lournal of
athematical
nequalities
Volume 6, Number 4 (2012), 545-555 " doi:10.7153/jmi-06-52

SHARP INEQUALITIES RELATED TO
ONE-PARAMETER MEAN AND GINI MEAN

HONGYA GAO AND WENJUAN NIU

(Communicated by S. Abramovich)

Abstract. In the present paper, we answer the question: For ot + 3 € (0,1), what are the greatest
values p,s; and the least values ¢g,s> such that the inequalities

Jp(a,b) < A%(a,b)GP (a,b)H'=%P (a,b) < J,(a,b)
and
Gy, 1(a,b) <A%(a,b)GP (a,b)H' =% P (a,b) < Gy, 1(a,b)

hold for all a,b >0 with a # b ? where Jy,(a,b), A(a,b), G(a,b), H(a,b) and Gy (a,b) are
the one-parameter mean, arithmetic mean, geometric mean, harmonic mean and Gini mean for
two positive numbers a and b, respectively.

1. Introduction

For p,s € R, the one-parameter mean J,(a,b), Gini mean Gy (a,b), arithmetic
mean A(a,b), geometric mean G(a,b) and harmonic mean H(a,b) of two positive
numbers a and b are defined by

) a#b.p#0,~
Jy(a,b) = o 470 =0 (1.1)
ah(logai logh) Catbp=—1
a, a=>n,
oy
Gy.1(a,b) = ( b ) ,s# 1, (1.2)

__atb _ __ 2ab :
A(a,b) = %57, G(a,b) = Vab and H(a,b) = ;17 , respectively.
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Recently, the one-parameter mean J,(a,b) and Gini mean G, (a,b) have been the
subject of intensive research. In particular, many remarkable inequalities and properties
for them can be found in the literature [1-8].

It is well-known that the one-parameter mean J,(a,b) is continuous and strictly
increasing with respect to p € R for fixed a,b > 0 with a # b. Many means are special
cases of the one-parameter mean, for example

b
Ji(a,b) = ato_ A(a,D), the arithmetic mean,
Vab+b
J% (a,b) = % = H,(a,b), the Heronian mean,

J_% (a,b) = Vab = G(a,b), the geometric mean,

and

2ab
- H(a,b), the harmonic mean.

J—2(a7b) = a+b -

For r € R, let us introduce the power mean M,(a,b) of order r of two positive
number a and b

(5)7, r #0,
vab, r=0.

The main properties of the power mean are given in [9]. In particular, M,(a,b) is
continuous and strictly increasing with respect to € R for fixed a,b > 0 with a # b.
In [10], Alzer and Janous established the following sharp double inequality

M, (a,b) =

2 1
M@(a,b) < ng(a,b)—FgJ_%(a,b) <M%(a,b)

log3

forall a,b >0 with a#b.
In [11], Mao proved

1 2
M, (a,b) < 511(a7b)+ §Jié(a7b) <M, (a,D)

1 L
3 2

for all a,b >0, and M 1 (a,b) is the best possible lower power mean bound for the sum

%Jl (a,b) + %J_% (a,b).
In [12], Wang, Qiu and Chu proved

Jsa-2(a,b) < aA(a,b) + (1 — @)H(a,b) < J_«_(a,b) (1.3)

for all a,b >0 with a # b, and J34_>(a,b) and J o (a,b) are the best possible lower
and upper one-parameter mean bounds for the sum aA(a,b)+ (1 — a)H(a,b).

For some results related to Gini mean, we refer the reader to [4] and the references
therein.
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The purpose of this paper is to answer the question: what are the greatest value
p,s1 and the least value g, s, such that the double inequalities

Jp(a,b) < A%(a,b)GP (a,b)H' =% P (a,b) < J,(a,b)

and
Gy, .1(a,b) < A%(a,b)GP (a,b)H' =P (a,b) < G, 1 (a,b)

hold for all a,b >0 with a# b and , >0 with ot + 3 < 1?

2. Some Lemmas
In order to establish our main results, we need the following lemmas.
LEMMA 2.1. Fort > 1, one has

g(t) = —(*+4r+1)logr +3(*— 1) <0. (2.1)

Proof. Simple computations lead to

lim g(r) =0, 2.2
legg( ) (2.2)
) 1
g (t) =—2(t+2)logt + 5t — A —4 (2.3)
lim ¢'(t) =0 24
JggU ; (2.4)
B 4 1
g (I)Z—ZIOgt—;—Fﬁ-i‘:;, (25)
lim g"(1) =0, (2.6)
t—1t
—2(r—1)2
¢"(t) = % <o. (2.7)

(2.1) follows from (2.2)—(2.7). [

LEMMA 2.2. Fort>1 and 0 <A <2, let
— 342 3(A-1) 3% Ad
giat)=02—-2A) + At +2(1=A) 2 +2(A—1)"7 —Ar—2+A.

Then
>0,1€(3,1)U(3.2),
g1.4(1) (28)
<0,2€(0,3)uU(1,2).
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Proof. Simple computations lead to
g12(1) =0, (2.9)

g0 =02-2)BA-2)P* V432 (A - 1A

32 3(A-2) (2.10)
P - AT (A= 1D)BA—4) T —A,
g1, (1) =0, (2.11)
&)= 2 g0, (2.12)
2(1) = (A—1) [z(z—x)m )T 24— 4) T 213)
—A(3A =2)*+ (34 —4) (A —2)],
82(1) =0, (2.14)
g (t) =183,(1), (2.15)
834(0) =232 =2)(A—1) 32— )T + (34 T 2, i)
832(1) =0, (2.17)
&A= 20" g0a(0), (218)

>0,1€(3,1)U(3.2),
8ap(t)=ABA=2)(A-1)(3A—4)(2—A)(t—1) (2.19)
<0,1€(0,3)u(L,%).

Lemma 2.2 follows from inequalities (2.9)—-(2.19). U

LEMMA 2.3. Fort> 1 and A € (0,2), one has

2 At =242 <0401, (2.20)
N=Q2—-Aj"+A" " —Ar—2+ :
gsalt) = > 0,4 €(1,2).
Proof. Simple computations yield
gs2(1) =0, (2.21)
gha) =2 [2=A "+ (- D21, (2.22)
g5,(1)=0, (2.23)
10 =20-ne-pr-a-n] OO 00
)= — ) (= :
#5a >0, 4 €(1,2).

(2.20) follows from (2.21)~(2.24). O
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LEMMA 2.4. Fort> 1 and A € (0,2), one has

g2 ) =GB T A -2 (A - 1)+ (A -3) { z 2 i i E?; (2.25)
Proof. Simple computations yield
86.2(1) =0, (2.26)
8oa )= (=1 [B-* 2+ (A -2pA 1], (2.27)
86.4(1) =0, (2.28)
, i >0, €(0,1),
8oy (1) =(A—1)(A—-2)(A=3)* (1 —1) { Conen) (2.29)

(2.25) follows from (2.26)-(2.29). U

3. Main results

THEOREM 3.1. Let 0 < o, < 1 satisfy v+ 3 < L. Then for any a,b > 0 with
a # b, we have

(1) Jearsp-s (a,b) =A%(a, b)Gﬁ (a, b)Hl_o‘_l3 (a,b) :JZa+Q—2 (a,b), for20+p =1,
(ii) J oo 354 (a,b) < A%(a,b)GP (a,b)H' =% B(a,b) < Jaasp-2 2 (a,b), for20+B € (0,1),
(iii) J20sp-2 (a,b) < A%(a,b)GP (a,b)H' =P (a,b) < Js fa39-4 4 (a,b), for2a+ B € (1,2).

The numbers

6a+3ﬁ —* and 2a+2ﬁ =2 in (i) and (iii) are optimal.

It is obvious that AGPH!=*B = ASH'=% 'where § = ot + %, J% =J35_9
and J g = Js_1. Therefore, the statement of Theorem 3.1 can be written as
THEOREM 3.1°. Let 0 < 8 < 1. Then for any a,b > 0 with a # b, we have
(i) Jas_a(a.b) =A%(a,b)H'"%(a,b) = Js5_,(a,b), for § = 1,
(ii") J35_2(a,b) <A%(a,b)H'%(a,b) < Js_,(a,b), for 5 € (0,%),
(iii') J5_1(a,b) <A%(a,b)H'~%(a,b) < J35_2(a,b), for 5 € (3,1).

The numbers 36 —2 and 6 — 1 in (ii’) and (iii”) are optimal.

It is obvious that
A%(a,b)H'%(a,b) < 8A(a,b)+ (1 — 8)H (a,b)

forall a,b > 0 with a # b and all 0 < § < 11. Combining Theorem 3.1° with (1.3) one
obtain
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COROLLARY 3.1. Let 0 < 8 < 1. Then for any a,b > 0 with a # b, we have

J35_2(a,b) < A%(a,b)H"~%(a,b) < 8A(a,b) + (1— &)H (a,b)
<J s (a,b), for0<d < l,

-5 2
Js_1(a,b) < A®(a,b)H'%(a,b) < 8A(a,b)+ (1 — 8)H(a,b)

1
<J s (a,b), for = <8< 1.
-5 2

Proof of Theorem 3.1. Without loss of generality, we assume a > b. Let t = § > 1

and A =20+ f3.
For A =2a+ f =1, (i) follows from

‘]60#;/3*4 (aa b) = J2a+zl3*2 (Cl, b) = ‘]_% (a7b)

() (32

= A%a,b)GP(a,b)H' %P (a,b).

=

We now prove that for A =2a+ = %,
Joasyps(a,b) < A%(a,b)GP (a,b)H' =P (a,b).
In fact, let
fi(t) =logJ5i_s(a,b) logA%(a,b)GP (a,b)H' =B (a,b)

tlogt] 1 212
=1 — =1

38T
Simple computations lead to
lim fi(1) =0,

t—1t

1)

(1) = s 0, fort> 1

fi(0) 3t(r+1)(r—1)logt < ort =4

here we have used Lemma 2.1, then (3.1) follows from (3.2)—(3.4).
In the following, we prove that for A =20+ f§ = % ,

A%(a,b)GP(a,b)H' % P(a,b) < Jeu3p_4 (a,b).
2
In fact, let
fz(l) = IOgJM (avb) - IOgAa(a,b)Gﬁ (a7b)H1—0‘—ﬁ (avb)
2
~log [t—l} 110 t(t—|—1).

logt?

3987

(3.1)

(3.3)

(3.4)

(3.5)

(3.6)
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Simple computations lead to
lim f5(r) =0,

t—1t

riN —g(t)
)= 32— 1)logi 0,

here we have used Lemma 2.1. (3.5) follows from (3.6)—(3.8).
For A =2a+f # 3 or %, we prove

Jousspa(a,b) < A%(a,b)GP(a,b)H' =P (a,b), for20+ B € (0,1),
2

and
A%(a,b)GP(a,b)H' %P (a,b) < J6a+g[3—4 (a,b), for2o+p € (1,2).
Let
f3(0) =1og [ (a,b) | ~ log [A%(a,b)GP (a, b)H'~* P (a,b)
2
3A-2
=log (34 - )(IMZ - _ (A — l)logﬂ - ulogt.
(BA—=2)(t"T —1) 2 2
Then
Jim )=
gi1a(0)
) = Q 32 )
2+ D)7 -z —1)
Since

. _ >0,4€(0,3)U(%,2),
([MT4_1> ([MTZ_1> 3 3
<0,Ae (2.

then (3.9) and (3.10) follow from (3.11)—(3.14) and Lemma 2.2.
We now in a position to prove

A%(a,b)GP (a,b)H'~* P (a,b) < Jasp 2 (a,b), for2a+B € (0,1),
and
Jaarpa(a,b) < A%(a,b)GP(a,b)H' "% P(a,b), for2a+p e (1,2).
In fact, let
fa(t) = log[/s2(a,b)] = log[A%(a,b)GP (a,b)H'~* P (a,b)]

A

A2 —1) 2 2

551

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Simple computations yield
lim f4(¢) = (3.18)

t—1t
rrN 85,1 (1)
)= 2 =
2(t+ 1)z = 1)(t77 —1)
(3.15) and (3.16) follow from (3.17)—(3.19), Lemma 2.3 and the fact

(ﬁ-l) (z%q) <0.

The inequalities (ii) and (iii) follow from (3.1), (3.5), (3.9), (3.10), (3.15) and
(3.16).

At last, we prove that the parameters 2 =5 2 and 3’1 4 cannot be improved in either
case. For |e| < 1,

(3.19)

Jia (1,1)
A S 6P (DB )
= lim (A+2e-2)(t"F 1) _ {+°°’ fore >0, (320)
EE (A 42e) (T ) () s o, fore <o

(3.20) implies that for € > 0, there exists a sufficiently large Ty = Tj (€, ¢, ) > 1, such
that /2, (1, 1) > A%(r, 1)GP (¢, 1) H'=%P(z,1) for t € (T}, +o), and for £ < 0, there
exists a sufficiently large 7y = T> (g, a, ) > 1, such that A%(,1)GP (¢, 1) H'=*=B (¢, 1)
>Jaa,(t,1) for 1 € (T3, +eo). In the end, for |e] <1,

2

Joa, (14x,1) =A% +x,1)GP (1+x, DH' P (14 x,1)
2

1
SR {(1 e 1} {(37L+2£—4) {(1 +x)

3A+2e-2
=2 1]

~GA+2e-2) [0+ ] (242”)“ (1 +x)2f}

_ 1 [
(B 42e-2) (1423 1]

1
54 (3426 ~2)(32 + 2 - 4)ex’ + o(x )}

(3.
we know from (3.21) that for € > 0, there exists a sufficiently small &; = J;(¢)
such that Jy s (1+x,1) > A%(1+x, DGP(1+x,1)H'"*B(14x,1) for x € (0,

and for € < 0 there exists a sufficiently small & = &(¢) > 0, such that J3; 4 (1+
2
x,1) < A%(14+x,1)GP(14+x, 1)H"*B(1+x,1) for x € (0,8,). O
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THEOREM 3.2. Let 0 < o, 3 < 1 satisfy oo+ 3 < 1. Then for any a,b > 0 with
a # b, we have

(I) G2a+ﬁl;2 1(a7b) :Aa(a7b)Gﬁ (avb)Hliaiﬁ (a7b) = G2O¢+ﬂ72,l(aab)a
204 7
for2oa+ B =1,

() Gaaepr (a.b) <A%(a, b)GP (a,b)H'"*"P(a,b) < Grgp-2.1(a,b),

20+p

for2o+p €(0,1),
(1) Gagip21(ab) < A%(a,b)GP(a,b)H' =P (a,b) < Grasp > (a,b),
20+P 1
for2o+B e (1,2).

204+B-2

The numbers = o« P and 200+ B —2 in (I1) and (I11) are optimal.

For 8 = o+ £ | itis obvious that Gaaip2 (a,b)=Gs1(a,b) and Gagyp21(a,b)
2048 5 ’

= G% 1 (a,b). Therefore, the statement of Theorem 3.2 can be written as
THEOREM 3.2°. Let 0 < 8 < 1. Then for any a,b >0 with a # b, we have
(1) Goy y(a,b) =A%(a,b)H'0(a,b) = Gasa,1(a,b), for § = 3,
(Ir') G§ 1 l(a b) < A%(a,b)H'%(a,b) < Gy5_ 2.1(a,b), for5 € (0,3),
(II') Gps_».1(a,b) < A%(a,b)H'~%(a,b) < G A(ab), for§ € (5,1).

The numbers % and 26 —2 in (II’) and (III") are optimal.

Proof of Theorem 3.2. We assume a >b. Let t = § > 1 and A =2a+ 3. For
A =20+ =1, (I) follows from

G2a+/3—2
20+p

1(Cl,b) = G2a+ﬂ72,l(a7b) = G—l,l(a7b)

- (52 (2]
= A%(a,b)GP (a,p)H" P (a,b).

We now prove (II) and (III). In fact, let

f5(t) = log [Gy .1 (a,b)] ~log [4%(a,b)GP (a,b)H'~* P (a,b)]

_ #2241 2= (A~ Do (1 (3.22)
T 2-3 2T 7 %8 £

Simple computations lead to
lim fs5() = (3.23)

t—1t
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A —2)ge(A,1 >0,4€(0,1),
fulr) = -2 2geRt) (3.24)
20 =3)(t+D)(t*2+1) | <0, 1 €(1,2).
where we have used Lemma 2.4, and
G¥(a,b)
=1
Jo(t) = log e G (a b)H "B (a. D)
2 4 g (3.25)
1T+ — 1+
——Elog T 2 logr — (A —1)log—,
lim fs(t) =0, (3.26)
t—1t
202
2—M)(xr —1 <07A€[071)»
)=+ )(L ){ (3.27)
2A(14+1)( 7 +1) >0, 2 €(1,2]

(II) and (III) follow from (3.22)—(3.27).
At last, we prove that the parameters l; and A —2 cannot be improved in either
case. These will follow from

G- 2+8 1(1 t)
lim
H+wA°‘(1 t)Gﬁ(l t)H'=o=B(1,1)

e eA?
. {<1+z) ) <1+z> t(m)}
1o t

[ Hee, A €10,1),
10, Ae(1,2].

and

[Gaa—e(14x, D4 — [A“(a,b)cﬁ (a,b)H' %P (a’b)]Hﬂ

! —2-¢ 2=MB-Ate)
= (IHV—Q?EH{(H@—[(1+x)A e 1]} (1 +x)

% (1 +)§C)(171)(371+8)

B 1 B3—-A+¢e)e
S (I+xA2e ] [_ 4 "2*0()62)}

valid for [e] < 1. O
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