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Abstract. In this paper, we first generalize an inequality and improve another one for unitarily
invariant norms, which are established by Kittaneh and Manasrah in [Improved Young and Heinz
inequalities for matrices. J. Math. Anal. Appl.361(2010)262-269]. Then we present a new in-
equality for unitarily invariant norms, which is equivalent to an inequality presented by Kittaneh
and Manasrah in the case of the Hilbert-Schmidt norm.

1. Introduction

Let M, be the space of m x n complex matrices and M,, = M, ,,. Let ||-|| denote
any unitarily invariant norm on M,. So, ||UAV|| = ||A|| for all A € M, and for all
unitary matrices U, V € M,,. For A = (a;j) € M,,, the Hilbert-Schmidt norm of A is
defined by

> 3 fal) = \firlal =

i=1j=1

1Al =

where 51 (A) =52 (A) =+ = 5,1 (A) = 5, (A) are the singular values of A, that is, the

1
eigenvalues of the positive semidefinite matrix |A| = (AA™)2, arranged in decreasing
order and repeated according to multiplicity. For A = (a;;) € M,, the trace norm is
defined by

n
Al = 2 sj(4) =1rA].
j=1
It is known that the Hilbert-Schmidt and trace norms are unitarily invariant.

Let A, B, X € M,, such that A and B are positive semidefinite, Kittaneh and Man-
asrah [1] have obtained the following inequalities:

2
2||at2xs|| + <\/||AX2 - \/IIXB2> <[AX+XBl,, (LD
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2
a5 a | < a8l -2 (Il - IBL) )

|A"XB'~" + A'"XB"||5 < |AX + XB|[% — 2ro||AX — XB|3, (1.3)

where 0 <v <1 and ro =min{y, 1 —v}.

The inequality (1.1) [1, Theorem 3.3] is a refinement of the arithmetic-geometric
mean inequality [2, Theorem 2]:

2HA1/2XBU2H < ||AX +XB||

for the Hilbert-Schmidt norm. The inequality (1.2) [1, Corollary 3.9] is a refinement of
the Heinz inequality [2, Theorem 2]:

|A*XB'™" + A" XB"|| < ||AX + XB|

for X =1 and the trace norm. The inequality (1.3) [1, Theorem 3.5] is an improvement
of the Heinz inequality for the Hilbert-Schmidt norm.

In this paper, we first generalize the inequality (1.1) and improve the inequality
(1.2). Then we present a new inequality for unitarily invariant norms, which is equiva-
lent to the inequality (1.3) in the case of the Hilbert-Schmidt norm.

2. Main results

First, we generalize the inequality (1.1). To do this, we need the following lemma.

LEMMA 2.1. [3] Let A, B, X € M,, such that A and B are positive semidefinite.
If0<v< 1, then

JAX B < lax " [XB]'

THEOREM 2.1. Let A, B, X € M,, such that A and B are positive semidefinite. If
0<v<, then

2\v(1—v)||A2xB'2||, + (\/VHAX”Z —/(1=) HXBHz)z @2.1)

< |[VAX + (1 —v)XB||,.
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Proof. By Lemma 2.1, we have

2
<2~/v(1 —v) HAl/szl/2H2 + <\/v||AXH2 — \/(1 —v) XB||2>2>
—|[VAX + (1 —v)XB|;
= 4T ) [412X BV, (\/VTAXT, - /T ) TXBT,)

+20(1-) [AXBY2 3+ (/ATAXT, - T=) ||XBH2>4

A3+ (1 - )2 |XBI3
<4 42X 2|, (/FTAXT, /(T XBT,)

+ (VATAXT; — /(T WITXBT;) — (v JAX ] — (1 - ) [XB].)?
= —ay/v (1) (VATAXT; - /(T W TXBT;)

x (VIAXIL, [XBI, - [|A'2XB'2|[,)

<0.

(2.2)

For the proof of the last inequality in (2.2), we have used Lemma 2.1 again. This
completes the proof. [
REMARKS.

1. Taking v = % in the inequality (2.1), we obtain the inequality (1.1).

2. The inequality (2.1) is related to the following inequality presented by Kosaki [4]
and Bhatia and Parthasarathy [5]: if A, B, X € M,, such that A and B are positive
semidefinite and if 0 < v < 1, then

|A"XB' ||, < [vAX + (1 —v)XB||,. (2.3)

It should be noticed that neither (2.1) nor (2.3) is uniformly better than the other.

Second, we improve the inequality (1.2). To do this, we need the two lemmas as
follows.

LEMMA 2.2. [6] Suppose that a, b > 0. If 0 <v < 1, then

avbl—v + al—vbv
2

a+b

)

<ta'Pb'P 4 (1-1)

where t :4(v—v2).
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LEMMA 2.3. [7,p.94] Let A,B € M, then

n

Y 55 (AB) < 351 (A)s; (B).

j=1 j=1

THEOREM 2.2. If A, B € M,, are positive semidefinite, then

B |, + [l < (=0 [A+ Bl +20/lAllL -IBl, @4

where 0 <v <1, t=4(v—v2).

Proof. By Lemma 2.2, we have

s (A)s;™" (B) +5;7" (A) s} (B) IRV

2 =

s (A) +5; (B)
2 )

(4)s}? (B)+(1—1)

forall j=1,---,n. By Lemma 2.3 and the Cauchy-Schwarz inequality, we obtain

IA"B"]|y + [A™B"][s
2

n
Sj(AvBlfv)_i_ 2 sj(Alvav)
1 j=1

= (2.5)

Note that
(1—1)|A+ Bl +2t+/||Ally - ||Bll; = (1 —1)tr (A+B) +2t\V/trA -trB. (2.6)
If follows from (2.5) and (2.6) that
|8+ B, < (1 =0) 1A+ Bl + 20/ JAT, - B
This completes the proof. [

REMARK. By the triangle inequality, we have

B w48+ B e
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So, it follows from (2.4) and (2.7) that
4B+ A < (1—1)|A+Bll, +21\/JA], - B, (2.8)

Now, we compare the inequality (1.2) with the inequality (2.8). Let

= l[A+Bl, - 2m<VHA1 \MBh) (L=0)[|[A+Bll; =2\ /llAll; - 1Bl

where ryp = min{v, 1 —v}. It easily follows that

1
k=2v(1-20) (Ja+ 8l -2/l 181, ) >0. o<y

and

N

1

2 1
K=2(-2v"+3v—1) ( [|A+B]; —2¢/[|All; - 1Bl ) =0, 7SV

Therefore, the inequality (2.8) is a refinement of the inequality (1.2).
Next, we present a new inequality for unitarily invariant norms. To do this, we
need the following lemmas on convex functions.

LEMMA 2.4. If A, B, X € M,, such that A and B are positive semidefinite, then
the function f(v) = ||A"XB'™ —i—Al’VXB"H2 is continuous and convex on [0, 1].

Proof. For each unitarily invariant norm, the function
=||A"XB' "+ A" "X B||

is continuous and convex on [0, 1][7, p. 265].

Since i (x) = x? (x > 0) is continuous and nondecreasing, k(¢ (v)) = ¢ (v) is
also continuous and convex, which implies that the function f(v) is continuous and
convex on [0,1]. This completes the proof. [

LEMMA 2.5. [8,9] Let ¢(x) be a real valued convex function on an interval
[a,b]. For any x1,x; € [a,b], we have

Plx)—@(x)  x19(x2)—x0(x1)
(p(x) < X2 — X1 x X2 — X1

, X E (x1,x2).

THEOREM 2.3. Let A, B, X € M, such that A and B are positive semidefinite.
For unitarily invariant norms, we have

|A"X B+ A'XBY||* < (1 —2r0) [|AX + XB| +8r0HA1/2XB1/2H 2.9)

where 0 <v< 1, rp=min{y, 1 —v}.

Proof. By Lemma 2.4, from Lemma 2.5 we obtain:
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O

2
= (1— 2v) IAX + XB|> +8v [|A'2x B2 |?

— (1—2r0) |AX + XB||* +8ro |A'2XB'2|*.

If $ <v<1,then
N—f(L Lory=1-7(L
f(v)gf( i_{(2)v_ 2 f( i_l f(2)
2
=(2v—1)|AX +XB|*+8(1 ]|A1/2XBI/2]|

= (1—2r0) ||[AX +XB|* +8ro ;|A1/2XBI/2;| )
This completes the proof. [l

REMARK. For the Hilbert-Schmidt norm, the inequality (2.9) is equivalent to the
inequality (1.3). In fact, it easily follows that

2
X +XBI = |AX|5 + IIXBI3 +2||4"2x B2

and 2
|AX — XB||2 = ||AX |+ || XB|% -2 HAlﬂXBl/sz'

As aresult, we have

2
(1—2r0) ||AX +XB|2 + 8ro A1/2XBI/2H2 = |IAX + XB]? — 2r0 |AX — XB|2.

So, from (2.9) we obtain

2
< |AX +XB|3 —2r | AX — X B3,

[A"XB'™ +ATXBY| <

which is the inequality (1.3).
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