hold for p > 17 This problem was posed by Qi in [6]. Hereafter, this problem simulated
many mathematicians to study.
In [, p. 124, Theorem C], M. Akkouchi proved the following results.

THEOREM 1.1. Let [a,b] be a closed interval of R and p > 1. For any continu-
ous function f(x) such that f(a) =0 and f'(x) > p on [a,b], we have

1

/a”ﬂa+2(x)dx>m [/ahf(x)dx]pH. (1.2)

For b >0, a=bq", and n € N, we write
la.bly = {bg . 0<k<n} and (a.bly=lg a0l

The g-derivative D, f of a function f is given by

[0 -flay)
D=1 (_qu * *7°
£(0), x=0
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provided f7(0) exists. The g-Jackson integral from O to « is defined by

oo

| #0dgx=(1-q)a’¥, flag")a"

n=0

provided the sum converges absolutely. The g-Jackson integral in a generic interval
[a,b] is given by

/ubf(x)dqxz/Obf(x)dqx—/oaf(x)dqx,

The g-analogue of the above-mentioned Theorem 1.1 was established in [3, Proposi-
tion 3.5] as follows.

THEOREM 1.2. Let p > 1 be a real number and f(x) be a function defined on
[a,b), satisfying f(a) >0 and Dyf(x) > p forall x € (a,b),. Then

b ) 1 b p+l
/ufp+ (x)dquW{/u f(qx)dqx] . (1.3)

Recently, Krasniqi and Shabani obtained some sufficient conditions for Qi type
h-integral inequalities in [4].

For more information, please refer to the list of references in [5, 7, 8].

The main aim of this paper is to generalize the above results on time scales.

2. Notations and lemmas

For advancing smoothly, we recite some basic notations and lemmas.

2.1. Notations

A time scale T is a non-empty closed subset of the real numbers R. The forward
and backward jump operators ¢,p : T — T are respectively defined by

o(t)=inf{seT:s>r} (2.1

and
p(t)=sup{seT:s<t}, (2.2)

where the supremum of the empty set is defined to be the infimum of T.

A point € T is said to be right-scattered if o(z) > and to be right-dense if
o(t) =t. On the other hand, a point 7 € T with # > infT is said to be left-scattered
if p(t) <t and to be left-dense if p(r) =¢. A function g: T — R is said to be rd-
continuous provided that g is continuous at right-dense points and has finite left-sided
limits at left-dense points in T. In what follows, the set of all rd-continuous functions
from T to R is denoted by C,;(T,R). The graininess function y for a time scales T
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is defined by () = o(t) —¢. For f: T — R, the notation f° means the composition

foo.

We also need below the set T* which is derived from the time scale T as fol-
lows. If T has a left-scattered maximum m, then T* = T — {m}. Otherwise, T* =T.
Throughout this paper, we make the blanket assumption that @ and b are points in T'.
Often we assume a < b. We then define the interval [a,b] in T by

[a,blr={te€T:a<t<b}.

For a function f: T — R, the (delta) derivative f2(z) at ¢ € T is defined to be the
number, if it exists, such that for all € > 0, there is a neighborhood U of ¢ with

[f(0(1)) = f(s) = A1) (a(t) = 9)| < e|o(t) ] (2.3)

for all s € U. If the (delta) derivative f2(t) exits for all # € T, then we say that f is
(delta) differentiable on T'.

The (delta) derivatives of the product fg and the quotient g of two (delta) differ-
entiable functions f and g may be formulated respectively as

(fe)* = fg+fo¢" = fg" + f%g° (2.4)
and

A
(J_‘) _fle—fgt 2.5)

8 88°

where gg° # 0.
For b,c € T and a (delta) differentiable function f, Cauchy integral of A s
defined by

/ "M = f(e) - £(b) 2.6)

and infinite integrals are defined as

/b " F()A = lim hc F)A. 2.7)

Cc—ro0

An integration-by-part formula reads that
| gt oar = r0gol; - [ FAnsioar. @8
Note that in the case T =R, we have o(t) = p(t) =1, u(t) =0, f2(t) = f'(¢), and

C (e
[ rrome= [ foar, (2.9)
b b
and that in the case T = gZ, we have o(t) =t +q, p(t) =t —q, u(t) =g, and

fle+q) = f@t)

Afpy —
ROES p

(2.10)
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If T=g” and ¢ > 1, we have o(t) = qt, p(t) = é, u(t)=(g—1)t,and

f%):%, 1 #0. (2.11)

A continuous function f: T — R is called pre-differentiable with D, provided
D C T*, T®\ D is countable and contains no right-scattered elements of T, and f
is differentiable at each ¢ € D. Let f be rd-continuous. Then there exists a function
F which is pre-differentiable with region of differentiation D such that F2(x) = f(z)
holds for all # € D. We define the Cauchy integral by

/b " H(0)A = F(c)— F(b), 2.12)

where F' is a pre-antiderivative of f and b,c € T. The existence theorem in [2, p. 27,
Theorem 1.74] reads as follows: Every rd-continuous function has an antiderivative. In
particular, if 7o € T, then F defined by F(r) = ftg f(7)At is an antiderivative of f.

If f is (delta) differentiable, then f is continuous and rd-continuous. We easily
know that

o, p, fPlx), o), WP P

for p € N are rd-continuous by using property of rd-continuous function. Thus, all
integrals involving main results of this paper are meaningful.

2.2. Lemmas

The following lemmas are useful and some of them can be found in the book [2].

LEMMA 2.1. ([2, p. 28, Theorem 1.76]) IffA(x) >0, then f(x) is nondecreas-
ing.

LEMMA 2.2. ([2, p. 32, Theorem 1.90. Chain Rule]) Let f: R — R be continu-
ously differentiable and suppose g : T — R is delta differentiable. Then fog:T — R
is delta differentiable and the formula

1
o0 ={ [ [0 mmeolafen )
holds.

LEMMA 2.3. ([2, p. 9, Exercise 1.23]) Assume that f: T — R is delta differen-
tiable at t € T¥. Then

n—1
[ ()4 = {kgof"(x) [f"(x)]”lk}fA(x)- (2.14)
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LEMMA 2.4. ([2, p. 5, Theorem 1.16]) Assume that f: T — R is delta differen-
tiable at t € T¥. Then

FO() = F0) + p(x) f2(x). (2.15)

For more discussion on time scales, we refer the reader to [2]. Next, we give a new
and useful lemma.

LEMMA 2.5. Let a,b €T and p > 1. Assume g: T — R is delta differentiable
at t € T* and non-negative and increasing function on [a,b|r. Then

pe’ (x)g"(x) < [g" ()] < plg® ()P gt (). (2.16)
Proof. Using Lemma 2.2, we have

&) = {p [ )+ g ) dh}g%c)
> {o st an e

= pg” ! (x)g*(x).

On the other hand, by Lemma 2.3, we obtain

n—1
" ()] = {gbgk(x)[g“(X)}"lk}gA(X)

N

n—1

{ > [g"(X)}k[g“(X)]”lk}gA(X)
k=0

= plg® ()" g ().

The proof of Lemma 2.5 is complete. [l

REMARK 2.1. If letting T = hZ and p > 1 in Lemma 2.5, we deduce Lemma 2
in [4].

REMARK 2.2. If taking T = ¢Z and p > 1 in Lemma 2.5, we deduce

pg’ ()¢ (x) < [g”(x)]* < pg” " (qx)g (x). (2.17)

The formula (2.17) is a simple deformation of Lemma 3.1 in [3].
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3. Main results
In this section, we will state and prove our main results.

THEOREM 3.1. Let a,b € T and p > 3. Assume f,0: T — R be delta differen-
tiable at t € T*. If f is a non-negative and increasing function on |a,b|r and satisfies

P02 = (p—2)[f7 )] [0 (x) — a0t () (3.1)

and
fla) = (p—1u">(a), (3.2)
where 6*(x) = 6(o(x)). Then

/ s [ / bf(x)Ax} " (33)
Fx) :/uxfﬁ(t)At— quf(z)mrl
)=f

and g(x) = [F f(t)At. It is easy to see that g*(x
that

Proof. Define

= f(x). Using Lemma 2.5, it follows

FA) = f2(x) = [" ' (0)* = f7(x) = (p = D[ (0] g% (x) = f(¥)G(),

where
G(x) =" ) = (p— 1) (x)]" .

Using Lemmas 2.4 and 2.5 again, we have

GA () = (p— P2 = (p- D(p—2)[g” )] 7 (x)0*(x)

st =[ [ o]
_| / "R+ / o f(t)At]A

= [ [ som] s 100 -0y
= (ot

Since f is a non-negative and increasing function, then

where

2 o?(x) 2
W= [ r0n <700 —dl (34)
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Hence,
GA(x) = (p— D" 202 @) — (p =2 [T W] 1 ()02 (x) — a0 (x)}
> (p- D 2@ AW - (p-2)[f7 @) 0% () —al’ 20 (x)}
> 0.

By Lemma 2.1, we conclude that G(x) is an increasing function. Hence,
G(x) = G(a) = fP*(a)[f(a) — (p— " >(a)] > 0
which means that F2(x) > 0. So F(x) > F(a) = 0. The proof is complete. []

REMARK 3.1. If T =hZ and p > 3 in Theorem 3.1, we deduce Theorem 3 in
[4].

THEOREM 3.2. Let a,b € T and p > 3. Assume f,0: T — R be delta differen-
tiable at t € T®. If f is a non-negative and increasing function on |a,b|r and satisfies

PR @A) = (p=2)(f0(x)" [0 (x) —a]P o (x) (3.5)
and
fP(a) = (p—1)uP>(a), (3.6)
then .
/  rar s ( / bf"(x)Ax)p . (3.7)

Proof. Define

Flx) = /:fp(t)m— (/:fp(z)m)p_l

and g(x) = [ fP(¢)Ar. It is easy to see that g(x) = fP(x). Using Lemma 2.5, it
follows that

FA(x) = f7(x) = [¢" ' ()1 = 7 (0) — (p = D[ ()P ¢ (x) = F(0)G(x),
where
G(x) =) = (p— 1’ (®)]" >

Using Lemma 2.5 and (3.4) again, we have

G () = (p— D" 2@ ) — (p—1)(p—2) g7 ()] F)[o(x)]*
> (p= D@02 ) — (p=2) 7)) (0% (x) — )P P 0(x)
> 0.
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By Lemma 2.1, we conclude that G(x) is an increasing function. Hence,
G(x) = G(a)
=" Ha)~ (p—1)[g%(@)]"?
> (fP(a)"2[fP (@) — (p— )" *(a)]
>0
which means that F2(x) > 0. So F(x) > F(a) = 0. The proof is complete. [

THEOREM 3.3. Let a,bc T and p > 1. Assume f,0: T — R be delta differen-
tiable at t € T®. If f is a non-negative and increasing function on |a,b|r and satisfies

@A) > g [T @] 00 - ot ) (3:8)
and
fla)> 5~ Z;,_l#”(a% (3.9)
then .
/ NI (b_iy,,l [ / bf(X)Axr : (3.10)

Proof. Define

P = [ rrRn - Gy [ / xf(z)m} "

and g(x) = [ f(t)Ar. Using Lemma 2.5, it follows that

1
b

(b l:;)i—l [27(x)]7 8" (x)
> 1] 7010 - e}
B (b—a)P—l

= f()G(x),

FAx) = f7"2(x) — g )

> P (x) —

where +1
60 =710 -

Using Lemma 2.5 and (3.4) again, we have

87 (x)]".

G0 > (p+ D70~ P [ ] 7 (o)

2

> (p+l){f”(X)fA(X)— L__rso (x>]”[c2<x>—a}f”cA<x>}.

(b—a)r—!
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By Lemma 2.1, we conclude that G(x) is an increasing function. Hence, G(x) >
G(a) = 0 which means that F4(x) > 0. So F(x) > F(a) = 0. The proof is com-
plete. O

REMARK 3.2. If T = hZ in Theorem 3.3, we deduce Theorem 4 in [4].

THEOREM 3.4. Let a,b € T and p > 3. Assume f,0: T — R be delta differen-
tiable at t € T*. If f is a non-negative and increasing function on |a,b|r and satisfies

O] = (p—2)[0°(x) —a]’ o™ (x) (3.11)
and
f%(a) = (p—1)uP(a), (3.12)
then . . -
| i wirars [ [ (x)Ax] . (3.13)

Proof. Define

F = [ w)ea- [ [ (z)m] a

and g(x) = [ fP(¢)Ar. Using Lemma 2.5, it follows that

FAx) = [f (0] — [ ()
> [f7)P = (p = D)g"@)]" ¢ ()
= f(0)G(x),

where

G(x) = [f° @I = (p— D))"
Using Lemma 2.5 and (3.4) again, we have
> (p— DT P2 WA~ (- 1D)(p—2)[s% ()" (g )"}
> (p— V7@ @) = (p—2)[0*(x) —a)’ Pt (x) }
>

2

By Lemma 2.1, we conclude that G(x) is an increasing function. Hence,
G(x) = G(a)
=@ = (p—-1)[g°(a)?
(@] [f (a) = (p— uP*(a)]

which means that F2(x) > 0. So F(x) > F(a) = 0. The proof is complete. []
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THEOREM 3.5. Let a,b € T and p > 1. Assume f,0 : T — R be delta differen-
tiable at t € T®. If f is a non-negative and increasing function on |a,b|r and satisfies

[Fe@))A = pxot(x) (3.14)
and
17(0) > G o), (3.15)
then
b 5 1 b p+l
A [ / fP(x)Ax] . (3.16)

Proof. Define

X X +1
ro) = [reopen - o ([
and g(x) = [ fP(t)Ar. Using Lemma 2.5, it follows that

e )

> rwfirewrt - ),

FAx) > [f7 ()72~

where t1
G) =17 W = e g o)

Using Lemma 2.5 again, we have

620 = o+ D] P WP - Gl 6 ) o)

Since f is a non-negative and increasing function, then

2 o?(x) 2
W= [P On <T@ —d) < ST -a). (3.17)

Hence,
G (x) = (p+ DT WP {[f7 ()" = plo(x)]*}.

By Lemma 2.1, we conclude that G(x) is an increasing function. Hence,

G(x) > G(a)

- - S @)
=) - G @)y
p+1

> [f(@)]P | f%(a) =

=0

(b IR a)p_l [‘u(a)}P
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which means that F2(x) > 0. So F(x) > F(a) = 0. The proof is complete. []

REMARK 3.3. If T =R in Theorem 3.5, we deduce Theorem 1.1.

REMARK 3.4. Our main results give some sufficient conditions for Qi type in-

equalities from different directions. On the other hand, we also unify the previous
conclusions obtained by other authors.

[1]
[2]

[3]

REFERENCES

M. AKKOUCHI, Some integral inequalities, Divulg. Mat. 11, 2 (2003), 121-125.

M. BOHNER AND A. PETERSON, Dynamic Equations on Time Scales: An Introduction with Applica-
tions, Birkhduser, Boston, 2001.

K. BRAHIM, N. BETTAIBI, AND M. SELLEMI, On some Feng Qi type q-integral inequalities, J. In-
equal. Pure Appl. Math. 9, 2 (2008), Art. 43; Available online at
http://www.emis.de/journals/JIPAM/article975.html.

[4] V. KRASNIQIAND A. SH. SHABANI, On some Feng Qi type h-integral inequalities, Int. J. Open Probl.
Comput. Sci. Math. 2, 4 (2009), 516-521.

[5] Y. Mi1ao AND F. QI, Several q-integral inequalities, J. Math. Inequal. 3, 1 (2009), 115-121.

[6] F. QI, Several integral inequalities, J. Inequal. Pure Appl. Math. 1, 2 (2000), Art. 19; Available online
at http://www.emis.de/journals/JIPAM/article113.html.

[71 L. YIN, On several new Qi’s inequalities, Creat. Math. Inform. 20, 1 (2011), 90-95.

[8] L. YIN AND F. QI, Some integral inequalities on time scales, Available online at
http://arxiv.org/abs/1105.1566.

(Received September 19, 2011) LiYin

Department of Mathematics
Binzhou University

Binzhou City

Shandong Province, 256603, China
e-mail: yinli_79@163.com

Qiu-Ming Luo

Department of Mathematics

Chonggqing Normal University

Chongqing City, 401331, China

e-mail: luomath@126.com, luomath2007@163.com

Feng Qi

Department of Mathematics, College of Science
Tianjin Polytechnic University

Tianjin City, 300160, China

and

School of Mathematics and Informatics

Henan Polytechnic University

Jiaozuo City, Henan Province, 454010, China
e-mail: gifeng618@gmail.com, gifeng6l8@hotmail.com,
gifeng618@gg.com

http: //qifeng618. wordpress. com

Journal of Mathematical Inequalities

v.ele-math.com

jmi@ele-math.com


http://www.emis.de/journals/JIPAM/article975.html
http://www.emis.de/journals/JIPAM/article113.html
http://arxiv.org/abs/1105.1566
http://qifeng618.wordpress.com

