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WILKER AND HUYGENS TYPE INEQUALITIES
FOR THE LEMNISCATE FUNCTIONS

CHAO-PING CHEN

(Communicated by Edward Neuman)

Abstract. In this paper, we establish Wilker and Huygens type inequalities for the Lemniscate
functions.

1. Introduction

The lemniscate, also called the lemniscate of Bernoulli, is the locus of points (x,y)
in the plane satisfying the equation (x> 4 y?)?> = x?> +y?. In polar coordinates (r,0),
the equation becomes r* = cos(26) and its arc length is given by the function

Yoo dre

arcslx:/ , x| <1, (D)
0 V91—t b

where arcslx is called the arc lemniscate sine function studied by C.F. Gauss in 1797—

1798. Another lemniscate function investigated by Gauss is the hyperbolic arc lemnis-

cate sine function, defined as

* o dt
arcslhx:/ , xeR. 2
0 VI+rt @

Functions (1) and (2) can be found (see [2, p. 259], [3, (2.5)—(2.6)], [10, 11] and [16,
Ch. 1)).
Another pair of lemniscate functions, the arc lemniscate tangent arctl and the

hyperbolic arc lemniscate tangent arctlh, have been introduced in [10, (3.1)—(3.2)].
Therein it has been proven that

X
arctlx = arcsl ( 2 ) , xeR 3)
V1t
and
X
arctlhx = arcslh (| —— | , [x] <1 4)
V1—x*
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(see [10, Prop. 3.1]). It is worth mentioning that all four lemniscate functions can be
expressed in terms of the completely symmetric elliptic integral of the first kind

Rr(x.y:2) = %/Om[(f+x)(f+}’)(f+z)}’l/2dt,

where at most one of the nonnegative variables x;y;z is 0 (see [4, (9.2-1)].
Wilker in [18] proposed two open problems:
(a) Prove that if 0 < x < 7/2, then

(Siﬂ)er—tanx ~2. )
X

X

(b) Find the largest constant ¢ such that

sinx\?  tanx 3
— ) +—>2+cx'tanx.
X X

forO0<x<m/2.
In [17], inequality (5) was proved, and the following inequality

2\* inx\” t 8
24 (2) Pranx< () + 2 <24 2 Branx for 0 <x< = ,  (6)
T X X 45 2

4
where the constants p and s are best possible, was also established.

Wilker type inequalities (5) and (6) have attracted much interest of many math-
ematicians and have motivated a large number of research papers involving different
proofs, various generalizations and improvements (cf. [6, 9, 12, 13, 14, 15, 17, 19, 20,
21, 22,23, 24,27, 28, 29] and the references cited therein). The inequality (5) is now
known as the first Wilker inequality in the literature [13].

A related inequality which is of interest to us is Huygens inequality [7], which
asserts that

i t.
2(%>+ﬂ>3 forall 0< x| <. )
X X 2

In [26], Zhu established some new inequalities of the Huygens type for trigonometric
and hyperbolic functions. Baricz and Sandor [1] pointed out that inequalities (5) and
(7) are simple consequences of the arithmetic-geometric mean inequality together with
the well-known Lazarevié-type inequality [8, p. 238]

YED sinx

cos
(cosx S

T
forall 0< |x| < >
or equivalently,

. 2
t
(ﬁ) BY 1 forall 0<x[<Z. 8)
X X 2
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Wu and Srivastava [19, Lemma 3] established another inequality

(.L)2+i>2 forall 0<|x <X, )
sinx tanx 2
which is now known as the second Wilker inequality in the literature [13].

In [5], Chen and Cheung showed that the first Wilker inequality (5), Huygens
inequality (7), Lazarevi¢-type inequality (8) and the second Wilker inequality (9) can
be grouped into the following inequality chain:

(sinx/x)? +tanx/x  2(sinx/x)+tanx/x 3/ /sinx\? tanx
2 ~ 3 i) !
2 T
> - 5 , 0<lx| <=, (10)
1/ (sinx/x)"+ 1/ (tanx/x) 2

in terms of the arithmetic, geometric and harmonic means.
Recently, Zhu [25] established a hyperbolic version of the first Wilker inequality

inhx\? tanh
(Slnx)+anx>2, x40, (11)
X

X

Neuman and Sédndor [13] gave generalizations and extensions of the inequalities (5)—
(9) to the case of hyperbolic functions. Chen and Cheung [5] showed the following
inequality chain:

(sinhx/x)* + tanhax/x - 2 (sinhx/x) + tanhx/x 2 (sinhx)2 tanhx o1

2 3 X X

> . P 2 )
1/ (sinhx/x)” + 1/ (tanhx/x)

x#0, 12)

in terms of the arithmetic, geometric and harmonic means.

Very recently, Chen and Cheung [5] established Wilker and Huygens type inequal-
ities for inverse trigonometric and inverse hyperbolic functions.

In this paper, we establish Wilker and Huygens type inequalities for the lemniscate
functions.

2. Lemmas and Propositions
It is known that the binomial coefficients

(a) ala—1)---(a—n+1) I'(1+a) (—1)"T(n—a)

n! n!-T(1+a—n) n!-T(—a) ’

n

where I' denotes the gamma function.
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LEMMA 1. (i) For |x| <1,

- F(n + %) x4n+1

lx = 13
aresix ngb\/ﬁ(4n+l)-n! (13
(i) Let p > 0 be an integer. Then for 0 <x < 1,
2p—1 2p
D (— D)k (x) < arctlx < 2‘(—1)]%;{()6)7 (14)
k=0 k=0
where
I'(k+
w0 (x) = — (k+3) ey
I(7) (4k+1)-k!
Proof. We note that 1/v/1 —t* can be expressed in series form as follows:
1 > —l) = T(n+1)
= 2) (=)t =Y —2 ] < 1.
Vi—* }Zb( n (=1) ng;) VT n! 4
Consequently, for |x| < 1,
S = Tr+d)
arcslx:/ —dr =Y ———22 L
0 V1—1* ,Zbﬁ(4n—|—1)-n!
Elementary calculations reveal that for |x| < 1,
4
d o/ Vit 1 1
tlx) = —/ dr =
(arctlx) axJo T (1127
o oo 3
_ Z <_4§1)x4n _ Z(_l)nr(n+ 4) 4n
n=0 n n=0 r(%) -n!
Consequently, for |x| < 1,
> T(n+3 &
arctlx =Y (—1)" (nt3) =3 (1) U (), (15)

n=0 r(%)(4n+l)n' n=0

where




WILKER AND HUYGENS TYPE INEQUALITIES FOR THE LEMNISCATE FUNCTIONS 677

We find that, for 0 <x <1 and m >0,

1 8m+3 x4 r(2m+3)
)

U (%) — tamy1(X) = <8m—|— 1 4(8m+5)2m+1 F(%) -(2m)!

since

L 8m+3 N 83
8m+1" 4(8m+5)2m+1) "~ 4(8m+5)2m+1)

for 0 <x <1 and m > 0. Hence, it follows that for 0 <x <1 and p > 1,

2p-1
arctlx = (uo(x) —u1 (x)) + (u2(x) —uz(x)) +--- > 172 (—1)kug(x).
k=0

We find that, forO<x <l and m > 1,

1 8m—1 rem-1 B
tzm-1(x) =tz (%) = <8m—3 " 8m(8m+ 1)x4> I( >0

since

1 - 8m—1 - 8m—1 4
8m—3" 8m(8m+1)  8m(8m+1)

for 0 <x <1 and m > 1. Hence, it follows that for 0 <x < 1 and p > 0,

2p
arctlx = ug(x) — (1 (x) —uz(x)) — (u3(x) —ua(x)) — -+ < Y (—1)kug(x).
k=0
This completes the proof of Lemma 1. [

PROPOSITION 1. For 0 < |x| < 1, we have

( ol )2+L<2. (16)

arcslx arctlx

Proof. Tt follows from (13) that for 0 < |x| < 1,

wele) ' (g Ly S )
X - 10 24 208

1, 7 11
=1+ ot oo ol

5% 7750 T 105"

1 7
> 1+§x4+%x8. 17)
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It follows from (14) that for 0 < |x| < 1,

3 o arctlx
<

20 X

<1 (18)

By using inequalities (17) and (18), we find for 0 < |x| < 1,

( al )2+ I, I ! - 2
arcslx arctlx 1+ %x“ + 77—5x8 1-— 23—0x4
x*(=75 — 50x* 4 42x8)

= <0,
(75 + 15x* + 7x8)(20 — 3x4)
since
—75-500+42> <0 for 0<r<1.
The proof is complete. [
LEMMA 2. (i) Let p > 0 be an integer. Then for 0 < x < 1,
2p—1 2p
S (= Dfve(x) < aresthx < Y (—=1)fv(x), (19)
k=0 k=0
where
T(k+ 4
vk(x) — ( 2) x4k+1.
Vr(4k+1)-n!
(ii) For |x| < 1, we have
S 3)
arctlhx 2 KAl (20)

—|—1)-n!

Llu

Proof. We note that 1/v/1+1* can be expressed in series form as follows:

o nt
Z gt ] < 1.
Vit 5 VT on!

Consequently, for |x| < 1,

* ] T(n+1) =

arcslhx:/ —x“’”rl = —1)"v,(x),

v go N TR ngo( )"V (X)

where

F(n + %) x4n+1

() = Vr(dn+1)-n!
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We find that, for 0 <x <1 and m >0,

1 Am+ 1 D\ TCm+3) g
— — . m 0
Van(X) = Vam1 (%) <8m+l 2(8m+5)(2m+1)x)\/%-(2m)!x -
since
1 - dm+1 dm—+1 v
8m+1" 2(8m+5)2m+1) " 2(8m+5)(2m+1)

for 0 <x <1 and m > 0. Hence, it follows that for 0 <x <1 and p > 1,

2p—1
arcslhx = (vo(x) —vi(x)) + (v (x) = v3(x)) +-- > 3 (= 1)fwi(x).
k=0
We find that, for O<x <1l and m>1,
1 dm—1_ ,\ T@m—3%) g ;
p— - — - O
Vam=1(x) =2 (x) <8m—3 AmBm+1)" ) Jrem-nr 7

since

1 - 4m—1 - 4m—1 o
8m—3" 4m(8m+1) " 4m(8m+1)

for 0 <x <1 and m > 1. Hence, it follows that for 0 <x <1 and p > 0,
2p
arcslhx = vo(x) — (vi(x) = va(x)) = (v3(x) —va(x)) —--- < Y (—1) v (x).
k=0

Elementary calculations reveal that for |x| < 1,

(arctlhx)’ = i/)6/4 1 dt = ! = i Lln+ %)x“"
~dxJo Vit (1= S T(3) !

Consequently, for |x| < 1,

> T(n+3
arctlhx = 2 (n+3) Pauans

This completes the proof of Lemma 2. [
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PROPOSITION 2. For 0 < |x| < 1, we have
2
LA ( al ) <2 @1)

arcslhx arctlhx

Proof. Tt follows from (19) for 0 < x < 1,

1 4 arcslhx I 4, 1 g
- ot b 22
0" ST STt gt (22)

It follows from (20) for 0 < x < 1,

tthx \ 2 3 7 2 3 101
(arc x) :<l+_x4+_x8+___> S R R T . SRV

X 20 96 10 600
3 4
> 1+ ot (23)
By using inequalities (22) and (23), we find for 0 < |x| < 1,

4 ( al )2 o1, 1 2
arcslhx arctlhx 1— 11_0)‘4 1+ 13—0x4
2x*(10 — 3x%)

= o= 03 =

The proof is complete. [

3. Main results

THEOREM 1. For 0 < |x| < 1, we have

arcsly\ > arctlx
+ >2 24)
X X

and

5 (arcslx) N arctlx >3 (25)
X X

Proof. Inequality (16) can be rewritten as
2
1/ (arcslx/x)* 4 1/ (arctlx/x)

>1, 0<x <1,

1 2 tl
arcs x) and aretx is greater than 1. By

that is to say, the harmonic mean of (

using the arithmetic—geometric—harmonic mean inequality, we get, for 0 < |x| < 1,

(arcslx/x)? + arctlx/x S arcslx\? [ arctlx
2 X X

> 22
1/ (arcslx/x)” 4 1/ (arctlx/x)

>1, (26)
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and

2
2 (arcslx/x) + arctlx/x - i/(arcslx) (arctlx) o1 0 27)

3 X X
REMARK 1. For 0 < |x| < 1, we have, by (26),

(arcslx/x)* +arctlx/x 2 (arcslx/x) -+ arctlx/x
2 3

1 arcslx \ 2 arcslx\ 2 arctlx arcslx
=2 + + —4

6 X X X X

1 1x) 2 1
21 [2<arcs x) +2_4<arcs x)]

6 X X
_ % (1 B arcslx)2 >0,

X

which shows that inequality (25) is sharper than inequality (24).

Theorem 2 below establishes a sharp result of inequality (24), which presents an
analogue of the first inequality in (6).

THEOREM 2. For 0 < |x| < 1, we have

arcslx) 2 arctlx
+ .

1
2+ %f arctlx < ( P

(28)
X

The constant % is best possible.

Proof. By (17) and (18), we have for 0 < |x| < 1,

arcslx\ 2 arctlx 1 1 7
< P ) + P 2-— %f arctlx > %Jg (x —arctlx) + %xg > 0.

Elementary calculations reveal that

(arcslx) 2 arctlx
+ —2
X X _ i

lim = —.
X0t x3arctlx 20

Hence, inequality (28) holds with best possible constant % O

(arcslhx/x)* 4 arctlhx/x

2
and constant 1. Now we ask: Can the arithmetic mean of arcslhx/x and (arctlhx/x)?

be compared with constant 1? Theorem 3 gives an affirmative answer.

There is no strict comparison between the representation
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THEOREM 3. For 0 < |x| < 1, we have

arcslhx N (arctlhx>2 -2 (29)
X
and
arcslhx 4o (arctlhx) >3 (30)

Proof. Inequality (21) can be rewritten as

2
5 >1, 0< x| <1,
1/(arcslhx/x) + 1/ (arctlhx/x)
Ih thx >
that is to say, the harmonic mean of aresx and (arc ) s greater than 1. By
X X

using the arithmetic—geometric—harmonic mean inequality, we get, for 0 < |x| < 1,

arcslhx/x + (arctlhx/x)? - \/(arcslhx) (arctlhx>2

2 X X
2

> 3 >
1/(arcslhx/x) + 1/ (arctlhx/x)

L, €1V

and

2
arcslhx/x+ 2(arctlhx/x) - \3/<arcslhx> (arctlhx) o1, 0 32)

3 X X

REMARK 2. For 0 < |[x| < 1, we have, by (31),

arcslhx/x + (arctlhx/x)?  arcslhx/x + 2(arctlhx/x)
2 3

1 | arcslhx arctlhx 2 arctlhx ) arctlhx
== + +2 —4
6 X X X X
2
- 1 lz_’_z (arctlhx) _4 <arctlhx>]
6 X X
Thx 2
< - arct x) -0,
X

which shows that inequality (30) is sharper than inequality (29).

W] =

Finally, we propose the following conjecture.
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CONJECTURE 1. For 0 < |x| <1, we have

1
2+ §x3 arctlhx < (33)

arcslhx ( arctlhx) 2
+ .
X X

The constant % is best possible.
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