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ON MONOTONICITY OF SOME OPERATOR FUNCTIONS
RELATED TO ORDER PRESERVING OPERATOR INEQUALITIES

TATSUYA KO1ZUMI AND KEIICHI WATANABE

(Communicated by J. Pecari¢)

Abstract. In this paper, we shall show an equivalence relation between extensions of order pre-
serving operator inequalities and monotonicity of related operator functions.

1. Introduction

A capital letter means a bounded linear operator on a complex Hilbert space H.
An operator T is said to be positive semidefinite (denoted by 0 < T') if 0 < (T'x,x) for
all x € H and also an operator T is said to be positive definite (denotedby 0 < T') if T
is positive semidefinite and invertible.

THEOREM 1. [10], [13] Ler 0< p< 1. If 0 < B <A, then BP < AP holds.

It is well known that 0 < B < A does not always ensure B? < AP for 1 < p
in general. The next result has been obtained from this point of view.

THEOREM 2. [1] Let 0< p, 1< g and 0<r with p+r<(1+r)q. f0<B<A,
then we have the following inequality:

r r é ptr
(aipra)’ <’
It is known that the next Theorem 3 is an equivalence between generalized Furuta

inequalities and monotonicity of related operator functions.

THEOREM 3. [6] The following statements hold and follow from each other:
(1) Let 1<p, 1<s,0<t<landt<r. If0<B<A with 0<A, then the
following inequality holds:

1—t+4r
{A% (A—%BPA—%YA%}(”*’)”’ <AL
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(2) Let 0<t<qg<l,g<p, I1<sandt<r.IfO<B<A with 0 <A, then the
following inequality holds:

—t+r

{as (aiprast) s} caor,

(B)Let 0<r<1land 1 <p. IfO<B<A with 0<A, then

—t+r
s+rooo

1
r r 13 1 S r F e ,
F(A,B,r,s) =A"2 {Az <A‘7 BpA—f) Ai}(p D b

is decreasing for t <rand 1 <s.
(4) Let 0<r<1,0<qgandt <p. If0<B<A with 0 <A, then

_q—ttr
r s+ro o

) —t
G(A7B,r7S)=A‘5{A5 (A_%BPA‘%)Az}('H) A

is decreasing for t <r and 1 < s suchthat g—1t < (p—1)s.

(1) and (3) in Theorem 3 have been proved as a theorem in [3]. (2) in Theorem
3 was shown in [9] and (4) in Theorem 3 was shown in [8] as an extension of [7].
Moreover, (1), (2), (3) and (4) have been proved to be equivalent each other in [6]
(see also [11]).

LEMMA 4. [2] Let A, B be positive definite and let A be a real number. Then

1

A—-1
(ABA)* = AB? (B%A2B%> BIA.
DEFINITION 1. [12] Let n be a natural number. We set

o(2n) =1—t1+tr—- —top—1 +ton
v(2n) = {---((((p1 —t1)p2+12) p3 —13) pa+14) p5s — - —toan—1} P2un +ton-

Furuta [4] obtained an extension of (1) in Theorem 3 stated before. The next
Theorem 5 is Corollary 11 in [12], which is an extension of Theorem 3.3 in [4].

THEOREM 5. [12] Let n be a natural number. Let 1 < p; (j=1,---,2n), 0 <
ta—1 <land toy_y <ty (k=1,---,n). If 0 < B <A with 0 <A, then the following
inequality holds:

{AQT" <A—[2"T’l (A% (A—%' BplA—%'>p2A%>p3 ...A—[Z”T’IYZ"AQ% } Ve

< Aa(Zn)'
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2. Results
For the convenience we introduce the following notations.

DEFINITION 2. Let n be a natural number. We set

a2n) =q—ri+r—--—ryu_1+rm,

v(2n) = {---((((s1—r1)s2+1r2)s3—r3)Sa+7r4)s5 — - — a1} Son + o
F@n—1) = L~ (51— 1) 520 72) 53 r3) sab-ra) 5 =+ P22} 201 — P2,

DEFINITION 3. Let n be a natural number. We set

F2n(AaBat2n7p2n) -
A% {A (a5 (4% (4t pmat) " a%)" A)A}“A

G2n(A7Ba ”2n752n) =

ZX\(Zn)
_ "n _ -1 ) _n %2 m\%3 _ -1 S2n 1y y(2n) _
AT AT <A _2_--~<AT <A 2 BTA 7) A'T) A —2—> A A" 2.

The purpose of this paper is to show the following Theorem 6, which is an exten-
sion of Theorem 3. The method of our proof of Theorem 6 is almost similar to that of
Furuta, Hashimoto and Ito [6].

THEOREM 6. The following statements hold and follow from each other:
(1) Let n be a natural number. Let 1 < p; (j=1,---,2n), 0 <1 < 1 and
ta—1 <t (k=1,---,n). If 0 < B<A with 0 <A, then the following inequality holds:

o(2n)

{A%n (a5 (4% (4t at) " a2)" A)A}“

< Aa(Zn).

(2) Let n be a natural number. Let 0 <ry_1 <q<1l (k=1,2,---,n), ¢ <s1,
1 gsj' (j:2,3,---,2n), Mk—1 < Mk (kz 1,2,---,71). If 0 < B <A with 0<A, then
the following inequality holds:

{AQT" (A_an,l (A%Z (A—%BSIA—%>S2A%>S3 ...A_QHT1>SZHAQT"}

< A&(2n)'

o(2n)
v (2n)

=

(3) Let n be a natural number. Let 0 <ty_; <1 (k=1,2,---,n), 1 <p; (j=
Lo~ 2n—1)and thi_1 <tp; (i=1,---,n—1). If0<B<A with 0 <A, then

F2n(AaBat2n7p2n) -

A% {A (a7 (4% (4T pra- ) a%)" A>A}HA
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is decreasing for tr,_1 < ty, and 1 < pa,.
(4) Let n be anatural number. Let 0 <ry—1 <1 (k=1,2,---,n), 0<q, ry—1 <
st (k=1,2,---,n), 1<s; (j=2,3,---,2n—1) and ryi_1 <1y (i=1,---,n—1).
If0<B< A with 0 <A, then

G2n(A7Ba "2na52n) =

A {Arzz" (A*rz”z’l <A'72 <A*r71 BSIA3)52A'22)S3...Arz"zl)sz"Arzz"}"'(Z")A'%"

is a decreasing function of ry,—1 < ry, and 1 < so, such that o,(2n) < y(2n).

Proof. We may assume that B is invertible without loss of generality. (1) has been
already proved in [12]. We have only to prove the equivalence among (1), (2), (3)
and (4).

(1) =(2)

We may assume that g # 0, for if ¢ =0, then ry;_; =0(k=1,2,---,n) and it is
just the case of Theorem 3.1 in [5]. One can also obtain the result by using the technique
in [14].

Since g € (0,1], B? < A9.

Put Ay =AY, By =B1, p1 = %, pPj=Sj (] = 2,3,"',271) and t; = fi (l =
1,2,---,2n).

Then it is obvious that 0 < By <Ay, 1 < pj(j=1,2,---,2n), 0 <11 <1 and
-1 Stu(k=1,2,---,n).

Therefore we have the following inequality by (1):

2n
by [ _ln-l L - P2\ P3 _ai \ P2 1y 3/22»3
2 2 2 2 1 2 2 2 2
{Al (Al "'(Al <A1 Bl Al ) Al) "'Al ) Al }
2

It is easy to see that

i

~ 2i
Atlx(zn) :Aa(2n), A]2 =A7 (l: 1 2,"',1’1), le)l =B"

and

a(2n) I-tith— - —hu1 41
v(2n)  {--((p1—t)p2+t2)p3— - —ton—1} P2n+tom

_nyn_ Tl 4 T

_ 1-3+3 . T4
{"'<(%—%)S2+%>S3—"'—%fl}s2n+%

q—ri+rn—-—ru_1+n,
{((s1—=r1)s2+r2)s3— - =11} 520+ 1n

o(2n)
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that is, we have the following inequality:

a(2n)
{A ¥ ( — (A%2 (A*%‘B-HA*%YA%)” *'2”%)'&2" 3 }"’(2")
<A5£(2n).
(2)=4)

Put g1 = max{ry_1; k=1,2,---,n}. Then we have the following inequality
by (2):

A=t rn 10
y) "2n—1 ) o \%2 | 2\%3 an—1\%2n 1) v(2n)
{A 7" (A’ ... (AT (A*TBHA*7> A7> AT ) AT

gAq1*rl+rzf'“*rzn71+r2n.

Raise each side of this inequality to the power h Hz,r,?f’,rz 5 € [0,1], then we
have the following inequality by Theorem 1:

"2n
r p— Iz r r I S o S2n v(2n
{Azn<21 <A72<A’TIB“'1A’71)S2A72>3 7221>2 o e
<A™,
Put
ol n-2 rn e CrE\S2  m\S3 -2\ $2n—1 1y
D=Aa"" <A ; ---(A2(A oA z) A2> A ) A

Then we have the following inequalities:

r ", o
A > {AZTDSZnAZT } vem (a)
—V(2n)+ry,

—AFDY (DSZT"A%DS%) Y& p

20 on
2 2

A (by Lemma 4)

v(@2n)—ry,

D' < <D$ZT"Ar2nD$ZT"> ) - (b).

Put y= 2= €[0,1] for 0 <w < 525
Raise each side of (b) to the power y = o € [0,1], then we have the following
inequality by Theorem 1:

(W(2n)—rap)y

D < (DFampH) T
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(i) Proof of the result that G, (A, B, ra,,2,) is a decreasing function of s,,.

8(s2n)
a(2n)
r p— r r r N\ un—1\%2n 1, | v(2n
:{Azn(Azl <A72<A77IBS'A’71>52A2>3 721)2 2}W()
a(2n)
— {A—%ﬂDSQnA—%ﬂ}‘T/(Z’l)

~ a(2n)
Y2n—1)(spp+w) 4 } Y2n—1)(sp,, +w)+rp,

<AQT"D52,1AQT"> y(2n)

(W@n)—ry,)y
2n _ 52n v

2 2 ) s3p 1oy | T D l2n W)
A D (DTAVZ"DT> v AR (by Lemma 4)

|
| o

o N — ) E—
A TDS2n+WA T) Y2n=1)(spp+w) 412y

\Y%
A~

. . a(2n)
and the last inequality holds by Theorem 1 because S ) Gsanw) o € [0,1].
(ii) Proof of the result that G, (A,B,r2,,s2,) is a decreasing function of ry,.
Raise each side of (a) to the power % € 10,1] for 0 < u < rp,, then we have the

following inequality by Theorem 1:

u

vz {aF poa ¥ Ve

G(A7Bar2nas2n)

—AF {A'%” (A*%%... (A%z (A*%‘BSIAJ%>S2A%2>S3 ...A%zl>S2"Ar22”}W") A=

—A <AQTHD52’1AQTH> v 43
2n 2n 2n 5!(271);217/(271) 2n
=D72 (DTArZ"DT> ven - p3t (by Lemma 4)

a(2n)—y(2n)

5 5 5 'T’(}")*” y(2n)+u )
—p7 (DT”A%DT"> v D

a(2n)—y(2n)
20 2n n 25 v(2n)+u

pEA* (AQT"D‘VZ"AQT">‘MATDT} D¥  (by Lemma 4)

u

/oo NS
Zen Zen 2zn n)+u 2zn
2 5 (D 5 Ar2n+uD 5 ) Wi D3
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a(2n)—y(2n)
v(2n)+u
Theorem 1.

4)=0)

Putg=1, sy =pr and rpy =1,(k=1,2,---,2n) in (4).

(3)=(1)

Since Foi (A, B, tok, pax) is decreasing for fp; and pyi by (3), we have the follow-
ing inequality: sz(A,B712k7p2k) < sz(A7B,l2k, 1) < ng(A7B,l2k_17 l) holds for any
natural number & such that 1 <k < n.

Therefore we have the following inequality:

€ [-1,0] since &(2n) < y(2n). Therefore the last inequality holds by

]

(2k

{A%k (425 (a (A—%BMA—%)”A%)“...A—%r')”kﬂ}w

fzk’zkl{ k=2 [ k-3 no/on _\P2 D\P3 _ k=3 P2k-2
<ATT AT (A ; --~<A2(A 3 pria z) A2> A z)

a(2k—2)
k-2 | Wk=2) —typ_ 1tk
XATZ A 2

holds for every natural number k such that 1 <k < n.
So we have the following inequality:

]

(2n
n n— 1% pP3 p— Pan n 2n)

{A'zz (A*% (A%Z (A’% BPIA*%> ZA%> AT 1) Atzz}w
Dpn—p—1 pn—2 ] 1 n\P2 1n\P3 Dp—2 % Dpn—1n—1
gAT {AT(AT <A77B171A77> A7> AT} AT 2
o(2n—4)

Dn—ton—1+0n-2"1n-3 n-4 o/ 4 P2 n\P3 2n-4 \ y(2n—4)
<A 2 {A 2 ...(Az(A 2 BP1 A 2) Az) A2 }

2n 7’2)171+t22n727t2)173

1—11+1)
a2n)—ty+1—1 2] 1 NP2 2 rt)pin a2n)—ty+t—1
<A 2 {AZ (A 2 BP1 A 2) AZ} s

2n)—1 2n)—1
o 2) BAII( 2)

Although we can show the following Proposition 7 by (3) of Theorem 6, we will
give an alternative proof.

PROPOSITION 7. Let n be a natural number. Let 1 < p;(j=1,2,---,2n—1,2n),
tr—1 € [0,1] and top—y < tox(k =1,2,---,n). If 0 < B< A with 0 <A, then the fol-
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lowing inequality holds:

o(2n

n n n— 1% n— P2n n (2n) n
A’%{A%<Azzl...(Atzz A*%BPIA*%yZA%Z 3--~A’%> Atzz}v A

< A_%TI{A%TZ <A—'2"T’3 (A% <A—%'BP1A—[7'>FZA%>M...A—%YZH

o(2n—2)
o | v(2n-2) 1y
XA™2 A" 2

Proof. Let 1 < Dj (] = 1727'--72}’1—3,21’1—2), -1 € [0,1] and ;1 <t
(k=1,2,---,n—1).
If 0 < B < A with 0 <A, then we have the following inequality by Theorem 5:

{Alznzz (Ailz"TfS (A%z (AgBPIA’%)pZA’%)m...AW)pz"zA%f}%
< A%n-2),
Put
Al :AO((anZ) and

o(2n—2)

n— n— n—3 \ P2n— n—" n—
B, = {Atzz2 (A*'z%... (A% (Af%BI’lA*%>p2A%>p3...AitzT3> : ZA'ZzZ}W v

Then we have 0 < By < A;. Therefore we have the following inequality:

I—t+r
1

DT T oA YA e “Sp ATl
A, {Al (4, 2B0A; )Al} AP <APBA|

holds for ¢ € [0,1], 1 < p,s and ¢ < r by (3) of Theorem 3.

— — 14/(2"72) _ i — on
Put s = pon, p= G P2n-15 1= gaa—gy ad 7 = gy

Then it is obvious that

L Dn—1 L n
7 2
A =ATT, Al =AT,

1 o, t 1 1 t e n— 1y Pan—1
Bl = {A = (A‘% (ATZ (A—% BplA—%>p2A%>p3...A—%>p2 ZA%}

and
o o
l—t+r 1- a(zzn—lz) + a(zi—z)
_ T y(2n-2) ton— o
(p t>s+ d (a(Zn—Z) Pon—1— a(22n—12) )p2n + a(2i—2)

o(2n—2) —toy—1+tan
(W (2n —2)pan—1— ton—1)P2n +ton
(2n)
y(2n)

R




Therefore we have the following inequality:
' ' )22} a(én%
A% {A (a2 (A% (atmmat)a%) ") A} A
1 p—2 _Dp-3 ) a8 N\ P2 np\P3 -3\ P2n-2
<A {Az ( (A% (a4t pnat)al) )
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