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APPROXIMATE FUNCTIONAL INEQUALITIES BY ADDITIVE MAPPINGS
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Abstract. Let n be a given positive integer, G an n-divisible abelian group, X a normed space
and f: G — X. We prove a generalized Hyers-Ulam stabitity of the following functional in-

equality
nf <— + Z>

which has been introduced in [3], under some conditions on @ : G X G x G — [0,e0).

[£G) + 7 +nf(2)l <

‘ +o(xy,2), Yxyz€eG,

1. Introduction

The stability problem of equations originated from a question of Ulam [9] con-
cerning the stability of group homomorphisms.

We are given a group G| and a metric group G, with metric p(-,-). Given € >0,
does there exist a 6 > 0 such that if f: G|, — Gy satisfies p(f(xy), f(x)f(y)) <8 for
all x,y € Gy, then a homomorphism h : Gy — G, exists with p(f(x),h(x)) < € for all
xeGp?

In 1941, D. H. Hyers [4] considered the case of approximately additive mappings
between Banach spaces and proved the following result.

Suppose that E; and E; are Banach spaces and f: Ey — E satisfies the following
condition: there if an € > 0 such that

1fe+y) = f(x) =)l <e

for all x,y € E;. Then the limit A(x) = lim,_ % exists for all x € E| and there

exists a unique additive mapping / : E; — E; such that

1 () = ()] <&

Moreover, if f(zx) is continuous in # € R for each x € Ej, then the mapping & is
R-linear.
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The method which was provided by Hyers, and which produces the additive map-
ping &, was called a direct method. This method is the most important and most pow-
erful tool for studying the stability of various functional equations.

In 1978, Th. M. Rassias [5] provided a generalization of Hyers Theorem which
allows the Cauchy difference to be unbounded. Let £ and E, be two Banach space
and f : E; — E, be a mapping such that f(zx) is continuous in 7 € R for each fixed x.
Assume that there exists € > 0 and 0 < p < 1 such that

1FCe+) = f () = fO < (llxll” + [I¥]]7) ()

Then there exists a unique linear mapping 7T : E; — E; such that

1F(x) =T < ellx][”
forall x € E;.

In 1990, Th. M. Rassias [6] during the 27th International Symposium on Func-
tional Equations asked the question whether such a theorem can also be proved for
p > 1. This result is also true for p < 0.

In 1991, Z. Gajda [1] following the same approach as in [5], gave an affirmative
solution to this question for p > 1. It was shown by Z. Gajda [1], as well as by Th. M.
Rassias and P. Semrl [6], that one cannot prove a Th. M. Rassias type theorem when
p = 1. The counterexamples of Z. Gajda [1], as well as of Th. M. Rassias and P. Semrl
[6], have stimulated several mathematicians to invent new definitions of approximately
additive or approximately linear mappings, cf. P. Gavruta [2] and S. Jung [8], who
among others studied the stability of functional equations. In 1994, a generalized result
of Rassias’ theorem was obtained by P. Gavruta in [2].

Let G be an n-divisible abelian group n € N (i.e., a— na : G — G is a surjection)
and X be a normed space with norm || - || . Now, for a mapping f : G — X, we consider
the following generalized Cauchy-Jensen equation

704500+ nf@) =nf (22 42), nyzeGo w22

which has been introduced in the reference [3]. First of all, we recall some result in the
paper [3].

PROPOSITION 1.1. Foramapping f:G — X, the following statements are equiv-
alent.

(a) f is additive.
<b>f<x>+f<y>+nf<>—nf(—+z) Vanz €.

(©) 1)+ F0) +nf (2 H v (242, vanzea
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The generalized Hyers-Ulam stability of functional equation (b) and functional
inequality (c) has been presented in the paper [3] for a special case n = 2. In this paper,
we are going to improve the theorems of [3] without using the oddness of approximate
additive functions concerning the functional inequality (c) for the general case.

2. generalized Hyers-Ulam stability of (c)

From now on, let G be an n-divisible abelian group for some positive integer
n=2and f:G—Y andlet Y be a Banach space.

THEOREM 2.1. Let ¢ : G° — R* satisfy limj_... nik(p(nkx,nky, n*z) = 0 for all
x,v,2€ G and

=

P(x,z) =

i=0

S <(p(ni+1x,0, —n'z) + (p(—ni+1x707niz)> < oo,

forall x,z € G. Suppose that a mapping f : G — Y satisfies the functional inequality

1)+ ) +nf @) < Hf (ﬂ +2)

ot @
forall x,y,z € G. Then there exists a unique additive mapping h: G — Y such that

(P(xa —)C,O)
2

n2
17 () = h(0)[| < P(x, %) + +-— 170 3)

forall x € G.

Proof. For all x € G, letting y = —x, z =0 in (2) and dividing both sides by 2,
we have

[ LS 20 x0) Ly o) @
for all x € G. Replacing x by nx and letting y = 0 and z = —x in (2), we get
17006) +1(5) + FO) < 9,0, ) + 10| ©)
for all x € G. Replacing x by —x in (5), one has
() +1(3) 4 FO) < 9(—1x,0.9) + 1l £0) | ©

forall x € G. Put g(x) = L0 - Agsociating (5) with (6) yields

Ing(x) — g(nx)[| < 5 (@(nx,0,—x) + @(—nx,0,x)) + [l (0)

M| —

that is,

< 5 (95,0, —x) + 9(—nx,0,0)) + | £0)] ™

Jeto) - et
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for all x € G. It follows from (7) that

gln'x)  g(n"x) H

n!

< Z [t = sttt
=% ot S|

m—1 1

1
< 3 [ (004 50k ot x0t) + O] ®)

for all nonnegative integers m and [ with m > 1> 0 and x € G Since the right hand
g

side of (8) tends to zero as [ — oo, we obtain the sequence { } is Cauchy for all

x € G. Because of the fact that ¥ is a Banach space it follows that the sequence {g,,—k}
converges in Y. Therefore we can define a function 4: G — Y by

k
h(x) = lim & ("kx), X€G.
k—eo N

Moreover, letting [ =0 and m — oo in (8) yields

lg(x) = h(x)]l < (H)+—Hf( )l

for all x € G. Hence we have
f(x)
|m 5 )| < 900 + =IO ©)
for all x € G. It follows from (4) and (9) that

—x,0 n?
2L 20 L ) 4(0))

1/ (x) = h(x)| < @(x,x) +
for all x € G. It follows from (2) that

1A(x) +h(y) = h(x+y)]|
=Hh(X) h(y) +h(=x=y)]

:glm—Hg(n “x) + g(n*y) + ng(—n*(x+y))|

Jim = (175) + ) + (= () = (=) = (=) = b (e )
< ,L—ngoﬁ (I f O+ x, by, = (xky) I f O]+ (b, ~nby, ! (x-3)
+||nf(n"’1(X+y))+f(—n"(X+y))||+an(—n"’l(ery))+f(n"(X+y))H>

< Tim s (9, b () + (b~ b ()

(= (x+3),0,1 7 (x3)) + 9 (x+),0, =1 (x4)) ) = 0
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forall x,y € G. This implies that
h(x) +h(y) = h(x+y)

for all x,y € G. Hence the mapping £ is additive.
Next, let ' : G — Y be another additive mapping satisfying

X, —X l’l2
170~ K < o) + 25Dy My )

2

forall x € G.

Then we have

1 1

1h(x) =B (x)|| = ;h(nkx) - ;hl(nkx)

1
< ;(Hh(nkx) — F0) |+ [ £ (nx) =W (*2)))

2/ v & o (n*x, —nfx,0) n?
< —
< 2 (p0tnata 2T o)

@ (n*x,—nfx,0) Lon
nk nk(n—1)
for all k € N and all x € G. Taking the limit as kK — oo, we conclude that

h(x) =K (x)

for all x € G. This completes the proof. []

) . . . .
=y e [qo(n’“x,o, —n‘x)+qo(—n’+1x707n’x)] +
i—k

170

Suppose that X is a normed space in the following corollaries. If we put ¢(x,y,z)
= O([IxlI” Iyl 7l|z[") and @(x,y,2) := O(|x[|” + [[y[| +[[z]]") in Theorem 2.1, respec-
tively, then we get the following Corollaries 2.2 and 2.3.

COROLLARY 2.2. Let p+q+t <1, p,q,t >0 and 6 > 0. Ifamapping f:X —
Y satisfies the following functional inequality

1FG) + £O) +nf(2) H f<—+Z)H+9(|Ix”yIIqIIZII’)
forall x,y,z € X, then f is additive.

COROLLARY 2.3. Let 0 < p,q,t <1, 6 >0. If a mapping f:X — Y satisfies
the following functional inequality

1F() +f ) +nf(D)l <

nf( )H O+ 1+ 1)

forall x,y,z € X, then there exists a unique additive mapping h: X — Y such that

1
— ) Illr] +

np

1769~ h(l < 8 (2 + 2 )l + Sl + (-

forall x € X.

O

n—npP
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The following corollary is an immediate consequence of Theorem 2.1.

COROLLARY 2.4. For any fixed positive integer n > 2, suppose that a mapping
f: G —Y satisfies the inequality

Hf )+ f)+nf(z )—nf<—+z>

’ e
forall x,y,z € G, where € > 0. Then there exists a unique additive mapping h: G —Y
satisfying the inequality

€ €

£ (x) —h(x)| < P + 5

O

forall x € G.

We can similarly prove another stability theorem under a somewhat different con-
dition as follows:

REMARK 2.5. Let ¢ : G® — R* satisfy

~ o /1 i i i i
B(r.0,2) = Y (00 15,0, ~n0) + @(n'x, ~n'y,0)) < o,
i=0

limy_o nik(p(nkx,nky, nkz) =0 forall x,y,z € G. If f: G — Y is a mapping such that

£+ )+ nf(2) H f<—+z)

’+<p(xy,)

for all x,y,z € G, then there exists a unique additive mapping & : G — Y such that

169~ < plrxr) + 2 o))

forall x € G.

Proof. Replacing x by nx and letting y =0 and z = —x in (2), we get

[ £ (nx) +nf(=x) + £(0)[| < @(nx,0,—x) +n[ f(O)] (10)
forall x € G. For all x € G, letting y = —x, z=0 in (2), we have
[ £(x) + f(=x) +nf(0)]| < @(x,—x,0) +n[ £(0)]| (1n

for all x € G. Then we obtain the following inequality
1f (nx) =nf ()| < @(nx,0,—x) +ng(x,—x,0) + (2n* +n =D fO)]  (12)
for all x € G. The rest of the proof is similar to proof of Theorem 2.1. [

We may obtain more simple and sharp approximation than that of Theorem 2.1 for
the stability result under the oddness condition.
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COROLLARY 2.6. Let ¢ : G° — R* satisfy limy_... #qo(nk)g n*y,n*z) =0 for all
x,v,2 € G and

Sorall x,z € G. Suppose that f: G — Y is a mapping such that f(—x) = —f(x) forall
x € G and

1)+ £0) +n @) < o (22 2) |+ ot

forall x,y,z € G, then there exists a unique additive mapping h: G — Y such that
1/ (x) = h(x)[| < @(x,x)
forall x € G.

We may obtain a stability result of functional equation (b) by the similar way as in
the proof of Theorem 2.1.

COROLLARY 2.7. Let ¢ : G — R™ satisfy
5 = . . . .
(P(X,Z) = 2 2ni+1 <(P(nl+1x707 _nlz) + (p(_nlJrlx’O’an)) < oo,
0

=

forall x,z € G and limy_... #(p(nkx,nky,nkz) =0forall x,yz€G. If f:G—Y isa
mapping such that f(0) =0 and

|p +f>+wu—w(——+QH<m@m>

for all x,y,z € G, then there exists a unique additive mapping h: G — Y such that

176~ () < plx) + 2EE0)
forall x € G.

Now, we consider another stability result of functional inequality (c) in the follow-
ings.

THEOREM 2.8. Let ¢ : G> — R™ satisfy
- 1 & X X Z
(P(X,Z) :EZOn ((P<;a0a z+1>+(P( 1’0?F>><°°a

for all x,z € G and limk_mnk(p(;‘—k,ny—k,nik) =0 foral x,y,z€ G. If f:G—Y isa
mapping such that

/) + £(5) (@) "f(——2+2)++¢@y,) (3)



468 H. KIM, J. LEE AND E. SON

forall x,y,z € G. Then there exists a unique additive mapping h: G — Y such that

176~ h(l < ) + 20 (1)

forall x € G.

Proof. Note that f(0) =0 since ¢(0,0,0) =0. Let y=—x, z=0 in (13) and
dividing both sides by 2, we have

Hf x)+ f(— H\ o(x,—x,0) (15)
2
forall x € G. Replacing x by nx and letting y =0 and z = —x in (13), we get
1/ (nx) + nf(=x)[| < @(nx,0, —x) (16)
for all x € G. Replacing x by —x in (16), we get
1/ (=nx) +nf ()| < @(—nx,0,x) (17

forall x € G. Put g(x) = M . Using (16) and (17) yields the functional inequal-
ity

(o (nx,0,—x) + @(—nx,0,x))

N —

Ing(x) — g(nx)|| <

forall x € G. Replacing x by 7, we get

()] < oo D ro(w02)

forall x € G. The remaining roof is similar to the corresponding proof of Theorem 2.1.
This completes the proof. [l

Suppose that X is a normed space in the following corollaries. If we put ¢(x,y,z)
= O([lx|1”llyll7]2]") and @(x,y,2) := O(||x][” + [y} + |[z]]") in Theorem 2.8, respec-
tively, then we get the following Corollaries 2.9 and 2.10.

COROLLARY 2.9. Let p+qg+t>1, p,q,t >0, 0 >0. Ifamapping f: X =Y
satisfies the following functional inequality

1£a) + 7)) < o (22 -42) |+ byl

forall x,y,z € X, then f is additive.
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COROLLARY 2.10. Let p,q,t > 1, 6 > 0. If a mapping f : X — Y satisfies the
following functional inequality

1F () +f ) +nf(D)l <

nf( )H O+ 1o+ 1)

forall x,y,z € X, then there exists a unique additive mapping h: X — Y such that

)l <0 ( ) el

forall x € X.
We can similarly prove another stability theorem under somewhat different condi-
tions as follows:

np

1 1
+ 3 )l + S el +

npP —

REMARK 2.11. Let ¢ : G — R™ satisfy

32 1= (o (0.~ ) +n0 (= 00) ) <=

i=0

and limy_,..nfQ (%, 2, %) =0 forall x,y,z€ G.If f: G — Y is a mapping such that
P\ s ok

n n

1)+ F0) +nf () H f (S 42

’+¢@m@
for all x,y,z € G, then there exists a unique additive mapping & : G — Y such that

[1£(x) = ()| < P, x,x)

forall x € G.

‘We may obtain more simple and sharp approximation than that of Theorem 2.8 for
the stability result under the oddness condition.

REMARK 2.12. Let ¢ : G — R™ satisfy
HESINE < -
_l-:ZOn(p(;’O’_l’liJrl>< )

for all x,z € G and limy_...nFQ <nk’ny’<’nk> =0 for all x,y,z € G. If a mapping f :
G — Y is odd and

1F() 4+ £O) +nf(2) H f<—+Z)

’+¢@md
for all x,y,z € G, then there exists a unique additive mapping /& : G — Y such that

1/ () = h(x)]| < @(x,x)

forall x € G.
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We may alternatively obtain a stability result of functional equation (b) by the
similar way as in the proof of Theorem 2.8.

COROLLARY 2.13. Let ¢ : G> — R™ satisfy

=

o) i= 3 3 (0 (5.0 757) +o (50 577) ) <=

YRl
i=0 n

for all x,z € G and limk_mnk(p(;‘—k,ny—k,nik) =0 foral x,yyz€ G. If f:G—Y isa
mapping such that

|10+ 101 4000 s (S22 42| < ot

forall x,y,z € G, then there exists a unique additive mapping h: G — Y such that

wu»www<¢@@+£&%ﬁ9

forall x € G.
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