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(Communicated by N. Elezovic)

Abstract. In this paper, we investigate homomorphisms from unital C*— algebras to unital Ba-
nach algebras and derivations from unital C*— algebras to Banach A—modules related to a
Cauchy-Jensen functional inequality.

1. Introduction

The authors in the reference [2] have proved that if a mapping f satisfies the
following functional inequality

1) +r0)+ @l < rr(FEE)) k=3 M

in non-Archimedean Banach spaces, then f is additive. During the last decades, a
number of papers have been published on the stability of functional inequalities and
several stability problems associated with functional inequalities have been investigated
by a number of mathematicians, see [1, 3,4, 8,9, 10, 11, 15, 16, 17, 18] and references
therein.

In this paper, we expand the functional inequality to the following generalized
Cauchy—Jensen functional inequality

[Sre] < (352

i=1 m

; 2)

where [ > 3,m > 1 are fixed integers such that / > m. It is easy to see that if a mapping
f satisfies the generalized Cauchy—Jensen inequality (2), then f is additive. In fact,
if a mapping f satisfies the generalized Cauchy—Jensen inequality (2), then by setting
x;i=0forall i=1,---,1, we arrive at |{|||f(0)]| < |m]|||f(0)||, which yields f(0) =0
Thus, letting x; =0 for all i=4,---,1, if [ > 4, we reduce (2) to (1) with k =m and
hence f is additive.
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Now, by using the generalized Cauchy—Jensen inequality (2), we are going to in-
vestigate the homomorphisms and derivations on unital C*— algebra. Throughout this
paper, let A be a unital C*—algebra, U(A) be the set of unitary elements in A. Let B
be a unital Banach algebra and let Inv(B) be the set of invertible elements of B. Let
[ > 3,m > 1 be integers. Moreover, we assume that ng € N is a positive integer and
suppose that T!, :={e®; 0<0< i—f}

no

2. Homomorphisms

In this section, we establish the homomorphisms from unital C*— algebras to uni-
tal Banach algebras. We start our work with the following lemma [5].

LEMMA 2.1. Assume that a mapping [ : A — B is additive and for each fixed
x€A f(tx)=tf(x) forall t € T', . Then f is C-linear.

no

Now, we introduce our main theorem on homomorphisms from unital C*— algebras
to unital Banach algebras.

THEOREM 2.2. Assume that a mapping [ : A — B with f(0) =0 satisfies

f(=1)"14)

klglolo W S II’ZV(B)7
and
£ = 1Dfux) = £ = 1) u) f(x) 3)

Joralluc U(A),x€ A, and all k € N. Suppose that f satisfies the functional inequality

!

|3 £+ =00 < s (B212) |+ a1 om0 @

i=1
forall xi,---,x;,x €A andall t € ']I‘lL , and that there exists a constant L with 0 < L < 1

for which the function @ : A1 — R* :=[0,0) satisfies

(P<(l— 1)(361,"',%)6)) SL-(I—=1)@(x1,,x,x) (5)

forall xy,---,x;,x € A. Then the mapping f : A — B is a homomorphism.

Proof. Put x =0 in (4) to get

|3 s
i=1

for all x1,---,x;,€A.

< s () ot om0
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Put (xp,--+,x;,x) := (x,—x,--+,x,—x,0,0) in (6) where [-| denotes the Gaussian
—_————

274
notation. We have an approximate oddness condition
1
Hf(.X)‘i‘f(_X)H < W(P(x7_x7"'ax7_x7o7o) (7)
= _/_/
2

for all x € A. Replacing (x1,---,x;,0) := (—x,---,—x, (I — 1)x,0) in (6), one leads to

[(1=1)f(=x) + (L= Dx)[| < p(=x,--, —x, (I = 1)x,0) ®)
for all x € A. Associating (7) with (8) yields
((I—1)x 1
Hf H X = T(p(x7_x7"'ax7_x707o> (9)
l—l §—| _/l_/
2751

—I—L(/)(—)c7---7—)c7 (I—1)x,0)

for all x € A. Thus, it follows from (9) and (5) that for all nonnegative integers k and j
with j >k>0and x€ A

Hf l—l > f(( = 1) ix) H\”“Hf l—l > f((l—l)f“x)H

(I— 1)kt (I— 1)t
k+j—1 1 ;
< gk m‘l’((l—l)x)
k+j-1
; L (x)

k
which tends to zero as k — oo. Hence the sequence { W } is Cauchy forall x€ A,
and so we can define a function 4} : A — B by

=1
i) = fim =G

It follows from (6) and (5) that

!
il 2 (-

xX€EA.

N

1—1 H"ﬂ%z =1 )

i=1 ‘

+ﬁ(p<(l )y (- l)kth)

Pl g
+Lk(p(x1,~~~,x1,x,0)

N
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forall k € N and all xy,---,x; € A. Taking k — oo in the last relation, we see that

Lo
<[ (2522
m

[

[$hco

i=1

for all x1,---,x; € A. This implies that the mapping 4; is additive. It follows from (3)
that

i S =D ) (= D)
i) = lim = e = T

f(x) =hi(u)f(x) (10)

forall u ¢ U(A) andall x€ A.
On the other hand, since &, is additive, it follows from (10) that

F((1= D)
([—1F

forall u € U(A) and all x € A. By letting k — oo in the last inequality above, we obtain

hy(ux) = hy(u)hy(x) (11)

forall u € U(A) and all x € A. By putting u := 14 in (10) and (11), we conclude that

hy (ux) = l(— = hy(u)

hy(x) = hi(1ax) = hi (1) f(x) = h1(1a)h1 (x)

forall x € A. Then since h;(14) € Inv(B) by hypothesis, we have

fx) =M (x)

forall x € A, and so the mapping f is additive. Put x; =x, =--- =x; =0 in (4) to get

1£(tx) = tf ()]l < ¢(0,0,---,0,x)

for all x € A and all 7 € T', , we can show that f(rx) =f(x) for all x € A and all

t € T!, . Then, it follows that the additive mapping f is C— linear [5].

I\fow, let x € A be an arbitrary element. Then by Theorem 4.1.7 of [12], x is a
finite linear combination of unitary elements, i.e., x =37 cju;, (c; € C,u; € U(A)).
Since f is C—linear, it follows from (11) that

n

=f((icjuj)a) 2 cjf(uja) Ecjhl uja) icjhl(u Yhyi(a)
j=1 j=1

j=1

- ﬁlc,-ﬂu,- 2 — f()f(a)

for all @ € A. This means that f is a homomorphism from A into B. [J
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REMARK 2.1. We note that if, in addition, |/ +1—¢| >m and L(I—1) < 1 in
Theorem 2.2, then f(0) = 0. Indeed, apply the functional inequality (5) for x = x; =
-+ =x; =0 to get

QD(O,---,()) < L(l_ 1)(/)(07"'70)»

which implies ¢(0,---,0) =0 because of L(I—1) < 1 and [ > 3. Then, it follows from
(4) that

[+ 1=2[[[FO)] < mlf (O],

and therefore, we get f(0) = 0.

REMARK 2.2. Suppose that a mapping f : A — B with f(0) = 0 satisfies

i 0= DF L)

am TR € Inv(B)

and the functional inequalities (3) jointly with (4) for which the function ¢ : A" — R+
satisfies

oo

- (p((l - l)i(xlv' o 7xlvx))
D Ty]

for all xi,---,x;,x € A instead of the condition (5). Then it follows from a similar
argument to Theorem 2.2 that the mapping f is a homomorphism from A into B.

COROLLARY 2.3. Let 0<r <1 and 6 > 0. If a mapping f :A — B with f(0) =
0 satisfies the equation (3),
lim (I — 1) % f((1 = 1)*1,) € Inv(B),

k—so0
and the following functional inequality

!

| 36+ plax) = )| < s ”x')Hw(Eum + )

i=1

forall xy,--- ,x;,x €A andall t € Ti , then the mapping f :A — B is a homomorphism.

COROLLARY 2.4. Let 6 > 0. If a mapping f: A — B with f(0) =0 satisfies the

equation (3),
lim (I — 1) £((1 — 1)}14) € Inv(B),

k—so0

and the following functional inequality

l

|3 st 1100 < (B2

i=1

forall xy,---,x;,x EA and all t € ’]I‘IL. Then f:A — B is a homomorphism.

no
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The following theorem is an alternative result of Theorem 2.2.

THEOREM 2.5. Assume that a mapping f : A — B satisfies

Jim (1= 1)"f (1 = 1)714) € Inv(B)

and
FI=1) 7 ux) = £((1 = 1) u) f(x) (12)

JoralluceU(A),x€ A, and all k € N. Suppose that f satisfies the functional inequality
(4) and that there exists a constant L with 0 < L < 1 for which the function ¢ : A""1 —
R* satisfies

(I=1)@(x1, - x,x) <Lo((I—1)(x1,-+,x;,x)) (13)

forall xy,---,x;,x € A. Then the mapping f is a homomorphism from A into B.

Proof. 1t follows from the inequality (9) that

=0 (=)~ - 09 (=)
ktj—1 ktj—1

<y (z—l)fﬂxy((l_xw)g Zk LHW(x),

i=k

which tends to zero as k — oo.
The remaining part of the proof is similar to the corresponding part of the proof of

Theorem 2.2. [

REMARK 2.3. We note that f(0) =0 in Theorem 2.5 and in the following Re-
mark 2.4 because the conditions (13) or (14) yields

L o

9(0,++,0) < 7=79(0,+-,0), or 3 (I=1)'p(0,-++,0) <ev,
i=0
and ¢(0,---,0) =0, and so f(0) =0 in the sequel.

REMARK 2.4. Suppose that a mapping f : A — B satisfies the equation (12),

Jim (1= 1" ((1 = 1)714) € Inv(B),

and the functional inequality (6) for which the function ¢ : A’ — R satisfies

o _ 1
U—U@(——funumﬁﬁ<w (14)

2 -1y
for all xy,---,x;,x € A instead of the condition (13). Then f is a homomorphism from

A into B.
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COROLLARY 2.6. Let r > 1 and 6 > 0. If a mapping f : A — B satisfies the
equation (12),
lim (1 — 1) (1 —1)7*14) € Inv(B),

k—s00

and the following functional inequality

l

p

i=1

o)+ 00 =170 g (BE2) |+ 0 S+ 1)

m

forall xi,---,x;,x €A andall t € TIL. Then the mapping f : A — B is a homomor-

phism.

3. Derivations

In this section, we assume that X is a Banach A—module. We use the results of
Section 2 to investigate the derivations from A into X .

THEOREM 3.1. Assume that a mapping f: A — X with f(0) = f(14) =0 satis-
fies

S = Dfw) = £ = Dfu)x+ (1= Duf(x) (15)

JoralluceU(A),x€ A, and all k € N. Suppose that f satisfies the functional inequality
(4) and that there exists a constant L with 0 < L < 1 for which the function ¢ : A1 —
R™ satisfies (5). Then f:A — X is a derivation.

Proof. It is easy to show that X 1 A is a unital Banach algebra equipped with the
following ¢;—norm

(@)l = llx[| +lall,  (a€AxeX),
and the product
(x1,a1)(x2,a2) = (x1- a2 +ay - x2,a1a2), (ar,a2 € A,x1,x2 €X).

We refer the readers to [6, 7] for details. We define a mapping ¢ : A — X ©1 A by
a— (f(a),a). Thenitis easy to show that @r(14) = (0,14) = lxe,a € InV(X B A).
It follows from (15) that

or (1= 1)fux) = (F(( = 1)ux), (1 — 1)"ux)
= (f((1 = Dfu)x+ (1= Dfuf(x), (1 = 1)'ux)
= (F(( = D), (1= Dfu)(f(x),x)
= ¢7((1 = D!u)gy(x)

forall u € U(A),x € A, and all k € N. Thus, the mapping ¢ : A — X ® A satisfies
(3).
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By using (4), we have

I
MN

H _lle(xi) + @y (tx) —t(pf(x)H (F)i) + (F(2x), %) _,(f(x),x)H

—_

|
MN

Fl) + flx) — 1 £(x H+HZ xi)

1

o (B8 o

e R

forall x,---,x;,x €A and all 1 € Ti . This means that @y : A — X @1 A satisfies the

N

+ (p(xh"' ,Xh)C)

functional inequality (4). Therefore,nbgy Theorem 2.2, the mapping ¢@f : A — X @A is
a homomorphism from A into X G A.

On the other hand, it is easy to see that f is a derivation from A into X if and only
if y:A— X®A is ahomomorphism from A into X ® A (see [7]). Thus f:A — X
is a derivation. [J

By the same reasoning as above and by using Theorem 2.5, we can prove the
following theorem.

THEOREM 3.2. Assume that a mapping f: A — X with f(0) = f(14) = 0 satis-
fies
FI =1 wx) = £ =D wp+ (1= 1) uf (x) (16)

JorallueU(A), x€A, andall k € N. Supposethat f satisfies the functional inequality
(4) and that there exists a constant L with 0 < L < 1 for which the function ¢ : A"*1 —
R* satisfying (13). Then the mapping f : A — X is a derivation.
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